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PREFACE 

ThiH  edition,  called  Junior    Algebr..   i.  a  modification  of  the 

bTMel:   H*m'  TJ''.*''"^*'  °'  '^''  °'  Elementary  Algebra 
Ca„^dir;^K.'"^f  "'*''•  ""*  ''"   »""  -P^ialiy  adapted  fo 

^umberT  •     ""l*  '"'"*  °'  »"•  P"«"»  "^i^'o"  5.  tL  large 

number  of  easy  example,  on  the  Theory  of  Quadratic  Equation.. 

In  view  of  the  importance  of  the  Graphic  Method  a  chapter 
'^el'lZ'lT  *;'  ""*'"-°"  ^-»«'»"»  o'  tHe.ubJ«  C 
duce  graph,  at  an  earlier  .tage  will  find  .ugge.tion.  at  the  begin- 

^ooll^  „    *•  """"^  !»P°«*"»  that  .quared  paper  should  be  u.ed. 
fn^^^'  *"<»  «curat=ly  ruled  to  inche.  and  tenth,  of  an 

^millimetre  paper")  i,  practically  worthle..  in  the  hJ.of  b«- 

A.  the  .ubject  of  ratio  and  proportion  i,  begun  at  an  earlier 

'  n  Geometry  than  formerly,  it  has  been  thought  wUe  to  le 

.       ef  treatment  of  this  .ubject  so  that  the  Algebraic  method  Zl 

r,i!..j  .  T     .        '     "•  '*'°  '""""Ixl.    Ai  ratio  it  cioxiy 
aesirable.  immediately  after  the  .tody  of  fractions,. 


SUOOESTm-S  FOR  A  FIRST  COURSE. 

r«ch   CJ„„d,...,o    B,„.t,„„/«.rii.r,    th.   foC°g"."iW 
fioune  IB  i-econiineiided.  '"wmg   aetailed 

Chap"  n   V*"'".  '"•  ''"•     ^°"''  ^"-  '2.  Example.  I.  c] 

Chap.  VI.     Art..  4030.     [Omit  Art^  51-55  j 
Chaps.  VIL-XIII.    ArU    'ifl  wi      t» 

XIII  Arts    in   M J        L  ^"  connection  with  Chap. 

Aiu.  Arts.  .m.UH  ,.„  Ka,y  (.,,ip|,«  „,       ^^  ,.^..^,,  ** 

Chaps.  XIV.,  XV.    Artr    insiii     m    .  *  . 
Chap.  XVI.     Arts.   116.118a.     [Omit  A.       119,24  1 
Chap.  XVII.     Arts.  1:75-136.     [Cut  Art..  138a.137  1 
Ch.p.  XVIII.     Arts.  138.  139.     :  ;)rr.t  Arts.  140-148  ] 
Chap.  Xl.X.    [Omit  A  -,.  152.  l.n 
Chap.  XX.     [Omit  A        169-163.] 
Chap.  XXI.     [Omit  Arts.  171,  170.] 
Chap.  XXII.     Arts.   173-179.    [Omit  Arts.  180-185.1 
[Chaps.  XXIII..  XXIV.  may  be  taken  lator  ] 
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ALGEBRA. 


CHAPTER  I. 
Definitions.    Substitutions. 

I  Alobbra  treats  of  quantities  as  in  Arithmetic  but  wif>, 
gT«^ter  generality;  for  while  the  quantitiefS  in  arithmeS 
Kr.T  T  ^T^  ^rM^^  which  have  one  siiSe  definite 
value,  algebraical  quantitfes  are  denoted  by  symbols  wliich  mav 
have  any  value  we  choose  to  assign  to  them  ^ 

»lSL7"^j^u™P*u^^.^  *'^  ^«^^'^'  "«"a"y  those  of  our  own 
^phabet ;  and  though  there  is  no  restriction  as  to  the  numeS 

n^  .?  '^"'Mr^  represent,  it  is  un  ieretood  that  in  th"  ime 

we^v  "7eS- 1  "Th  ^'  T'  ^*^T  ^far«"ghout.  Thus,  X 
we  say  let  a  =  l,  we  do  not  mean  that  a  must  have  the  valnri 
always,  but  only  m  the  .articular  example  we  arlconsider  L 

tlr.T'  ""m  °P^"*"  "^''^  ^y^^f^  without  SS  to 
them  any  j^rticular  numerical  value  at  all  •  inde^t?«  w.th 
such  operations  that  Algebm  is  chiefly  concernS  ''^ 

By^hott  -■'V^"  ^^fi'^^"?,^  «f  Algebra,  premising  that  the 

Arithmetip'     A1o«'#~'*r'  ^"^  "*^®  *^«  8a™e  meanings  as  in 

^alSbSicafifn^l^r  *^'  r^'T^  •*  ^'"  ^  ^«"™«^  that  all 
tne  algebraical  symbols  employed  denote  integral  numbere. 

itLy^conS*5^!!!fl®''P^5*°"  '«  *  collection  of  symbols; 

»n  expression  consisting  of  Rvt  terns  7a  +  56-3c-x+2y  «, 

H«^.^  When  no  sign  precedes  a  term  the  sign  +  is  understood. 
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ALGEBRA. 


[ORAP. 


3.  Ezmreiiioiui  are  either  simple  or  componnd.  A  nmjp^ 
txpre»non  consists  of  one  term,  as  5a.  A  compound  expression 
consists  of  two  or  more  terms.  Compound  expressions  may  be 
further  distinguished  Thus  an  expression  of  too  terms,  as 
3a -26,  is  called  a  binomial  expression  ;  one  of  three  terms,  as 
2a-36+c,  a  trinomial;  one  of  tnore  than  three  terms  a  mnlti- 
nomiaL    Simple  expressions  are  also  spoken  of  as  monomialg. 

4.  When  two  or  more  quantities  are  multiplied  together  the 
result  is  called  the  inrodnct.  One  important  aifference  between 
the  notation  of  Arithmetic  and  Algebra  should  be  here  remarked. 
In  Arithmetic  the  product  of  2  and  3  is  written  2x3,  whereas 
in  Algebra  the  product  of  a  and  b  may  be  writteu  in  any  of 
the  forms  axb,  a.b,  or  ab.  The  form  ab  is  the  most  usual 
Thus,  if  a=2,  6=3,  the  product  a6="ax  6=2x3=6;  but  in 
Arithmetic  23  means  "  twenty -three,"  or  2  x  10+3. 

6.  Each  of  the  quantities  multiplied  together  to  form  a  pro- 
duct is  called  a  fiictor  of  the  product  Thus  5,  a,  6,  are  the 
factors  of  the  product  5a6. 

6.  When  one  of  the  factors  of  an  expression  is  a  numerical 
quantity,  it  is  called  the  coefficient  of  the  remaining  factors. 
Thus,  in  the  expression  5a6,  5  is  the  coefficient.  But  the  word 
coefficient  is  also  used  in  a  wider  sense,  and  it  is  sometimes 
convenient  to  consider  an;  factor,  or  factors,  of  a  product  as 
the  coefficient  of  the  remaining  factors.  Thus,  in  the  product 
6a6c,  6a  may  be  appropriately  called  the  coefficient  of  6a  A 
coefficient  which  is  not  merely  numerical  is  sometimes  called  a 
literal  coefficient. 

Note.  When  the  coefficient  is  unity  it  is  usually  omitted.  Thus 
we  do  not  write  la,  but  simply  a. 

7.  If  a  quantity  be  multiplied  by  itself  any  number  of  times, 
the  product  is  called  a  power  of  that  quantity,  and  is  expressed 
by  writing  the  number  of  factors  to  the  right  of  the  quantity 
and  above  it    Thus 

a  x  a  is  called  the  second  power  of  a,  and  is  written  a* ; 

axaxa third  power  of  a, a' ; 

and  so  on. 

The  number  which  expresses  the  power  of  any  quartity  is 
called  its  index  or  exponent.  Thus  2,  5,  7  are  respectively 
the  indices  of  a\  a^,  a'. 

Kote.  o'  is  usually  read  "a  squared";  a'  is  read  "a  cubed"; 
a*  iB  read  "  a  to  the  rourth  " ;  and  so  on. 

When  the  index  is  unity  it  is  omitted.  Thus  we  do  not  write 
0^,  but  simply  a.    Thus  a,  la,  a\  la'  all  have  the  same  meaning. 


I.] 


DEnNinONS.     SUBSTITUTIONS. 


'  to  distinguish  between 


8.    The  begic=<>r  must  be  cai. 
coejf-ment  and  index. 

Exam^e  1.    What  is  the  diflTerence  in  meaning  between  3a  and  a»» 
By  3a  we  mean  the  product  of  the  quantities  3  and  a. 

Thus,  if  o= 4, 

3a=Sxa^3x4  =  I2; 
o'=oxoxo=4x4x4=64. 

Example  2.    If  6 =6,  distinguish  between  46^  and  26*. 

Here  46»=4x6;:6=4x6x5  =  100; 

whereas   26«=2x6x6x6x6=2x5x5x5x6=1250. 
Example  3.    If  o = 4,  a:  =  I ,  find  the  value  of  5*". 

Here  5a;»=5xxxxxxxx=5x  1  x  1  x  1  x  1=5. 

Hote.    The  beginner  abould  obMrre  that  erery  power  of  lis  i. 

f«5;J"/"*'""i^'f^  multiplication  the  order  in  which  the 
factors  of  a  product  are  written  is  immaterial.     For  instance 

fnLT^''"  ^  \*"  of  3  units,  and  4x3  means  3  sete  of  i  S^ 
in  each  case  we  have  12  units  in  all.     Thus 


In  a  similar  way, 


3x4=4xa 
3x4x5=4x3x6=4x5x3; 


*!li'\'%^^  ^  f®  ^^**^  *he  same  principle  holds  for  the 
product  of  any  number  of  arithmetical  quantities. 

of  ^/bi' *t^*""^^??  ^^^^^^  °*  *"*^  ^  ^*«h  denote  the  product 
hli  *K  p'^"*"V''^^  represented  by  the  lettere  a  an(f  A,  and 
^  &l  If""'  a"'"a.T"  ^"i""-  ^«*"^'  *h«  expressions'  X, 
Z^Zf'iT;!  tv'*"  ''^^^  th«  ««">«  value,  each 'denoting  the 
Wt  onler  tt  f^T  ^"?"^»<^>^«/'  *'  ''^  It  is  immaterfal  in 
wnat  order  the  factors  oi  a  product  are  written ;  it  is  usual 
however,  to  armnge  them  in  alphabetical  order.  '^ '  '^  "  "*"*'' 

keS^!f  SlfL'T'^?  •  "**  which  are  greater  than  unity  are  usually 
Kept  in  the  form  of  improper  fractions.  ^ 

Examf.i.    If  a = 6,  2=  7.  2 = 5.  find  the  value  of  -acz. 

10 


Here 


10''«  =  |?,>'«''7x5=27a 


ALOKBRA. 


lOHAT. 


Ifa-7,6 

1.    l*x.         2. 

e.    6».  7. 

U.    7c».         12. 


KTATHryLES  I  a. 

2,  c«l,  *=6,  y=3,  find  the  value  of 
«*.  3.    Soar.         4    o»  6. 

36>.  8.    2xa.  9.    6c.  10. 

96«.         18.    8bcy.       14.    7y».         15. 


Sax. 

2xa.  9.    6c. 

86cy.       14.    7y». 

If  a=8,  6=6,  c=4,  a:=l ,  y=3,  find  the  value  of 
16.    9*y.        17.    86».         If,    3it».        19.    «•. 
a.    C.  22.    6*.  23.    y.  24.    a:*. 

28.    of.         27.    ?^.         28.    a".         29.    c». 

If  a=6,  &-1,  c=6,  a:=4,  find  the  value  of 
31.    #ie».       32.    tV»«.    33.    3*.         34.    2». 


20. 
25. 
30. 


3a    7*. 


37. 


38.    ifcca:.     39. 


|c». 


35. 
40. 


My 
8x». 


8». 
fl4" 


10.  When  several  different  quantities  are  multiplied  tfmether 
a  notation  siniilar  to  that  of  Art.  7  is  adopted.  Thus  anhhhhrddd 
ia  written  a-h*cd^.  And  conversely  ^a^cci^  has  the  same  meaning 
9»7xaxaxaX(jxdxd. 

Example  1.     If  x  -  5,  y=3,  find  the  value  of  4xV' 
4a:y=4x5«x3» 
=4x25x27 
=2700. 

Example  2.     If  o=4,  6=9,  x=6,  find  the  value  of  |^ 

27a* 
8hx~'_8  x9x6'_8x9x36 

27a3~   27  x"4»"  ~  "27ir34r 

t 

11.  If  one  factor  of  a  product  is  equal  to  0,  the  whole  product 
must  be  e<]|ual  to  0,  whatever  values  the  other  /actors  may  have. 
A  factor  0  is  usually  called  a  zero  factor. 

For  instance,  if  x=0  then  afrVv*  contains  a  zero  factor. 
Therefore  06^x^=0  when  x=0,  whatever  be  the  values  of  a,  6,  y. 

Asain,  if  c=0,  then  <?=Q  ;  therefore  al^(^=Q,  whatever  values 
a  and  h  may  have. 

Not*.    Every  power  of  0  la  0 


L)  DETINITIONa.      SUBSTITUTIONS. 

EXAMPLES  I  b. 

If  a»7,  4-2,  c=0,  ar=6,  y=3,  find  the  value  of 


1,    ica*. 
6.    fWa?. 


2.    a»6. 
8.     |6V» 


a     86«y. 
7.     |ay«. 


4     3«y». 


9.    a'cy.  10.    arV.  xl.     /^ay:r.        12.    |x«y«. 


If  a=2,  6-3,  «;=1,  o=0.  a=  4.  r= 


«?=  4,  r=6,  find  the  value  of 


13. 

Sb' 

11 

16. 

6a'e 

la 

4cr» 
9a*' 

17. 

3anf. 

la 

ffca'. 

19. 

9a'- 
2'a». 

20. 

5aV. 

21. 

2o^ 
Ir' 

22. 

3-^. 

2a 

21 

<*b*. 

@. 

Sa'hf 
64»5" 

28. 

27o* 
32- 

27. 

64 

28. 

b' 

[The  articles  and  examples  marked  with  an  asterisk  mav  h*  t>«^ 
mnud  and  taken  in  ronnectim  with  Chap,  xvi  ]      ""•*  "^^  **  P^' 

j?iven  expression.   Th'js  the  square  root  of  81  is  9,  because  98=81 
TTie  square  root  c:  a  is  denoted  by  Va,  or  more  simply  Ja. 
Similarly  the  cnbe,  fourth,  fifth,  etc.,  root  of  any  e/orLion 

The  roots  are  «lenoted  by  tha  symbols  If,  */,  j^,  etc. 
Examples.     4/27  =  :i :  because  3»= 27.      4^32=2;  because  2»= 32. 
The  symbol  V  is  sometimes  called  the  radical  sign. 
Example  I      Find  the  value  of  5^{6a'b*c),  when  a=,%  6=1,  c=8. 
6^(6a»6^)=6  X  ^(6  x  .3»  x  !*  x  8)=6  x  ^(6  x  27  x  8) 
=.'ix  ^1296=5x36=  ISO. 

ExampU  2.     Find  the  val.e  of  ^(^^^  when  «=9,  6=3,  x=& 

_  '//9xnx9\      9 

"W  1000  ;-i6- 


ALOIBRA. 
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!  -} 


Ifa-8,c-0,it-9,«-4,y. 


L  e. 

1,  find  the  value  of 


1. 

4. 

7. 

10. 

13. 
1& 
19. 


V(i^)- 


2. 

6. 

& 

U. 

14. 
17. 
20. 


ScV(*«)- 

V(t) 


}■ 


3. 
6. 

a 

12. 

Ifi. 
1& 

2L 


13.  In  the  case  of  expremions  which  contain  more  than  one 
term,  each  term  can  he  lealt  with  singly  by  the  rules  already 
given,  and  by  combin.'^  the  terms  the  numerical  value  of  the 
whole  expression  is  obtained.  When  brackets  (  )  i  "e  used,  they 
will  have  the  same  meaning  as  in  Arithmetic,  indicating  that 
the  te.-ms  enclosed  within  them  are  to  be  considered  as  one 
quantity. 

Example  1.    When  c = 6,  find  the  valw;  of  e«  -  4c  +  2c»  -  3c«. 
Here  e«=fi«=:5x5x  5x6=628; 

4«=4x5=:20: 

2c»=2  X  8»=2  X  5  X  5  X  5=260 ; 

3c»=3x6«=3x  6x6=76. 
Hence  the  value  of  the  expression 

=626-20+260-76=780. 
Example  2.    If  a= 7,  6=3,  c=2,  find  the  value  of 

o(6+c)»-c(o-6)». 
The  e?tpre88ion=7(3+2)«-2(7-3)»=7.6«-2.  4»=  176-128=47. 
Example  3.    When  a=6,  6=3,  c=l,  find  the  value  of 

"•6+2c    *^-(5T^' 


The«cpres«on=6«xg^j 


-3*x 


6-1 

(6+T? 


=26x^-9x 
o 

=10-i=9. 


33 
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DIFINinONS.      SUBSTITUTIONS. 


14.    By  Art.  11  any  term  which  coutains  a  xero  factor  ia  itself 
zero,  and  may  be  called  a  tero  term. 

KxampU   1.    If  a =2,  6=0,  a; =5,  y=. 3,  find  the  value  of 

The  ezprenion=(S  x  2«)  -0+(2  x  5S  x  3)+0 
=40+100=190. 
Hole.    The  two  zero  terma  do  not  affect  the  result. 
Example  2.     Find  the  value  of  |x«  -  oV  +  labx  -  ^y",  when 

a=8.  6=0,  a;=7,  y=l. 
fx«-oV+7ote-»y»=J.7«-6«.  1+0-5.  1» 
=29|-25-2i=lV»^: 

fxampU  a     Find  the  valu.  a  of  the  expreuion  a;"  -  1  Oo: + 21  when 
X  lias  the  values  0,  2,  3,  7,  8. 

Here  the  following  arrangement  will  be  found  convenient 


X 

0 

2 

3 

7 

8 

*» 

0 

4 

9 

49 

64 

80 

Kx 

0 

20 

:« 

70 

x*-10lf+21 

21 

6 

0 

0 

5 

Thus  the  required  values  are  21,  6,  0,  0,  and  6, 

to?he  fillo^iSg  hfntr'"^''"  '^'  ''"**'"*  •'^°"'**  P*y  **^°*'°» 

.fiu  J^  ""''*'  importance  cannot  be  attached  to  neatness  of 
nZ;„J^^  arrangement^  The  beginner  should  njmember  that 
neatness  18  m  Itself  conducive  to  accuracy. 

tin;.  Sf„K**°  "  should  never  be  used  except  to  connect  quan- 
nn  .7?  1*^*^"*  •  ^/'nne™  should  be^rticularly  cieful 
sense      ^^^^         "^°  "'  ***"*^*'y  '°  any  7ague  andf  inexact 

3.  Unless  the  expressions  are  very  short  the  sims  of  eni»litv 
.n  the  steps  o  the  work  should  be  p^  one  undS  theThen  ^ 
tJL  /k  u  .     *''.®*'"^7  *>rought  out  how  each  step  follows 

idvTsabVerJS'iw  •  T.f**"  ?"'P^  '*  ^'^  -ome^timTb; 
thi  wm  uTsl^lit^  "*'**^  expWtion. ;  the  importance  of 
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L  d. 


Ifa-2,  6-8,  c-1,  rf-o,  find  the  numerical  value  of 


1.  6o  +  06-8e+gtf. 

6.  9ab-3ed+2ia-6cb+2(U>. 

7.  3abc-2bed-i-2cda-4dab. 
9.  S4«i+5cda-7cla»+a6c. 


8.    8a-4&-f6e-«-&<. 
i.    db+be  +  ea-dn. 

8.    2ie-f8ec(-4da+8a&. 
la    ••+6«+c«+«i«. 
li.    a«+ft«-e«. 

If  a-1,  6-2,  c-8,  rf-0,  find  the  numerical  value  of 
13.    a«+6»+c»+dt.  14    46c»-a«-6»-|ai\fc 

16.  3<i6e-6«c-6o^. 

18.    2»«+26«+ac«+2rf«-26e-2«i-adb-2o6. 

17.  (!»+|a<**-3o»+Wii. 

18.  o«+26«+2c«+«i»+2«i6  +  26c+^d. 

19.  2e*+2a*+2b*-4«&+6a6ed. 

80l  13o«+y<!4+20B6-16ae-166c 

2L  6a6-fic»-2o+|6<- */+*«•. 

22.  o»-c*+6«-rf«+2o6-2ai. 

25.  2ab-^+3ac-2e-d+.^gad.  21    125Mc-9d»+8a6fly. 
If  a-2,  6=1,  e -3,  x^4,  y=6,  <=0,  find  the  value  of 

26.  c»(y-«)-6»(c-o). 

27.  |(c«-*«)  +  |(y«-««). 


S3. 


(a+y?    6(f«-a) 
(«-«)»    7(o«+x)* 
(a+6)«    o(y-t) 
(y-c)«"c(«+2)' 


26.     (2o-c)(«+?y-z). 
28.    4(«y-2c«)+f{*y-6e). 

sa 

32. 
31 


I*  a* 


a' 

P 

g'-fe'    (a  +  6  +  z)« 

oW         (ft  +  C-2)»' 

(o  +  A-fr)»    4(c-a)« 
c(y-2)    "  3(a  +  y)* 


'I 


DKilNinONS.     SUBSTITVnONS. 


L  e. 


^^-ftrTSo."  *  ***■  '*"  ''*'"••  ^'  ^'  *•  **•   '<*  *"*  *•»•  »•'«••  of 

2.  Find  the  v*lu«  of  3  +  2r + ^  when  «  has  the  values  0,  1 ,  2,  S,  4. 

3.  8hewthaty»-15y  +  56u0if  y=7,  and  alsoif  v-8.     Wh»t 
18  lu  value  when  y=10?  *'    ''■     '^''" 

4.  Find  the  values  of  the  exoresaion  ^j.^'j.o^  «,i.^         l 
the  values  2.  6,  8,  lu.  "Pression  _  +  _  +  2x  whea  *  has 

prfwiol,';"''  ^^  »«b.tituting  10  for  a  and  3  for  b  that  the  two  ex- 
are  equal.  *<«-*)  +  3(«  +  ft).    6(ui-6)  +  2(a-3A) 
Test  the  equality  also  when  a =6,  6=0. 

1  ^'w^^^."^  *!?*'  ^ "  ^+  "* -  e  "  0  for  each  of  the  values  x=  1   2 
.«.     W  hat  IS  lU  value  when  x=  10?  »«"ue»  ^-  i,  ^ 

r  Jl,  4,*'o78.**''*'  ***"  "P>-e«ion  «»-  13a:«  +  44x  is  equal  to  32  when 

"  5      WhT.i''!!f  It'*"  ^^'^  "  *9»»>  to  7a^  for  each  of  the  values  x=0 
when  x=S?     °^  ""*  "Pressions  is  the  greater,  and  by  how  much! 

ft     By  substituting  3  for  x  and  2  for  y  shew  that  the  expressions 
are  equal       ^"^'^^-J^    »"«»    (2x  +  y) (3x - y) (x  +  y) 

10.  Find  the  value  of  4x»+4x-3  when  x=2,  and  when  x=». 

11.  When  x=5,  shew  that  4x»  +  4x-3  is  equal  to  9(x+8). 

-  J.     Find  Its  value  in  the  form  of  a  decimal  when  x=  Vir- 

Examples  for  Revition.    {Oral.) 
1.     What  do  you  understand  by  63  and  by  6 .  3  ? 


2.     What  is  meant  by  45xv  and  4   !%ni'>    Tf  -, a    .,    r     • 

arithmetical  value  of  eaih.  "^  *"*'*•  ^^  •     «  a:-  4,  y = 5,  g, ve 


the 


3.  Which  is  the  greater  245  or  2 .  4 .  5,  and  by  how 

4.  Give  the  product  of  t  and  u  in  three  ways. 


much? 
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ICBAr.  L 


I 


i: 


5.    U  5  bojrs  bftv*  p  nmrbiM  eMh,  axpraM  •lR«br»ir»My  how 
BiMiy  th«y  have  in  »U.    If  |i.25  what  ii  th«  number  ?  ' 

i^uJf  ^i'*L**  "**<>•»•  •hared  equally  among  6  boye,  expreM 
Jjj*j;f^'y  how  many  each  will  hive/  If  x»42  wWt   "Vhe 

7.  If  *4  booka  are  divided  equally  among  c  boys,  expreu  each 
boy'e  ahare  algebraioally.     What  ia  the  arithmeticaf  value  ifT*?? 

8.  What  ia  the  difference  between  ••  twice  3  "  and  "  3  squared  "  ? 

J  ,?•  rP'^'M'*'  "pf^Jpn 'or ;•  thrice  d,"  alK>  that  for  the  "cube of 
a.      Give  the  arithmetical  values  if  d = 2. 

10.     Distinguish  between  "four  times  x"  and  ••»  to  the  fourth." 
Give  the  respective  values  when  «=3. 

U     The  quMitity  e  U  to  be  multiplied  by  the  quantity  x.    How 
i«  this  expressed?    Give  the  product  if  c= 7  and  z= 3. 

m^^JLl  '"f ^T*  •*^,**  ^^,il  ^  '^'  *"  *"  ^  multiplied  together, 
•xpress  thU  algebraically.     What  is  the  value  if  -c -.  .<and  the  factor 

C  — 7  • 

.iH:    "^^u  1"»""i'««  «.  *.  c  are  to  be  added  together.    Express  this 
algebraically.     What,  is  the  answer  if  o = 6,  6  =?,  c  =  U  ? 

11     The  quantity  r  is  to  be  taken  from  the  quantity  a.     Give  the 

I^=S'l!idU?r?"'°°  '^*°°**"  *''"•     '^'^*'  "  ^'**  •"*"  *' 

16.  A  boy  starts  playing  with  x  marbles  and  wins  y.     Express 
the  number  he  thea  has.      ff  x=25  and  y  =  9,  what  number  hw  he" 

Fv^i-.'?l*  same  boy  plays  with  his  increased  number  and  loses  z. 
Express  the  number  he  then  has.      If  z  =  17,  how  many  has  heWt  ? 

17.  A  farmer  takes/ sheep  to  murket  and  sells  n  of  them      How 
many  ha.  he  left  ?    What  u  the  remainder  if/=64  and  i^^Js  ? 

tili:    ^^°^^^^  ^*™«""  *»ke"  *  "heen  to  market  and  returns  with  I  of 
i'uSter  SZZ^I,''"  *'•'  '^'^  '     ^'  '-'''  -^  '=32.  what  is  thi 

if  i-5  *fc-V!i*  »l"».»°dP«>d?ft  of  the  three  quantities  a.  6,  c;  and 
IIO-6,  6=7,  c=fl,  give  the  arithmetical  value  of  each.      '•'""*' 

.^l-?iJf«*lK^r'^®'uP*r  ''°"'"  '*"■  y  '"O"™.  ''hat  is  the  algebmical 
expression  for  the  length  of  my  walk  ?    If  y=4.  what  is  the*We?l 


C'HAITKK   II. 
Negative  Quantities.    Addihon  of  Like  Terms. 

-..if;     J'*iV'*'  '•"'*'«'!"»  ^'XHi'iples  the  8Uin  of  the  teiiiM  to  Ik- 

iwinjf  worKea  oy  Anthiiietio.     But  in  an  cxaiiinl..  »i.o»^^j 
t..  a  result  «uch  uh  4-9the  -"l.tracliun  camfo     Sar  tl^^^^^^ 
performed,  vet  as  an  algebmical  rennlt  ...ch  an  txn  S^,^ 
Ih,  expla.ne,! :  ant ,  moreover,  «  Bubtmctive  term  may  "tHnd 
iilone  and  its  meaning  be  quite  plain.  ' 

17.     Algebraical  (|uantitieH  which  aie  preceded  by  the  nii/n  4- 
are  Ha.d  to  be  positive  ;   those  to  whi.h  th^sign  -   1  nXed 

rtoZ'unders?T*?h     ''^'""-  ""  %"  "  '«  ^"'^'^^  ^^'^^^" 
a.  explained  in  the  following  illustration"  ^        attached. 

andjhe  +«30  denotes  that  he  U  ^i/betlf.  o^t^^rwa ' 
would  ixacnJ'r^  fir-^t  Rained  870  and  then  lost  870,  the  loss 

strtam  /r^nthi^sUSg^'lSnt''"'''"^  '''^  "'^'^"'^^  '^  -«  "^ 


:-i 


ii 


I 


Hi 


■t  u 
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If  he  had  rowed  40  yards  up  stream  and  then  drifted  down 
60  yards,  his  position  relative  to  the  starting  point  would  be 
+40  yards -60  yards  =  -20  yai-ds,  the  -20  yards  denoting  the 
distance  he  was  dovm  stream  from  his  starting  point. 

Thus  we  see  that  -20  yards  denotes  a  distance  equcU  in 
magmtude,  but  opposite  in  direction  to  that  denoted  by  +20 
yards. 

(iii.)  On  a  Centigrade  thermometer  15°  C.  means  16"  above 
the  freezing  point,  and  -15°  C.  denotes  15°  beiow  freezing 
point. 

From  the  above  examples  it  will  be  understood  that  +5,  for 
example,  will  denote  a  quantity  greater  than  0  by  6  units, 
whereas  -5  will  denote  a  quantity  that  is  lets  than  0  by  6 
units,  the  two  quantities  being  of  the  same  abaclnte  value  but 
of  opposite  character. 


EXAMPLES  II.  a. 

1.  A  trader  gains  S"20,  hjses  .?42,  and  then  yainr:  cilO.  Express 
algebraically  the  result  of  liis  three  transactions. 

2.  Two  cricket  counties  play  16  matches  ;  one  wins  10  and  loses 
6,  and  the  other  wins  7  and  loses  9.  Express  the  two  results, 
allowing  a  gain  of  one  point  for  a  win  and  a  loss  of  one  point  for  a 
defeat. 

3.  In  the  night  a  Centigrade  thermometer  falls  to  -  8",  and  in 
the  day-time  it  rises  to  12°.  How  many  degrees  are  there  between 
the  readings  ? 

4.  A  Centigrade  thermometer  rises  to  9°  in  the  day-time  and  falls 
15°  during  the  night ;  what  is  the  night  reading  1 

5.  A  snail  climbs  6  feet  vertically  upwards  from  a  given  point  on 
a  wall,  slips  down  15  feet,  and  then  climbs  6  feet  upwards  again. 
Express  algebraically  his  final  position  from  his  starting  point. 

6.  Two  men  each  fire  20  shots  at  a  mark  and  agree  to  register  4 

Eoints  for  every  hit  and  to  deduct  3  points  for  every  miss.     One 
its  the  mark  12  times,  the  other  8  times.     Express  algebraically 
their  separate  scores. 

7.  Each  of  three  football  teams  plays  20  matches  during  the 
season.  The  A  team  wins  9  and  loses  5,  the  B  team  wins  6  and 
loses  8,  and  the  C  t«am  wins  9  and  loses  9,  the  other  games  being 
drawn.  If  one  .point  be  allowed  for  a  win,  and  one  point  deducted 
for  a  loss,  place  the  three  teams  in  order  of  merit  and  give  the 
expressions  that  denote  the  results  of  the  season's  play. 
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Addition  of  Like  Terms. 

18.  Definition.  When  terms  do  not  differ,  or  when  they 
differ  only  m  their  numerical  coefficients,  they  are  called  like 
S^*"'^!  It^  "^  .called  unlike.      Thus  3a,  7a  ;   5a%  2a^b  \ 

^;j;'o7s::3r  °'  ''^  ^^^"^^ = ^"^  ^«'  '^  ■'  '<  ^«^^  ^^ 

The  rules  for  adding  like  terms  are 

Eule  I.       The  sum  of  a  number  of  like  terms  is  a  like  term. 
Bule  n.     If  all  the  terms  are  positive,  add  the  coefficients. 
Examine.    Find  the  value  of  8a  +  5a. 

for  instance.  8  lbs.  +5  lbs.  =  13  lbs. 

Hence  also,  8a  +  5a = 13a. 

SimUarly,  8o  +  5o+a+2o  +  6a=22a. 

Rule  III.  If  all  the  terms  are  negative,  add  the  coeMcients 
numerical/  and  prefix  the  minus  sign  to  the  suvi  "'"^J'"^^' 

Example.    To  find  the  sum  of  -  3x,  -  5a:,  -  Ix,  -  x. 

nr°tnf!l*%^7^  *°  *'uP''^^.'  *«  °"«  subtractive  quantity,  the  mm, 
or  total,  of  four  subtractive  quantities  of  like  character  To 
subtract  in  succession  3,  5,  7,  1  like  things  would  haS  he  samS 
^^Sti^n.^  *^'^  "^""^  '^'^'^''  -  '«•   «-h   things   in'on: 

Thus  the  sum  of  -3x,  -5x,  -7x,  -x  is  -I6x. 
n.S?®.  IV.     /r  <Ae  terms  are  not  all  of  the  same  sign,  add  to- 
Itmci^^Tll    *'  '^'^^^f^'»  of  <^l  ^>'-'  l-»>itive  te^ns  and  the 
3  ofjM  the  negative  terms;  the  difference  of  these  two 

IftsuTrtfir^.  '^  ^"  '^  '''  ^-^-'  -"^"  ^-  '^^  ^oeffiaent 

Example  1.     Find  the  sum  of  17a;  and  -  8a:. 
of  ^  ^tnr  tL^V^^^°''^^  ^y,?  '°'!  °^  ®  ^°"^'^  gi^e  a«  a  result  a  gain 

Thus  the  sum  of  hx  and  -8x=9x. 

Example  2.     The  sum  of  -  17ar  and  8a:=  -  9x. 

^m,de  3.    Find  the  sum  of  8a,  -  9a,  -  a,  3a,  4a,  -  Ila,  a. 

The  sum  of  the  coefficients  of  the  positive  terms  is  16. 

he^%1ifr4°ied  ^^^'  the'sC?  the  great?;  is  negative ; 


i 


'i 
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[CHAP.  n. 


When  a  number  of  quantities  are  connected  together  by  the 
sinis  +  and  -,  the  value  of  the  result  is  the  same  in  whatever 
order  the  terms  are  taken.  u»i«ver 

For  example,  in  a  series  of  combined  losaea  and  gains,  the  result 
u  the  same  m  whatever  order  the  gains  and  losses  are  taken. 

We  may,  therefore,  add  or  subtract  the  terms  in  the  most 
convenient  order,  which  is  usually  that  stated  in  Rule  IV 
above.    This  process  is  called  collectiiig  tenns. 

*v^®'    ^®°  quantities  are  connected  by  the  signs  +  and  - 
the  resulting  expression  is  called  their  algebraical  sum. 

nfT?"*  ^o?~?l"tl3«= -3a  states  that  the  algebraical  sum 
of  Ua,  -27a,  13a  is  equal  to  -3a. 

Note.  The  sum  of  two  quantities  numerically  equal  but  with 
opposite  signs  is  zero.    Thus  the  sum  of  6a  and  -  6o  is  0. 


KXAMPT.B8  n.b. 

Find  the  sum  of 
1.    5a,  7a,  Ua,  a,  23a. 
a    76,  106,  116,  96,  26. 

6.  -3x,  -5x,  -llx,  -7x. 

7.  -3y,  -7y,  -y,  -2y,  -4y. 
9.     -116,-66,-36,-6 


2.  4a:,  X,  Sx,  7x,  9x. 

4.  6c,  8c,  2c,  15c,  19c,  100c,  c. 

6.  -56,-66,-116,-186. 

B.  -c, -2c, -60c, -13c. 

10.  5x,  -X,  -hx,  2x,  -X. 


U.    26y,  -  lly,  -  15y,  y,  -  3y,  2y.    12.    5/,  -  9/,  -  Sf,  21/,  -  30/. 


14.  7y, -lly,  16y, -3y, -2y. 

16.  7a6,  -3a6,  -6a6,  2o6,  aft. 

18.  3a«x-18a»r  +  a»x. 

20.  4«'-5x»-8«»-7«». 


13.  2»,  -3»,  «,  -*.  -58,  5s 

16.  5x,  -7x,  -2x,  7x,  2x,  -5x. 
Find  the  value  of 

17.  -9x»+llx*+3x»-4x». 
19.  3o»  -  7o»  -  8o» + 2o»  -  1  lo». 

21.  4a''6'»  -  o»6«  -  7o»6» + 5o'»6>  -  o«6». 

22.  -9x«-4x*-12x*+13x*-7x*. 

23.  7a6cd-llo6cd-41o6cd+2a6cd. 

24.  ^x-^x+x+§x.  25.    |a+|a-|a. 

26.  -56  +  16- 16+26-»6+|6. 

27.  -|«»-2xa-f*«+x»+»x«+JMLaa. 

28.  -a6-^-»o6-f»6-|a6  +  a6  +  ,^ 

29.  ix-^+^x-2x+^x-:^x+x, 
aa  -4a:»-|x»-fc»-»x»-a«. 


W' 


CHAPTER  m. 


Simple  Brackets.    Addition. 

20.  Whbn  a  number  of  arithmetical  quantities  are  connected 
together  by  the  signs  +  and  -,  the  value  of  the  result  is  the 
same  in  whatever  order  the  terms  are  taken.  This  also  holds  in 
the  case  of  algebraical  quantifies. 

Thus  0-6+C  is  equivalent  to  a+<?-6,  for  in  the  first  of  the 
two  expressions  b  is  taken  from  a,  and  c  added  to  the  result ;  in 
the  second  e  is  added  to  a,  and  b  taken  from  the  result  Similar 
reasoning  applies  to  all  algebraical  expressions.  Hence  we  may 
write  the  terms  of  an  expression  in  any  order  we  please. 

Thus  it  appears  that  the  expression  a-b  may  be  written  in 
the  equivalent  form  -b+a. 

To  illustrate  this  we  may  suppose,  as  in  Art.  17,  that  a  repre- 
sents a  gain  of  n  dollars, and  -0  a  loss  of  b  dollars  :  it  is  clearly 
immaterial  whether  the  gain  precedes  the  los?  or  the  loss  pre- 
cedes the  gain. 

21.  Brackets  (  )  are  used  to  indicate  that  the  terms  enclosed 
within  them  are  to  be  considere*]  as  one  quantity.  The  full  use 
of  brackets  will  be  considered  in  Chap.  vii. ;  here  we  shall  deal 
only  with  the  simpler  casea 

8 +(13 +  6)  means  that  13  and  5  are  to  be  added  and  their  sum 
added  to  8.  It  is  clear  that  13  and  5  may  be  added  separately 
or  together  without  altering  the  result. 

Thus  8+(13  +  5)=8  +  13+6-26. 

Similarly  a+(b+c)  means  that  the  sum  of  b  and  c  i«  to  be 
added  too. 


Thus 


a+(6+c)=a+64-a 


i^'^' 
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ALOESRA. 


[CHAP. 


8+(13-6)mean8  that  to  8  we  are  to  add  the  excess  of  13  over 
B  ;  now  if  we  ad.i  13  to  8  we  have  added  6  too  much,  and  must 
therefore  take  6  from  the  result. 

Thus  8+(13-6)=8  +  13-6=16. 

Similarly  a+{b-o)  means  that  to  a  we  are  to  add  b,  diminisherl 
07  c. 

Tj»«M  a+(b-c)=a  +  b-c (i) 

In  like  manner, 

a+b-c+{d-e-f)=a+b-c+d-e-/. (2) 

Conversely, 

a  +  b-c+d~e  -f=a+b-c+(d-e-f) (:)) 

Again,         a-b+c=a+c-b,  [Art.  20.1 

=  the  sum  of  a  and  <?  -  5, 

=  the  sum  of  a  and  -h+c.  f  Art.  20.1 
therefore    a-b'-c=a  +  (-b+f) (4\ 

By  considering  the  results  (I),  (2),  (3),  (4)  we  are  led  to  the 
following  rule : 

Bnle.     When  an  expression  within  brackets  is  preceded  by  the 

r+,  the  brackets  can  be  removed  without  making  any  change  in 
'jepressum.        •  a      j  a 

Conversely  :  Any  part  of  an  expression  maif  be  enclosed  within 
bractets  and  the  sign  +  prefixed,  the  sign  of  everif  term  mthin  the 
brackets  rerr^.  ming  unaltered. 

X.  "^".^  *^*  expression  a-b+c-d+e  may  be  written  in  anv  of 
the  following  ways, 

a+{-b+c-d+e), 

a-b+(c-d+e), 

a-b  +  c  +  (-d+e). 

22.     The  expression  a -(h  +  c)  means  that  from  a  we  are  to 
^  take  the  sura  of  b  and  c.    The  result  will  be  the  same  whether 
b  and  c  are  subtracted  separately  or  in  one  sum.     Thus 
a-(b  +  c)  =  a-b-c. 
Again,  a-(b-c)  means  that  from  a  we  are  to  subtract  the 
excess  of  6  over  c.     If  from  o  we  take  6  we  get  a  -  6 ;  but  by  so 
^doing  we  shall  have  taken  away  c  too  much,  and  must  therefore 
add  c  to  a -6.     Thus 

_    ,„  a-(b-c)  =  a-b+c. 

m  like  nwnner, 

a-b-(c-d-e)=a-b-c-i-d+e. 
Accordingly  the  following  rule  may  he  enunciated  : 


i  f 


m.] 
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•  *"^*'.i  T***",  ""  e^epruiion  within  brackets  is  preceded  bu  the 

rn^ttfc^z  '""™^'^'*'"^"''-^"'"»"™  ■*«» 

ConrenielT  ;  Am,  paH  of  an  ixprtaion  may  he  enclomi  mVMn 

JfoUowtog"^'^'''"  ''-''^'*''-'  "'y  ^  -rito  in  any  oj 
a-6-(-c-o?+e), 

We  have  now  established  the  following  results  : 

I.  Additions  and  subtractions  may  be  made  in  any  order. 
Thusa  +  6-c+rf-e-/=a-c+6+rf-/-e 

SubtotitioS?''"  *"  *^^  Commutative  Law  for  Addition  and 

II.  The  terms  of  an  expression  may  be  grouped  in  any  manner. 
Thu8a  +  6-c  +  c?-e-/=(a  +  6)_e+(rf_e)_; 

=a+(6-c)  +  (rf-e)-/=a  +  6-(<.-rf)_(«+  "). 
Suwiirtior''"  *"  *^^  Associative  Law  for  Addition  and 

Addition  of  Unlike  Terms. 

23.  When  two  or  more  like  t-  -ms  are  to  be  added  toeethpr 
we  have  seen  that  they  may  be  c  ted  and  the  resulTexp?essed 
Zf^^t^  like  term.    If  howe  .e  terms  are  unlike  they  Sn- 

r  and  6,  all  that  can  be  done  la  lo  connect  them  by  tSe  sijrn  of 
«^dition  and  leave  the  result  in  the  form  a+b.        ^  ^ 

Also  by  the  rules  for  removing  brackets,  a-\-(-b)=a-b-  that 

'A  t^^S^l^  '"^^^«  ^'^d  -*  «  ^"t^"  in  the  fom  a Lfe 
It  will  be  observed  that  in  Algebra  the  word  mm  is  used  in 
a  wider  sense  than  in  ArithmetTc.     Thus,  in  the  laneu^e  3 
Arithmetic,  a- 6  signifies  that  6  in  to  be  suUracted  STLd 

tfc'J:*of  T"*'"«  °"'^  '.^^*  ^"  ^'»?^"*  i*  '«  '^l^o  taken  to  me^ 
the  sum  of  the  two  Quantities  a  and  -6  without  any  recard  to 
the  relative  magnitudes  of  a  and  6.  ^    ^^ 

B.A. 


Ill 
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[OBAP. 


SxampUl.    Pindthesumof3o-»+2c;  2o+86-rf.  -4o+26. 
The  sum    =(3a-Bb+2e)  +  {2a+3b-d)+(-4a+2b)' 
=3o-66+2c+2a+36-d-4o  +  26) 

=3o+2o-4a-66+36  +  26+2c-d 
=a  +  2c-d, 
by  collecting  like  terms. 

foS'wii^lJuie'!  ^  ^'*''*'''^'"'  °'°''^  conveniently  effected  by  the 

«.>S?*'-   -f."^^'  *^  exprestiont  vi  lines  to  that  the  like  terms 

3o-56+2c 
2a  +  36        -d 
-40+26 


+2c-d 


nie  algebraical  sum  of  the  terms  in  the 
tirst  column  is  o,  that  of  the  terms  in  the 
second  column  is  zero.  The  single  terms 
m  the  third  and  fourth  columns  are 
brought  down  without  change. 


-6a6+66e-7ae 

Soft  +3ac-2od 

-2ah  +4ac+5ad 

-3o6+  be  +4ad 


-2ab+7bc  +7ad 


Here  we  first  re  rrange  the  ex- 
pressions so  that  like  terms  are  in 
*he  same  vertical  columns,  and  then 
add  up  each  column  separately. 


li 


EXAMPLES  m.  a. 

Find  the  sum  of 

1.    o  +  2A-3c;  -3a+6  +  2c;  20-36  +  C. 

30-I-26-C;  -0  +  36  +  2C;  2a-6+3<r. 

-3x+2y+z;  «-3y+2z;  2ar+y-3z. 

-x  +  2y  +  3z;  3x-y+2z;  2z  +  3if-z. 

4a+36  +  5c;  -2o+36-8c ;  a-6+c, 

-16a- 196- 18c;  14a  +  166  +  8c;  a  +  Sb  +  de. 
1.    26a-166+c;  13a-106  +  4<:;  a+206-c. 

8.  -16a-106  +  6c.  iOo  +  56  +  c;  60  +  66-c. 

9.  Sax-lby+cz;  ax+2b!f-ez;   -aaz+2by  +  3ez. 
10.     ^  +  g--r;p-20q+r;  p+q~20r. 


2. 
8. 

i. 

6. 


■  .{3:-- 


m.] 


AIKDTnOS. 


IT 


12. 
IS. 


Add  together  the  following  ezpreailom  : 


-5o6+6ftc-7co;  8oi-46c+3ce;  -2ab-    ^  +  4e». 
15o6-276c-6<»;  14ai-186c+10co;  45bc  -  3ca  -  49ab. 
Bab  +  be-3ea;  ab-be+ea;  -o*+2co+6c. 
14.    Pg+qr-rp;  -pq+qr+rp;  pq-gr+rp. 

16.  »+y+zi2x+Sv-2z;3x-4y+z. 

18.  2o-36+c;  15a-216-8c;  246  +  7c+3a. 

17.  *«y-9yz+2Mr;  -26*y+24yz-ar;23«y-15y8+z» 
la     I7ab-l3be+8ea;  -5ab+Sbe-7ea;  -7be-ea  +  2db. 

19.  47«-63y+«;  - 25*  +  15y - 3z ;  -22»+16z  +  48y. 

20.  -176-2c+23o;  -9o+166  +  7c;   -13o+36-4c. 

Dimension  and  Degree. 
Ascending  and  Descending  Powers. 

mi^^^t^K^^  ****  ^j'^"  composinpr  a  term  is  called  a  dimen- 
.  St^l-«2f  ^f^'  **"**  the  num\)er  of  letters  involved  is  calS 
the  degree  of  the  term     Thus  the  product  abc  is  said  to  he  of 
three  dimennofu,  or  of  the  third  degree ;  and  a**  is  said  to  be  «V 
fine  dimeruimu,  or  of  the  fifth  degr^.  «  »«^  »  wia  to  be  o/ 

A  numerical  coefficient  is  not  counted.    Thus  8a»ft»  and  a»4« 
are  each  of  teven  dmiensions.  •«  »  w 

h  J»!it**l^^  *'  *"  expression  is  the  degree  of  the  term  of 
highest  dimensions  contained  in  it ;  thus  a*-8a3+3a-5  is  an 
f^^onof  the  fourth  degree,  and  a«x- 76«^  is  an  exprem<mof 
the  fifth  degr^.  But  it  is  sometimes  useful  to  sp^k  of  thi 
teT'  °^  *"  egression  with  regard  to  someone  of  the 

!^^ f  T°Vf-  ??*■  *'"^'*  *»>«  expression  cufi - h^+cx-d 
a  aa.id  to  }3e  of  three  dimeruions  in  X.  -r«-*    «• 

A  compound  expression  is  said  to  be  homogeneons  when  all 
Its  terms  are  of  the  same  dimensions.  Thus  8o«  -  o«6» + Qaffi  ia  & 
Mtnogeneoiu  expression  of  six  dimensions. 

th!?f  VKPiS."!?*  F^^T  "'  *^®  "*™«  'e****"  »™  «nl»ke  terms ; 
«  nXifl"™^'  ,  «*ding  together  2a*  and  ac»  cannot  be  ex- 
m  pressed  by  a  single  term,  but  must  be  left  in  the  form  2x3+ Zx^ 

K^wS^'l*""!?  ?i®  algebraical  sum  of  6a«6»,  -Safes,  ^^^  _j4  j. 
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[OHAT. 


ft.J^-^ffi  *^^^*'^"  '*"'®'*'  flff«braical  expression,  coutaininff 
term*  with  different  powers  of  the  same  letter,  it  will  be  founi 
convenient  to  arrange  all  expressions  in  rf«W,W  or  a-S«7 
pp^rs^f  that  letter.    This  will  be  made  clear  b/the  SZu^g 


Esmmple  1.      Add    together  3a:»  +  7  -)  6x  -  fix* :    "a-*  -  s  -  0»  • 

In  writing  down  the  first  expression 

we  put  in  the  first  term  the  higJiest 

-2iB*  +  3ar»  +  4a:  I        P®^®""  o'  «.  >n  the  second  term  the 

next  highest  power,  and  so  on  till  the 


S«»-5ar»+6a:+7 
2!e»-9x-8 


3a:»-2ar»-7x+3 


last  term,  in  which  *  does  not  appear. 
The  other  expressions  are  arranged  in 
the  same  way,  so  that  in  each  column 
we  have  Ixke  powera  o/th*  same,  letter. 

sJ^^f  L  -^^s^V"''   3a6«  -  26»  4-  a3 ;    6a^*  -  e^  _  3a3 ; 


-26»+3aft» 


+  o» 


-  ab*■^    5a*b-Sa* 

»•  +8a« 

aft»+  9f»»6-2o» 


36»+3o6»+14a»ftf4a» 


Here  each  expression  contains 
powers  of  two  letters,  and  is 
arranged  according  to  dewend- 
tng  powers  of  b,  and  aacendina 
powers  of  a. 


BTAMPLES  m  b. 
Find  the  sum  of 

L    ^+3ea+6abc;.Sab+2bc-Babc;Sab-2bc-3ea. 
2.    2x»-2a:y+3y»;4y»+5rey-2«»;  x»-2«y-6y». 
S.    3a»-7a6-46»;  -6a»+9a6-36»;  4a«+a6+56>. 

-*»-3a:y+3y';  ac»+4xy-5y«;  x«+xy+y». 

«»-ir«+«-l;  2*»-2a;+2;  -3a:»+5x+l. 
7.  2«»-a:»-a:;  4«»+8a:»+7x;  -8x»-ex»+x. 
a     9x»-7«+6;  -14x»+16ar-6;  20!r» - 40x - 17. 

10x»+5a?+8;  3x»-4ar»-6;  2x»-2x-3. 

o»-a6+6c;  ab+b*-ea;  ea~bc-t-e*. 


4. 

6. 
6. 


9. 

m 


11.    5a»-3c»+(i»;6»_2a»+3d»;4<r»-2a»-3(i». 


m.] 


ADDITION 


Find  the  sum  of 

12.  «!e»-2ar+l;  2a:»+a:+6;  a:«-7a!*+2a:-4. 

13.  o»-a9+3o;  3o»+4o«  +  8o;  6a«-6o«-llo. 

14.  «»+y»-2ay;  lfe»-3y»-4yz;  2a:«-22«-3aa. 

15.  «»-2y»  +  r;  y«-2ir»  +  y;  z»  +  2y»-x  +  j/». 

16.*  **+3x»y  +  3zy»;  - 3ar«y - Sxy* - x* ;  Zx^y+ixy*. 

17.  o»+6a6«+6»;  6»-10oft'-o»;  6o6»-26»  +  2o-6. 

18.  a!»-4arV-&eV;  3xV+2a:V-6xy*;  3xy+&ry*-y». 

19.  o»-4o»6+6aAc;  o«6-10o6c  +  c»;  A»  +  3o«6+o6c. 

20.  a^-4ar^  +  6«y»;  2a:V-3a:y»+2y»;  y»+3xV+4ay». 

Add  together  the  following  expressions : 

22.  -^a-j6;   -§a  +  f6;   -2b-5. 

23.  -2o  +  |c;    -^o-26;  |6-3c. 

24.  -V-o-Vc;  2a-36;  Y&-C-      • 

25.  far^  +  W-iy*;  -a^-|aT/+2yMir»-xy-8y«. 

26.  3o»  -  lab  -  ^6» ;  -  Sa»+ 2oft  -  fi^ ;  -  f o>  -  a6  +  6». 

27.  i^-hlf+i'ny'i  -f«»+i4a:y-y«;  ^a^-xy+^y'. 

28.  -fz»+6o«a-|o»ar;  «»- V-oa^  +  ^o'a:;  -^zS  +  fo^x. 

29.  fa:*  -  §xy  -  7y« ;  §xy  +  VV !  -  far"  +  4y». 

30.  la'-  2o»6-f6»;  |o»6 - |aft»  +  26» j  -fa»+o62  +  ^6». 


CHAPTER  IV. 


I 


II 


Subtraction. 

negative.    [Art  laj  *  ^"^  ^  ^^h  some  »rt 

Thus  K^    9 

oa-3a-     2a, 

3a-7a-<-4a, 

Also,  by  the  rule  for  removing  brackets  [Art.  221 
3a-(-8a)-3a+8a 

-3a-(-8a)=-3a+8a 
=60. 

Subtraction  of  Unlike  Temw. 
27.    The  method  is  shewn  in  the  following  example. 


=4a-36+5c-(.3o-26-c) 
=4a-36+fic-3o+26+c 
=4a-3a-36+26+5c+c 
=a-b  +  6e. 


,?'«„"K'°?  ^tJ^.*  .»ubt«cted  i. 


«.«♦ ^K.««i.uu  to  oe  subtracted  if 

first   encfosed    in    brackets   with    a 

of  the  brackets  the  like  terms  «« 


by  addition, 


4a-36+6c 
^3a+26+  c 
o-  fc+6c 


The  like  terms  are  written  hi 
the  aame  vertical  column,  and  L^ 
column  IS  treated  separately. 


^i; 


"«M  ought  to  b,  petfopimrf  bmISSS?  "Potion  o(  cbugtag 


OBAF.  IT.] 

Example  1. 

2»*-<-8ay-7y* 
3«»-7ary+7y* 


SUVTRACItON. 


fl 


From  S«*+«y  toke  at»+&cy-7y» 

j°  *«*,*"'  column  we  combine  mentolly  6c* 
•Jnd  -  2r»,  the  algebraic  suin  of  which  ia  3*».  lo 
the  iMt  column  the  aign  of  the  term  -  7y*  haa  to 
be  changed  before  it  ia  put  down  in  the  reault. 


Example  2.     Subtract  3**  -  2ar  from  I  -  x*. 

Termi  containing  different  powers  of  the  lame  letter  beins  unlik* 
must  stand  m  different  columns.  * 


-a* 


-x*-3a^- 


+  1 
"x 

.  +  1 


In  the  first  and  last  columns,  as  there  is 
nothing  to  be  subtracted,  the  terms  are  put 
down  without  change  of  sign.     In  the  second 
and  third  columns  each  sign  has  to  be  changed. 
The  re-arrangement  of  terms  in  the  first  line  is  not  tucenary  but 
iig'^SeS of"^. '^"""  ^'  ^''''  '^'  ^^""'^  °'  .ubtractirSdUteSd? 


Subtract 


EXAMPLES  IV.  a. 


1.  4a-36+c£rom2o-36-c. 

2.  a  -  36 + 6c  from  4a- 86 +  c. 

a  2x-8y+2£rom  15a:+10y-18:. 

4.  "a-276  +  8cfrom  10o+.%  +  4c. 

5.  -10ar-14y+ 152  from  x-y-z. 

6.  -Ila6+6crf  from  -  106c+o6-4fd, 

7.  4o- 36  + 15c  from  25a -166 -18c. 

8.  -16ar-18y-15z  from  -5ar+8y  +  7-. 

9.  o6  +  crf-oc-6rffromo6  +  c(/  +  oc  +  6rf. 
10.  -a6  +  cd-ac  +  6rffroma6-crf+ac-6d. 


From 


11. 
12. 

la 

It 
lU 
16. 
17. 
18. 
19. 

aa 


3o6 + 6cd  -  4ac  -  66d  take  3a6  +  6cd  -  3«c  -  56rf. 
yz-zar  +  ary  take  -xy  +  yz-zx. 

-•2a?-x^-Zx  +  2ia.]Lea?-x+\. 

-  8x»y  + 1 .5xy»  +  lOaryz  fvke  4txh/  -  QxtA  -  bxuz. 

ia-6  +  ^ctake^a+|6-»c. 

l^+y-rtakeAz-ly-i^. 

-a-36take|o+»6-^c. 
H"^y,"*"TV  take  -\x  +  \y-^^z. 
-f«-fy-52take|x-|y-V-z. 
-7«+|y-|take|x-Sy-i. 


ALGEBRA. 


[OIAT. 


From 
1.    Sxy 


IV.  b. 


8y«  +  8af  Uke  -  4a;y -f  2ys  -  lOzar. 

-8«V+«5ar».v+1.3ay  take  4«V+7*»y-8m». 

-8  +  8o6  +  o«A«  Ukfl  4-.3oA-flo»i«. 

o«N:  +  Wco  +  c<oA  uk«  Sa^e  -  Ui«i  -  4«*a&. 

-7a»6+8ai«+crf  uk*  «o«6-7a6« +(!«<. 

-8ar»y+aary»-aV  t*ke  8»V-fi*y»  +  aV 
IO0W+  18aA«+8a»6  Uke  -  10o«6»+18at»-  8a*fr 
4ar»-3ar+2  Uke -6a;»+6ar-7. 
ar»+Ilar»+4  take  8«»-ax-3. 
-8a»a:»+Sie»+15  take  9oV-8«»-6. 

Subtract 

IL    **-x»+ar+lfrom«»  +  «a-a.+  i. 

3ay»  -  3ar»y  +  ar»  -  y»  f rom  x»  +  3arV + 32y« -t.  y». 
6»  +  c*  -  2o6c  f rom  o»  +  6>  -  .3afc<-. 

7ay»  -  y>  -  3arV + 5aJ  f rom  Sar"  +  7*»y  -  3«r»  -  y-. 
ir* + 5  +  ar  -  3aJ  from  8a^  -  8ar»  -  ac" + 7. 
a>+6«+c»-3oic£roin  7oAc-3o»+ai>-c». 
1 -x+a:»-ar«-ar»  from  ar«- 1 +x_ar9. 

~*-8o»  +  3o»+o  from  a^-5a*-7  +  fa' 
10r»»6  +  8a6»  -  8aW  _  M  from  5a«fc  -  (..Ir "-  TaW 
o»-6«+8a6»-7o«6  from  -SoA'  +  lfaJi+fis.     * 
From 
a.     i*»-i*y-»y»take  -»z«+*y_y3. 
~*     |o«-4o-l  take  -|a»+o-i. 
^*»-7*+|take|x-l  +  ix»" 
|x»-§oartake^-|*>-«ax. 
f  *»  -  Ja:y»  -  y»  take  ^ar^y  -  «yi  -  '  ^y'. 
|o»  -  2ox»  -  la*x  take  ia^z + ^«  -  |aa;». 


8. 
8. 

4 
S. 
& 
7. 

a 

a 

la 


12. 

IS. 
14. 
16. 

la 

17 

ifa 
la 

20. 


23. 
24. 
25. 

2a 


!▼.}  mSCILLANlOCI  IXAMPLM.    L  JS 

XnOBLLAIfBOini   BTAlffyr.Bff   1^ 

L    Simplify       (l)4c-2«*-(2»-Sc^, 

(2)3a-46-(S6+a)-(fla-tt). 

a.    Wbm  «««,  y-2,  »-0,  iind  th.  v»ln«  of 

««+7x,  find  (1)  the  .SS^th   indices.  (2J the  .um  of  the  oSffiSiS 
8.    IVoiniSc*+3c-l  take      >  ram  of 

2a;  -  0  +  7ir*  ud  Sc* + 4  -  2x* + X. 
e,    Snbtr»ct8a-7a»+8o«fromtheramof 

2+8o»-o»  »nd2o»-Sa»+o-2. 


7.    Dirtingnieh  between  JOe  and  untike  ternw.     Pick  oat  the  like 
terme  in  the  expression  •  "*• 

a»-3o6  +  6»-2o»-o«+36«+6oA  +  7o« 

tojithw  «.VZd  z°  "  ""^  '''^'  "  P°"*"*  *''•  "•"'»  °'  •**'«»« 

9.    Subtract  8ar» + 3*  - 1  from  2r»,  and  add  the  remUt  to 

3ar»  +  3a;-l. 

wfft  wui  ?:  d"ett;  °'  '°''^" '  p°^  ^  "p"«"*«»  »»y  +-. 

2a^y  thTram^ofT6  iid'g.'"*'"^  ^^^  "**  ""^'  "*  dlminiehing 

Si.  S*°fi'*^  ^i'!?'  ■^''  ^?^  '•*«  ^««  o'  "»e  sum  of  fi««. 
-  .i*^,  Sy«.     Aleo  find  the  value  o{^-  3y*.  * 


-ki  i'^Si*^''"'""vf'  2y-V  and  1- V  to  the  remainder  left 
when  I  -  2y* + y  u  iubtmcted  from  5y».  ««uiuor  «»• 

14.  Explaiiiclearly  why  x-(ylz)=st_y4.jj. 

15.  If  «=4,  y=3,  s=2,  0=0,  find  the  value  of 

3a:»-2yz-oa:+6o««y 

16.  Simplify  2a-6- (3a -26) +  (2o- 36)- (o- 26). 


34 


ALomu. 


17. 


[ORAP.  IT. 


«i?ya;i^JJ7'"'-'^'"^''^"'**»°lyi'-2»«e right;  how 
«S'o{'^l^:i^^^^l^'  «d  -dd  the  renuonder  to  the 

2L     If  «=  1,  y=^  s=6,  ^^0^  g^j  jjj^  ^^^  ^ 

term  ?  ^"  '  ''"•t  u  the  degree  of  the  negative 

reSt  Wc?i""  *"  ^-^^^^  "^  ^-^  ««i  «bt«ct  the 


81    If  «=3,  y=:4,  p=8,  g=  10,  find  the  T»lae  of 


*W+^y  +  2?- 


26.  ^«  "P«»eat.  the  date  10  A.n.  what  will  -3r  .t«.d  for? 
r^t  by  to.+r*^*'  ^-^'+»  "<»  2r«+fa-3.  «.d  dindnidx  th. 

27.  In  the  expression  ' 

ffi5:^"^\?-XS.«dwhichareho«^        What 

J^  ov^JStlhSJb^?/  "^^^  «»•  excess  of  the  sum  of  a 

Aet:X7dUtS^'3atS  ^e.'t^'s;?^?  »  S'*^  ?>i-t  O. 
position  with  regard  too?  "*  **"''»'  '''"at  is*his  finai 

y^aa^^What  expr^don  m«t  be  added  to  W-7.+2  to  prodoo. 


CHAPTER  V. 


MULTlPLICAnON. 

Thus  3x4  =  3  taken  4  times 

=  3+34  3+3. 
^  Here  the  multiplier  contains  four  units,  and  the  number  of 
times  we  take  3  is  the  same  as  the  numbe?of  units  in  4 
-^gain  axb=za  taken  6  times 

=a+a+a+..., 
the  number  of  terms  being  b 

nn5J^-^*?  *^®  quantities  to  be  multiplied  toeether  are  not 

«ntft^  pW«ce,  M«  other.  For  exaiiple,  tTmulSjlWb^  ^ 
gives  ^ ,  that  as  we  must  dmde  f  into  seven  equal  parts  and  teke 
three  of  them.  Now  each  part  will  be  equal  to  -A-,  and  the 
result  of  taking  three  of  such  parts  is  expressed  bj  ^ 
Hence 


Also,  by  the  last  article, 


4    34x3 


SxT 


4x3 
6x7' 


3x43    4 
'7x6-7": 


Jx?-?xl 
6'*7"7'*S' 
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I  -I 


[chat. 


The  reaaoning  is  clearlv  general,  and  we  may  now  say  that 
t^frZtiS^l^        "  *         ^"^  *"^  ^'^'""^  quantities  integral 
In  the  same  way  it  easily  follows  that 
abc=axbxe . 

=(a  X  6)  X  c=(6  xa)xc=bac 
=bx(axe)=  bxcxa  =bcai 

.Whi  ni«&'7«''-^  V^*'^^'  *^y  ^  '«**"  »■»  ««y  <'«^-    This 
u  the  OommntatiTe  Law  for  Multiplication. 

Example.    2ax3bxc=2x3xaxbxe=6abe; 

Thus  oiafsaxfrxcxef 

=(o6)  x{od)=ax  (be)  x  d=a  x  (bed). 
This  is  the  Associative  Law  for  Mnltiplication. 
31.    Since,  by  definition,  a*=aaa,  and  a^=aaaaa, 
.'.  (^xa^=aaaxaaaaa=aaaaaaaa=cfi=a?*^  • 
that  is,  the  index  of  a  letter  in  a  product  is  the  turn  of  its  indiets 

Again,  6a«=6aa,  and  7a'=7aaa. 

.-.  6a«x7a»=6x7xaaaaa=.36a», 

^'^®"i.'l'.t®*P'^'°°*  to  ^  multiplied  together  contain 
powers  of  different  letters,  a  similar  method  is  used. 

ExampU.    6o»6»  x  8a«&e«= Saadtib  x  Saabxxx 

=40o»Wr». 

Note.  The  beginner  must  be  careful  to  observe  that  in  this  pro- 
cess  of  multiplication  the  indices  of  one  Utter  cannot  combine  in  onv 
UMv  mth  those  of  another.  Thus  the  expression  40a»6»x»  admits  of 
no  further  stmplincation. 

^7?'  7  *}?*•  ^  .  *^^^P^y,  tw>  eifnple  expressions  together, 
multiply  ths  eoe^^nenU  together  and  prefix  their  tiroduct  to  the 
product  of  the  different  letters,  giving  to  each  letter  an  index  equal 
to  the  sum  of  the  induses  that  Utter  has  in  the  teparate  factors/ 

The  rule  may  be  extended  to  cases  where  more  than  two 
•zprenions  are  to  be  multiplied  tojgetJher. 


in 


v.] 


MULTXPUCATION. 


27 


Examj^  1.    Find  the  product  of  x*,  ar",  and  «■. 
The  prodtict=x'  X  x*  x  3^:sa?+*  x  **=a:*+»+»=x". 

The  product  of  three  or  more  expressions  is  called  the  con- 
tinned  product. 

Example  2.    Find  the  continued  product  of  5xVi  8y V,  and  3zz«. 
The  product = 5aV  x  8y%*  x  3xz* = 120a:»jr'2». 

Mnltiidication  of  a  Ctomponnd  Expression  by  a  Simple 

Expression. 
33.    By  definition, 

(a  +  bym=  m+m+m+...  taken  a  +  b  times 
=(m  +  m+m+...  taken  a  times), 
together  with  (m  +  m  +  m  + . . .  taken  6  times) 

=am  +  bm 

Also        («-i)»n=  TO  + TO +  »»  +  .. .  taken  a -6  times 
=  (»»+»»  +  >«  +  ...  taken  a  times), 
diminished  by  (w  +  m + w  + ...  taken  6  times) 

=  am  —  bm /£) 

Similarly  {u-b+c)m=am-bm+cm. 

Thus  it  ar^T^ars  that  the  product  of  a  compound  expression  by 
a  single  •  u  the  algebraic  sum  of  the  partial  products  of  each 

tm,\  ot  mnvd  expression  hj  that  factor.     This  is  known 

as  the  Di     .  .ative  Law  for  Multiplication. 

Note.     It  should  he  observed  that  for  the  present  a,  b,  c  denote 
positive  whole  numlMJis,  and  that  a  is  supposed  greater  than  b. 

Examples.     S{2a  +  ^-4c)  =  6a  +  %-12c. 

(40-!  -  7y  -  82»)  X  3a:ys=  12xV»  -  213^"  -  24xy^. 

EXAMPLES  V.   a. 


.(1> 


Find  the  value  of 

L    6x»x7a:». 

2. 

4o»x5a8. 

a 

7o5x8o«62. 

4.    Qxy'xSx*. 

5. 

8a»6  X  l\ 

6. 

2o6cx3a(r». 

7.    2a»6»x2a»6». 

& 

Horb  X  2a. 

9. 

4a26»x7a». 

10.    5o«6»x«y- 

U. 

«Vx6oV. 

12. 

aicxxyz. 

la    3o<67*»x5o»6*. 

14. 

4a«tex76%«. 

15. 

6o*ar  X  Strar, 

1&    5aVx6a*x*. 

17. 

2a:V<«y. 

1& 

3o»xVxa««V. 

Multiply  together  : 

a.    fe+3yand2x«.  22L    a»+6«-e.  and  a«6 

a     6.+ca-«6anda6..  gl    8a>4.36»-lS  Jd  4«^ 

87.    6a»6c-7a6»c«andaV.  *ry+7«y»  wd  8«y. 

MnltipUcatioii  of  Ctomponnd  Expressions. 
34.  If  in  Art  33  we  write  c+d  for  m  in  (1),  we  have 
i<*+bXc+d)=a(e+d)+b(c+d) 

=(c+rf)a+(c+rf)6             [Art.  29.] 
Again,  from  (2)  ^  "  ^'^+^+^ (3). 

(a-f>Xe+d)=a(c+d)-b(c+d) 
=(c+d)a-(c+cl)b 
=ac+ad-(bc+bd) 

Similarly,  by  writing  c-rf  for  m  in  (1),  ^^ 

(a  +  bXc-d)=a(c-d)+b(c-d) 
=(c-d)a+(c-d)b 
AlBo,  from  (2)  ^»c-ad+bc-bd (gj, 

(a-6)(c-d)=a((j-rf)-6(c-rf) 

=(c-rf)a-(c-rf)6 
=ac-ad-(bc-bd) 
J.  =ac-ad-bc+bd /(i\ 

(+a)x(+c)  =  +ac 

(-*)x(-d)=+WL 
(-i>)x(+c)=-be. 
(ha)x(-d)=-ad. 


▼.3 


UULTIPUOATION. 


^f;  ,.^*  "*'«  of  Mgns,  and  especially  the  use  of  the  nemtive 
multiplier,  mil  probably  preaent  some  difficulty  to  the  begmner. 
Perliape  the  following  numerical  instances  may  be  useful  in  illus- 
tratmg  the  mterpretation  that  may  be  given  to  multiplication 
by  a  negative  quantity.  ftiwii-iuu 

tJl^l^^^l^  \?^  "'*7®  ""'*/'*'  *°  3  wha'  is  done  to  unity 
to  obtain  -4     Now  -4  means  that  unity  is  taken  4  times  and 
the  result  made  negative  ;  therefore  3x(-4)  implies  that  3  b 
to  be  taken  4  times  and  the  product  made  negative. 
But  3  taken  4  timep  gives  + 12  ; 

.-.  3x(-4)=-I2. 

Similarly  .-3x  -4  indicates  that  -3  is  to  be  taken  4  times. 

second  Vlf  ^      ^     '  ^'  ^"^^  ''P"™'^**"  ^^^  -12.  and  tS 

Th"*  (-3)x(-4)=+12. 

Hence,  multiplicatixm  by  a  negative  quantity  indicate*  that  we  are 

Note  on  Arithmetical  and  Symbolical  Algebra. 

36.    Arithmetical  Algebra  is  that  part  of  the  science  wlnVK 

Hll/°'«f  r'^  7"^^^  *"d  -:>^^^tL.  arithmeSyTntet 

Sm  t^^""^  ^'T  P,"**.'^  arithmetical  definitio?s,^.e  5^ 

enabled  to  prove  certain  fundamental  laws.  -^     o  »« 

Symbolical  Algebnt  assumes  these  laws  to  be  true  in  everv 
case    and  thence   finds  what  meaning  must  be  attiSiS  to 

r.^  W  arr?tt"V"V*=*^  "*^^^  unrestricted  condlS'o^^s  n^^ 
33  and^  an  arithmetical  meaning  Thus  the  results  of  Arts. 
tL  •      *u    ^^\  ?™^®<^  ^""°  anthmetic&l  definitions  wbiS 

^VaI^^^  V^  P^'*'^«  ^^^^'  numbeCsuch  that 
a>b  and  od  By  the  principles  of  symbolical  Aleebia  we 
assume  thew  results  to  be  univei^sally  trui  when  ailTStSioI! 
Jrer^bT^"*^  '^^  '^'^P'  '^'  inteT,reWn  toXh  we^^S'lS 

an?SrffnrS.'"  '%  ^.  *PP'^  *^«  ^^  of  Distribution 

Hn?/l,J**'!?^'*^i**«>*8'""«*"  ^'^  *»>e  principles     e  have 

£L«  5ft"**^  T!,*^.**  *  '*"^  *"'»P^«'  i»  subetitSn.  whew 
■oi«e  of  the  lymboU  lenote  negative  quantities 


80 


ALOXBRA. 


iojur. 


Sample  I.    If«=-4.findthevalaeof«». 
Here  a.=(-4).=(_4,x(-4)x(-4)= -64. 

---3x(  +  l)x3.(-8)  once  (-!)«,  +  ,,  J 

^^  I  (-2)«=-a 

^^    ^^  EXAMPLES  V.  b. 

.    ^^h.    ^'*~9   '^/' *==-/' ^=1'fi°d  the  value  of 


1.  3o»6. 

6.  4cV. 

9.  -  7a»6c. 

13.  5o2x». 

17.  -Sa^ft^c", 


2. 

6. 
10. 
11 
18. 


8aAc» 
3o»c. 
-2a*6x. 
-7c*xy. 

-  7o V. 


a 

7. 
11. 
15. 
19. 


-5c». 

-4a»c«. 


4. 

8. 
12. 
16. 
20. 


6oV, 
3aV. 
3c»aJ'. 

4<r»aH'. 
7aV. 


23. 
25. 
27. 
29. 
30. 


-1,  /-O,  jr=4,  y  =  l,  find  the  value  of 


22. 
21 
26. 
28. 


2a62-36c2  +  2/ar. 
3oy-562a:-2c». 
36V-46y-6c^a:. 
3v'(aca:)-2v/(6V)-6V(r=y). 


If  a=-4,  6=-3,  c= 
21.     3as  +  6ar-4ry. 
fa'-2bf>-cx-\ 

7v/(o»x)-3V(6V)  +  6Vt/«a:). 
3cv/(36c)  -  6V(4cSy3,  _  2cyV{3W). 

sign!  anftL'^roy^LTeeT^'-  '"''^^'-  "^-^-*«  ^^e  rule  of 
Example  1.     Multiply  4o  by  -  3ft 

By  the  rule  of  signs  the  product  is  negative ;  also  4a  x  3ft = 12aft  • 
Sample  2.     Multiply -5aft3a:  by  -afe3r' 

""XLi^'t  ^xtif^sr "-  '^'^'  "•^  »>-  ^'^^ 

iSmm;rf«3.     Find  the  continued  product  of  3a4.-2a3ft.   -oft* 
3a»6  X  ( -  2a3ft>)  =  -  6a»ft» ;  I        This    result,   however, '  mav  be 

(  -  6o»6»)  X  ( -  aft*)  =  +  Qa%\  "^"^^  'l^^n  at  once .-  for      ^ 

Thus  the  complete  product  3rt2ftx2o3fe»xoA«=6o«A' 

quired  product  is  positive. 


▼  1 


MULTIPLICATION. 
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Examplt  4.    Multiply  6a»  -  |a«&  -  joftt  by  -|o6«. 
The  product  is  the  algebraical  sum  of  the  partial  nroduoti 
formed  according^o  the  rule  enunciated  in  aS  37;  tK 


Z. 

5. 

7. 

9. 
11. 
13. 
15. 
17. 
19. 


1  XAMPLES  V. 

Multiply  together : 

1.    ax  and  -Scue. 
a'b  and  -ab\ 
-abed  and  -3oWc<rf». 
Zxy  +  Ayz  and  -\2xyz. 
-x-y-z  and  -3a:. 
-ab  +  bc-ca  and  -oAc. 
6a:V  -  fiary" + 8aV  and  3a:y. 


2. 

4. 

& 

8. 
10. 
12. 
14. 


-  bxyh+Zxyz^-^x'ifi  and  xyz.  16. 

-  13a:y-  -  15ar*y  and  -  la^y^.     Jg! 
abc-a'bc-abt'c  and  -a6c. 

Find  the  product  of 
21.     2o-36  +  4c  and  -|o. 
23.     §a  -  s^  -  c  and  goa;, 
25. 
27. 


20. 

22. 
24. 


-  Qahx  and  -  7aiz 
6a:*y  and  -  \(hey. 
xyz  and  -5a:*y*j. 
ah -be  and  o^ftc*. 
o'-6»  +  c2  and  oftc. 
-2o»6-4a6»  and  -  Ta'ft'', 

-  Ix^y  -  dxy'  and  -  8a:»y». 
4a:V22-8ay5  and  -  12x»^2». 
8xyz-10a^yz'  and  -ryz. 

-  o«6c  +  b^ca  -  e'ab  and  -  06. 


3ar-2y-4  and  -^ar. 
Va^-fo^r'and  -^a^z. 
-|ary  and  -aar^+Sry. 
jx^y^  and  ^  -  <y3 


-^a-xr  and  -|a2  +  aa;-|ar.  26. 
-fa:'y2  and  -^ar  +  2y».  28. 

bofh®"nf  ?!!lf  """"'''  °^  ^''*-  ?^  ™*y  '^  extended  to  the  cale  where 

(a-b+cym=am-bm  +  cm; 
replacing  m  by  a:-y,  we  have 

=(<^-a!f)-ibx-by)+(cx-ci/) 

=ax-at/-bx+b^  +  cx-cy. 

anvVwn?  """^  "'f^  *^*  eeueral  rule  for  multiplying  to<.ether 
any  two  compound  expressions  i'  /'"«  w^gecner 

o 
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Lt  should  be  noticed  that  tie  product  of  a+&  and  x-y 
.y  ezpreMed  hy  (a+6)(4r-yX  »*»  'f^'ich  the  brackets 

e  that  the  expreerion  a+6  tajcen  as  a  whole  is  to  br 

muli.i>lied  bv  the  expression  x-y  taken  as  a  whole.  By  tht 
above  rule,  the  value  of  the  product  is  the  algebraical  sum  of 
the  partial  products  +a*.  +&t,  -ay,  -by;  the  sign  of  each 
product  being  determined  by  the  rule  of  signs. 

theampU  1.    Multiply  x+8by»  +  7. 
The  product  =  (« + 8)  ^a; + 7) 

=*«+8a;+7se  +  86 
=««+16«+86. 
The  operation  is  more  conveniently  arranged  as  follows : 
X  +  8 
X  +  7 


x»+  8x 
+  7x+66 


by  addition,    x' + 16x + 56 
ExamfHt  2.    Multiply  2z  -  3y  by  4x  -  7y 
2x  -  3y 
4x  -  7y 


We  begin'  on  the  left  and 
work  to  the  right,  placing  the 
second  result  one  place  to  the 
right,  so  that  like  terms  may 
stand  in  the  same  vertical 
cclamni 


Sx»-12xy 

-14xy+21y> 


by  addition,          8a^- 

-26xy+21y». 

EXAMPLES  y.  d. 

Find  the  product  of 

L 

x+6       and  x+10. 

2. 

x+5 

and  x-6. 

8. 

x-7       and  x-10. 

4. 

x-7 

and  x+10. 

6. 

x+7       and  x-10,  . 

6. 

x+7 

and  x+10. 

7. 

x+6       and  x-6. 

& 

x+8 

and  x-4. 

9. 

x-12     and  x-1. 

10. 

x+12 

and  x-1. 

11. 

x-16     and  x+15. 

12. 

x-16 

and  -x+S. 

It 

-x-2    and  -x-3. 

14. 

-x+7 

and  x-7. 

IS. 

-z+6    and  -x-6. 

16. 

x-13 

and  x+14. 

17. 

x-17     and  x+18. 

18. 

x+19 

and  x-20. 

It. 

-x-16  and  -x+16. 

20. 

-x+21 

and  x-21. 

&. 

a»-8     sad  x+8. 

22. 

2x+8 

andx-a 

v.] 


Find  the  product  of 

23.  x-6     and2z-i. 

26.  3x-6    and  2ar+7. 

27.  6«-«  and  23r+3. 
29.  3ic-0y  and  Sa;+5y. 
31.  a~2b  and  o  +  36, 
33.  3o-66  and  o-8ft. 
3i>.  x+a  and  x-6. 
37.  x-2a  and  x+36. 
39.  xy-ab  and  ay  +  oft. 
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21  2«-5     andx-l. 

26.  Sx+S      and  2«-7. 

28.  6x+6     and  2x-3. 

SO.  3x-8y    and  3x-5y. 

32.  a -76      and  o  +  86, 

31  0-96     and  o+66. 

38.  x-o       and  x+6, 

38.  ax-by    and  ax  +  6y. 

40.  2p9-3r  and  2pq  +  2r. 


[WUh  the  exception  o/ Art.  44.  the  rent  nt  <*••.  .t.     . 
P<yn^  and  takm  after  Chapter  xiv]  ^     "  '^*"^"**  "^^  ^  P^' 

*41.    We  shall  now  give  a  few  examples  of  greater  difficulty. 
Example  1.    Find  the  product  of3x»-2a:-5and2a:    B 

2a;  -   5 
6x> 


4x'-10r 
-15x'-Httr+25 
&r»-19x»  +25 


Each   term   of   the   fint   expreMion    ia 
multiDhed   by  2x.   the  fi™t   tem  if   the 

first  expression  is  multiplied  by  -5-  like 


^xam/rfe  2.    Multiply  o  -  6  +  .'te  by  o + 26. 

*  -     6  +  3c 
o  +   26 

o'-  o6  +  3ac 

2a6  -26«+66c 

~26a+66c 


»"+  a6+3ac- 
f  nr^  oTm^u^^I*^®*''®"*"  ?**  fractional  we  use  the  ordinary 

^rr^L^'of'SthSk^^''^^  ^^^  ^^«°-»  -^^-^ 

^xo»^.    Multiply  i«»-i«6+|6«  by  »o+»6. 

^6  +|6« 
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*  **j-  ^'  '^«  «P'^;oM  are  not  arranged  according  to  powers, 
aacendinc  or  descending,  of  some  common  letter,  a  reanunffe- 
mer.t  will  be  found  convenient 

Example  1.    Find  the  product  of  2a* + 46*  -  3a6  and  Sob  -  5a'  +  4;>s 
2a*-  Soft  +46* 
-  &»*+  3a6  +4A* 


•10a*+I6a»6-20o»6* 

+  6a*6-  9a«6*+12oft« 
8a*6*  -  12o6»  + 166« 


-10o*  +  21o*6-21o»6» 


+  166« 


The  rearrangement  is  not 
neceamry,  but  convenient, 
because  it  makes  the  collec- 
tion of  like  terms  more 
euay. 


Example  2.     Multiply  2a«-«*+2x*-3yz+*y  by  x-y  +  2z. 
2x'+  xy  +2xz  -3yz   -z* 

y    +2z 


x  - 


2a:*+  arV+2«*z-3ay8-  «' 

-2a:»y  -2a:yz  -aj^+3y*z+  yz* 

4^+^^+4^ -6y2*-2g» 

2a:*-  x*y  +  6aA;-3aTr!+3«*-a:y*+3yaz-5ys*-22» 


EXAMPLES  V.  e. 


If 
i 


Multiply  together 
1.     a  +  b+c,  a  +  b-e. 

8.  a»-a6-|-6*,  a'-  +  ab  +  b\ 
5.     x^-2t'  +  8,  x+2. 
7.     a^  +  xy  +  y^,  x-y. 

9.  16o*+12o6  +  96«,  4a -36. 
11.    ar*+a:-2,  a:»+x-6. 
13.     -a»+o^6-a»6*,  -o-6. 

15.     a»+2«*6  +  2a6«.a*-2a6  +  26*.  la    4^+6xyi»y^,  2x.8v 
17.     a^-ary-y*.  -x>+xy+y^     la    6*-o*6*+a»   a*+a*6*+6» 

19.  x'-2xy+y',  !>^+2xy+r.  .a+ao'+ft.. 

20.  o6+crf+oc  +  6d,  o6  +  cd-ac-6d. 
a.     -3a*6*+4a6»+15a*A,  5a«6*  +  oi^  - 364. 

22.  27a:»-36a«*+48a»a:-64a»,  3a:+4a. 

23.  a*-6o6-6*,  a*+5o6  +  6*. 

Si    «»-«y+!B  +  y*+y+l,  «+y_l. 


2.  a-26  +  c,  0+26-C. 

4.  «*+3y3,  x  +  4y. 

6.  ar«-x2y»  +  y*,  xs  +  ys. 

a  a*-2aa:  +  4a~',  a2  +  2oa:  +  4ar'. 

10.  a*a:-oar'  +  a:3-a»,  x  +  a. 

12.  22^-3x2+22:,  2x*+3x+2. 

14.  a?-7x+6,  x*-2x+3. 


▼.) 
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Mnltiplj  together 
S6k    o«+6«+c»-6e-ea-a4,  a+b+c 
as.    -«V+y*+«V+«*-ay,  x+y. 
27.   «»-*V+«V-«V+y»,  *•+»•. 

SB.    8a*+2a+2a.*i^l+a*,  a*-2a+l, 
n.    -a«i+3(uy*-8ay«,  -aar-3ay*. 

38.    |a«+|«»+M  Ja'+f«»-|ax. 

44.   Ptodncts  writt«n  down  bj  iiunMetio&.  Althouffhtha 
result  of  multiplying  toge^ertwoU^^tJ^^''Th^^ 

fxtLni  V-^'  «in  alway.  be  obtained  bv  the  methcdB  already 
explained,  it  »  of  the  utmoet  importance  tliat  the  student  dioSJ 

the  tLJf.1n  f>,^  °^T'»«  "»  ''^^  ''^y  the  oiefficient.  of 
frL  f^  K^*  i^*"**^"*'  f ™*'  »"d  '>°*'"n9  ^hafc  they  result 
from  the  combination  of  the  numerical  coefficients  in  the  two 
binomials  which  are  multiplied  together ;  thus 

(«+8)(x+7)-jr>+ar+7x+68 

(*-8)(*- 7)=jc»- ar- 7x+66 
=^-16*+66. 

(«+8)(«-7)=««+8«-7x-66 

(*-8)(«+7)=jr»-ar+7x-66 

In  each  of  these  results  we  notice  that : 
1.    The  product  consists  of  three  tenns. 

bin'^rnktexpTLSo™"  '^*  P"^"*^  °^  '*^*'  ^"'  '^^  °^  ^^•'^'^o 

two  biSmiS  «piSoi.''*  ^"""^^  °'  ''*  •^"'^  ^•"^  °^  *^« 

n„t«Pf  "'•^dle  term  has  for  its  coefficient  the  sum  of  the 
nMaencal  quantities  (taken  with  their  proper  signs)  S  thr 
aeoond  terms  of  the  two  binomial  expressions. 


r< 


96 


IJm  intMiMdkte  itop  la  Um  work  mar  bt  omitted,  and  th* 
prodaote  written  down  at  (»o«,  as  in  tho  following  ^firnplw : 

(«-(-S)(jr+S)-«' 4- &»•(-& 
(*-3)(4r+4)-j«+#-ll. 
(*+6X*-9)-««-J*-64 

^.  ^y  «  «M7  oxtendon  of  thoM  principles  we  mar  write  down 
tM  product  of  cny  two  binomiala. 

(aj:-4Sf)(lr+y)-«*«-ary+aay-4y« 

(jf+4X*-4)-««+4»-4c- 16 
-««-16L 


M 
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Writt  down  the  values  of  the  following  prodncte 


L  («+8)(x-6). 

4.  («  -l)(«+6). 

7.  («-4)(«+ll). 
la  (a-l)(a+I). 
IS.   (a-8)(a-f4). 
18.  (a+SXa+S). 
U.  («-&>)(c+2a). 
&  («+4|r)(«-2y). 
&  (a-t-tfrXa+Sft). 
as.  (9>-6)(x-|-2). 
a.  (8«-l) {«+!). 
81  (4«t-S)(2r+SV 


2.  («+6)(«-l). 

6.   (x+7)(x-9). 

&   (x-2)(x+4). 
IL   (a+9)(a-6). 
11  (a-8)(a+8). 
17.  (a - 11)  (a -f  II). 
90l  («+to)(x-6a). 
a  («+7jr)(«-7y). 
91  (a-86)(a+106). 
28L  (2x-5)(x-2). 
SS.  (&+5)(2x-l). 


31  (Sx+8)(3x-8). 
37.   (««-2jr)(Sx+y).  31   (ae+^)(Sx+2y). 
•la  (&e+8a)(8x-3a).4L  (2>-&i)(x+fla). 


1  (x-8)(x+10)i 
1  («-10){x-8). 
1  (x+2)(x-2). 

18.  (a-8)(a-l-12). 

11  (a-6)(a-fl3). 

11  (a-8)(a-8). 

2L  (x+8a)(x-Sa). 

fli  (x-Sr)(x-3y). 

37.  (a-MXa-Si). 

31  (9x-t-S)(x-S). 

31  {Sx+7}(2x-8). 

31  (2c-0)(2»-5). 

31  (2x-f-7y)(2r-5y). 

41  (ax-(-«)(9tac+a). 
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TlM  Mtthod  of  Dttaelwd  Oo«flei«itf. 

'♦ft.  Wh«n  two  compound  ezprcMiona  contain  power*  of 
one  letter  oalj,  the  labour  of  multiplication  mav  be  leaeened 
bj  uaing  d«Ueh«d  ootfldMitt.  that  is,  bj  writing  down  the 
coefficiento  only,  multiplying  them  together  in  the  ordinary 
way,  and  then  inaerting  the  lucceaaive  pdwen  of  the  letter  at 
the  end  of  the  operation.  In  uiing  this  method  the  expreaaiona 
muat  be  arrangM  aooordins  to  aacending  or  deacending  powera 
of  the  common  letter,  and  zero  coefficienta  muat  be  uaed  to 
repreaent  terms  correaponding  to  miaaing  powera  of  that  letter. 

Example.    Multiply  2x'-4r*-5bySx*+4x-2. 

2-  4+  0-  5 
S+  4-  2 


6-12+  0-16 
8-16+  0-20 
-  4+  8-  0+10 
8-  4-20-  7-20+10 


Here  we  insert  a  aero  coefficient  to 
represent  the  power  of  x  which  is  sbsent 
in  the  multiplicand.  In  the  product  the 
highest  power  of  z  is  clearly  x*,  and  the 
others  follow  in  descending  order. 


Thus  the  product  is 

6«»  -  4««  -  20a:»  -  7«*  -  20*+ 10. 

The  method  of  detached  coefficients  may  also  be  uaed  to 
multiply  two  compound  expreaaioBS  which  are  homogeneous 
and  contain  powera  of  two  letters. 

Example.    Multiply  3a* + 2o»6  +  4a&* + 26*  by  2o«  -  6*. 
3+2+0+4+2 


2+0-1 


6+4+0+8+4 

-3-2-0-4-2 
6+4-3+6+4-4-2 


We  write  a  zero  coefficient  to  represent 
the  term  containing  a*b*  which  is  absent 
in  the  first  expression.  Similarly,  the 
term  ccmtaining  a6  is  represented  by  a 
zero  coefficient  m  the  second  ex|»«ssion. 


It  is  eanly  seen  how  the  powers  of  a  and  b  arise  in  the  suooeaaiTe 
temia,  and  the  complete  product  is 

eo« + 4a»6  -  3a*^ + 6oV + 4a V  -  4o6»  -  26». 

IMS.    Beginners  should  on  no  account  attempt  to  use  detached 
ofS^Sfc^L'*'*^  •»  weU  practised  in  the  ordinary  fuU  prooeaa 


CHAPTER  VL 
Division. 

produces  «.    Thi.  operation  of  division  is  denoted  by  a^b  « 
SivlLi\Sf'*l'fe«^-  0'  e«P-ion  a  is  called  't^l 
Division  is  tb  ^  the  inverse  of  multiplication,  and 

This  statement  may  also  be  expres^  verbally  as  follows : 
quotient  x  divisor  »  dividend. 

tha?rhe'trJ:V(S.;;irn.°'A^^^^^^^^^  '^  ^o"- 

tion,  which  have  b««^^]^&'  u^  Association,  and    Distribu- 
Division.  ^"  established  for  MuItipUcation,  hold  for 

47.     TAeEvleotaignBholds/ordirnsum. 
Thus  „j^^^  ab  ^axb 

a  a    ""• 

a  a       ~~* 

a6-^(-a)«i*.»^:«)>lizi)       a 

_  -«         -a        "■ 

Heuce  in  division  as  well  as  multiplication 
liie  tignt produce  +, 
^nliit  tignt  produce  -.  ...  ;. 


i  »  -rf 
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Diyision  of  Simple  Expressions. 

48.    The  method  is  shewn  in  the  following  examples  : 

Exampit  1.    Since  the  product  of  4  and  a:  is  Ax,  it  follows  that 
when  4a:  is  divided  by  x  the  quotient  is  4, 
or  otherwise,  4x  -f  x = 4. 


Example  2.     Divide  27o»  by  9a' 

The  quotient=g"=?^???? 
^  9a*        9aaa 


We  remove  from  the  divisor 
and  dividend  the  factors  com- 
mon to  both,  just  as  in  arith- 
metic. 


=3oa  =3a». 

Therefore  27a'»-f  9a»=3a». 

ExamjpU  Z.     Divide  36o»6»c»  by  laU^t?. 

rpv-  _„_i:„_i     35oaa .  h'j .  cee    _ 

The  quotients     y^,^     — =5aa.  c=5a'c. 

,-.  ^f  ^  '"  each  ca«5,  that  <Ae  index  of  any  letter  in  the  quotient 
Si  -tet"-^.?:^  »«rf^e«  0/  Ma*  tetter  in  the  divided  and 
aivttor.    This  IS  called  the  Index  Law  for  Division. 

The  rule  may  now  be  stated : 

Rule.    The  index  of  each  letter  in  the  quotient  is  obtained  hu 

./!?  '**  '^'^\'0J>^*<^<ned  prefix  with  its  proper  sign  the  quotient 
of  the  coe^cumt  of  the  dividend  by  that  ofthe^ivisor.        ^ 

Example  4.     Divide  46oWx*  by  -  9o»6a:". 

The  quotient=(  -  5)  x  o«-s6»-»a:«-» 
=  -5a»6a:». 
Example  5.     -  21o«6»  -^  ( -  ToW) = 36. 

8aSe*J;,wS Ztt^^l*^"  "^*  *°/r^«  ""y  P°^^^*°f  » letter  by  the 
■wne  power  of  the  letter  we  are  led  to  a  curious  conclusion. 

Hius,  by  the  rule      a>-f  a*=:a*-*=aO ; 


but  also 


A       00=1. 


=  1. 


♦..il**'  '^^^  '^^  appear  somewhat  strange  to  the  becinner  but  its 
ftiU.«gnificance  wifi  be  expUined  in  the^haptJr  on^  -fheo^r'S 
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Division  of  a  Oompound  Expression  by  a  Simple 
Expression. 

49.  Bote.  To  divide  a  compound  expression  by  a  single 
factor,  divide  each  term  separately  by  that  factor,  and  take  the 
atgetnraic  sum  of  the  partial  quotients  so  obtained. 

This  follows  at  once  from  Art.  .33. 

Examples.     (1)    {9a:- 12y  +  32)-r -3= -3ar+4y-2. 

(2)  (36a»6»-24a»6''-20a*5»)^4a%=9o6-66*-5a%. 

(3)  (2x^-5xy  +  ^ifly»)^-ix=-ix+lO!f-3x]f*. 


ii 


EXAMPLES 

Divide 
1.    3a*hja». 

5.  -36ai»by7a». 

6.  «V  by  aPy. 

7.  4o»6V  by  o6V. 
9.     -aV  by  -oc». 

11.     -18*Vby  -4xy'. 
IS.    36o"  by  7a'. 
15.    7aV>e  by  -7a»6c 
17.     leftVe"  by  -2xy. 
19.    aP-2xy  by  x. 
21.    a^-7xfi+4x*  by  «», 
23.     15a* -^x*  By  -6«». 

26.  -24*«-32a?«  by  -8«». 

27.  a*-ab-ae  by  -o. 
29.    3a*-9a^-12a:y*  by  -3x. 

-3a«+|o6-6ac  by  -fa, 

-|«*+l«y+^«by-^«. 


SL 
83. 

86^ 


2. 

i. 

6. 

S. 
10. 
12. 
14. 
16. 
18. 


21 
26. 
28. 
SO. 
32. 
31 


iahe- ^^igobx-iaex  by  fw. 


VL  a. 

27ar*  by  -9iA 
a***  by  -ax. 
a*3?  by  -oV. 
12o«6«c«  by  -3a«&\^ 
15irVz*  by  5a?^. 
-48o»  by  -8o» 
63o'6V  by  9o»6»c». 
28a«fc»  by  -4a»6. 
-60y»a:»by  -Sa^. 
a:»-3a:'+ar  by  a:. 
10a:'-8x«+3««by  «». 
27a:«-36a!»  by  9x». 

34aV-«l*V  by  17a!y. 
o»-o»6-a*6>  by  a». 
4arV-8a:»y»+6a:y»  by  -iey. 
|aV-3xy  by  -|zV. 
-2eM+{a'h*  by  ^«». 


VI.) 


DIVISION. 
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Divisioii  of  Oomponnd  Expressions. 

To  divide  one  compound  expression  by  another. 

ascending  or 


m 


60. 

Bule.     1.     Arrange  divisor  and  dividend 
descending  potoers  of  some  common  letter. 

2.  J>ivide  the  term  on  the  left  of  the  dividend  fry  the  term  on 
the  left  of  the  divisor,  and  put  the  result  in  the  quotient. 

3.  Multiply  the  whole  divisor  by  this  quotient,  and  put  the 
product  under  the  dividend. 

4.  Subtract  and  bring  doxon  from  the  dividend  as  many  terms 
as  ,nay  he  necessary.  ^ 

Repeat  these  operations  till  all  the  terms  from  the  dividend  art 
brought  down. 

Example  1.     Divide  ar*  + 1  la;  -(  30  by  a;  +  6. 
Arrange  the  work  thus : 

ar  +  6)a:»+lla;  +  30( 
divide  ara  the  first  term  of  the  dividend,  by  x,  tue  first  term  of  the 
divisor ;  the  quotient  is  x.     Multiply  the  whole  divisor  by  x,  and 
put  the  product  x' + 6a:  under  the  dividend.     We  then  have 

x  +  6)a:'»+lla:  +  30(x 
x'+   6a; 

by  subtraction  5a;  +  30. 

On  repeating  the  process  above  explained  we  find  that  the  nez* 
term  m  the  quotient  is  -f  6. 

The  entire  operation  is  more  omnpactly  written  as  follows : 

«+6)«»  +  ll«+30(a;+5 
»*+  6x 

6X+30 
5Z  +  30 

The  reason  for  the  rule  is  this  :  the  dividend  may  be  divided^^^' 
into  as  many  parts  as  may  be  convenient,  and  the  complete^^ 
quotient  is  found  by  taking  the  sum  of  all  the  partial  quotients. 
Thiis  a;8-|.  lla?+30  is  divided  by  the  above  process  into  two  parts, 
namely  x'+ex,  and  6r+30,  and  each  of  these  is  divided  by  x+9i 
thus  we  obtaui  the  complete  quotient  x+6. 

Xxampk2.  Divide  24x*-66a:y+21y*  by  8a;-3y. 
8*  -  3y )  24a;*  -  65*y + 21  w»  ( 3x  -  7y 

-66«y+21y* 
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Divide 

1.    a:»+3a;+2  by  x  +  1. 

o»-llo+30  by  0-5. 

3x*+10x+3  by  x  +  3. 

«ar»+llar+2  by  x+2. 

6a:"+16x+3  by  x  +  3 


ALGEBRA. 

EXAMPLES  VI.  b. 


[chap. 


& 

5. 
7. 
9. 


11.    4x»+23a:+15by  4a:+3. 


13. 

15. 

17. 

19. 

21. 

22. 

21 

2a. 

28. 


3x»+x-l4  by  x-2. 
6ar»-3Ia;  +  35  by  2a;- 7. 
12a3-7ox-J2xa  by  3a-4ar 

J2a»-llac-36c»by4a-9c. 
eOx'-ixy-  4oya  by  lOx  -  9y. 
9&«:'-16y«-4ay  by  12x-6y 
100x»-3x-13xaby3  +  25x. 


2. 

4. 

6. 

8. 
10. 
12. 
14. 
16. 
18. 


23. 
25. 


*'-7«+12  by  x-3. 
o«-49o  +  600  by  o-26. 
2ar»+lla;  +  6  by  2a;+l. 
2«*+17*+21  by  2ar+3. 
3a:*+.34x  +  ll  by  3x+{. 
6«»-7«-3  by  2x-8. 
3x'-x~H  by  x  +  2. 
43fl+x-14  by  x+2. 
i3a^+17ax-4x'hy3a+ix. 
9a«+6ac-35c»by3o  +  7c. 

7a:»+96a;«-28a:  by  7ar-2. 

27«»+9ar»-3a:-10by3a;-2 

15  +  3o-7a»-4o»by6-4a. 


;*»'-^'+39a-9by8al3.27"    15  + 
I6-96a:+216a:a-216x»+81x«  by  2-^ 

Example  I.     Divide  ftc»-ar*+4-r3    k^  ,,  , 

2g*-  a;»+  3x» 
-4a;»-   8ar«-   x 
-4a?+  2x^-Qx 

-lOri  +  Sx-lS 
-10a"+5a;-15 

^mple2     ^iyiA^2^+io~^^^^:^^^,^    ^_^ 
coeffiffi'i^iJXnr  "^  '"-«^^Po-e™  of  a  and  use  deUched 

4-14+  2 
4-   8-10 


Thna  the  quotient  i«  6+2a 


n.] 


rjivisioN. 
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*62.    We  add  a  few  harder  eases  worked  out  in  full. 
Example  1.     Divide  x*  +  4a*  by  3e'+2xa+2a^ 

3t*+2xa  +  2a'^)x*+4a*  {a-'-2xa+2a' 

-  2x^a-43r'a>-4za' 

2ar'a«  +  4a?a=«4  4a« 
Example2.    Divide  o3+6»+c»-3o6c  by  a  +  6  +  c. 

-   a^b-a^c-3abe 

-o«c+  ab^-'2abc 
-a^c -  ahc  -  ac* 

-  aftc  +  oc»-62^ 

-  gfec  /<V  -  ftc* 

oc' +  &<•'+    f* 

Kote.     In  the  above  example  the  dividend  and  successive  re- 
niainders  are  arranged  in  dencmding  powers  of  a 
The  result  of  this  important  division  will  be  referred  to  later. 

*^3;. „^J*Je"  tl'e  coefficients  are  fractional  the  oi-dinary  process 
may  still  be  employed.  ^  *^  ^^ 

Example.     Divide  {^  +  ^^xy^  +  ^\y'  by  ^x  +  ^y. 

5*  +  ^y  )  j  ^  +  tS^'  +  Ay*  (  J^»  -  iary  +  jy' 

ixy»+TVy» 

*54.  In  the  examples  given  hitherto  the  divisor  has  been 
exactly  contained  in  the  dividend.  When  the  division  is  not 
tixact  the  work  should  be  carried  on  until  the  remainder  is  of 
lower  dimensions  [Art.  24]  than  the  divisor. 
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■  *• 


!Sl 


|iBf 


ALGEBRA. 

*  EXAMPLES  VI 


[OBAt. 


«&^  i^w^  ^r^  *«*•"•»/ **^ 


rivide 

L    **-«»-9a;-12by  «a+3x+3. 
V'-V-6y-lby2y«-«y-l. 
e»«^-m«-14fn+3  by  3m>+4m-l. 
6a»-13o«+4a»+3a«  by  3o»-2a»-o. 
«*+««+7«»-8»+8  by  ««+2a:+8 
a«-o»-8a«+12a-9  by  a«+2o-3. 
«*+8o»+13a«+12a+4  by  o«+3a+2L 
^-^+42»+7x+l  by  a»-x+3. 

«»-5ar«+fte»-6*«-x+2  by  «a-3x+2. 
*»-4e*+3«»+3ar«-ac+2  by  ««-»-2L 
3te«+Ilx»-8ar«-&:+3  by  ar-4+3x«. 

"•-16i«+4F+7A«-7ifc+2  by  3/t»-i+l 
16+2««-31m+9m«+4m»+m»  by  3-2«-«. 
2«»-&c+a:4+12-7a:>by:c»+2-kc 
a^2r«-4«»+19««by;r»-7a:+6.    " 
192-x«+128«+4x«-8*»  by  16-ar» 

<.»+3«'6+»'-I+3,6.bj.Tti-l 

l-o»-8a:»-6aar  by  l-o-2ar. 
Find  the  quotient  of 
29.    i«'-f.^+V«t«-27a4by  la-ac. 

»•    I«V+xIt«»  by  j«»+i«c. 


8. 
S. 

4. 
5. 
8. 
7. 

a 

9. 

m 
u. 

12. 
13. 
14. 
15. 
1& 

18.' 

19. 

2a 

21. 

23. 

24. 

26. 

27. 

28. 


5«»-l«tj.* 


f«'-ia'+5«+V  by 


9„t. 


83.    36«*+iy«+J-4«y-dar+i 


-a. 


8*-    A«'-TTf»**by  J«-|, 


iy  by  e*-^y-. 


▼L) 


rjivisioN. 


46 


*  66.    The  following  examples  in  division  may  be  eadly  verified ; 
they  are  of  great  importance,  and  should  be  carefully  noticed. 

x-y  ' 
j?*-y* 


x-y 


and  so  on ;  the  divisor  being  x-^,  the  terms  in  the  quotient 
oil  podtivet  and  the  index  in  the  dividend  either  odd  or  even. 


U. 


a^+y*_ 

x+y  ' 

x+y  ' 


x+y 


.jfl-xy+y*, 
'3fi-ifiy-\-a*y^-a^+xhf*-x^-\-j^^ 


and  BO  on ;  the  divisor  being  x+y,  the  terms  in  the  quotient 

altematelv  positive  rrd  negative,  and  the  index  in  the  aividend 

always  odd. 

'    (a^-y* 

^=*-y, 


III 


x+y 
X+y  ' 
x+y 


■■afl-a^+xy*-y^, 
= a*  -  «V + x'.y »  -  *y + *y*  -  y*, 


and  so  on ;  the  divisor  being  x+y,  the  terms  in  the  quotient 
alternately  positive  and  negative,  and  the  index  in  the  aividend 
altoays  evetL 

IV.    The  expressions  x^+y*,  x*+y*,  afi+j^, ...  (where 
the  index  is  even,  and  the  terms  both  positive)  are  never  divisible 


by  «+y  or  x-y. 
diffe 
follows : 


All  these  different  cases  may  be  more  concisely  stated  as 


il)    «"-y"  is  divisible  by  x-y  if  n  be  any  whole  number.    - 
2)    d!"+y"  is  divisible  by  x+y  if  n  be  any  odd  whole  number. 

(3)  y  - y"  is  divisible  by  * + « if  n  be  any  even  whole  number. 

(4)  «"+y"  is  never  divisible  by  x+y  or  x-y,  when  n  is  an 
wm  whole  number. 


CHAPTER  VII. 

toovAL  AND  Insertion  of  Biucim. 

'^y'^^t'SZ^'oZS^^^  to  indi^te  thai 

the  exprewion  2a-S-S-2^^V°  the  «me  waj.    Thus  in 

*»-36.  When  wf«  wish  to  «npi^  '^.t*',^  aubtracted  from 
Mpi^Mionali^dvenTbLl  wS^^w^K  '"u*'*'"  *'"^'^«t8  jWof  m 

a  {},[].  Sometimes  a  line  illedV^t*"  V  '^'"'"O"  "««  aw 
the  a^bols  to  be  connected  rlhla^"?"  ^  ^^^  over 
•ame  meaning  a.  «-(6+,).  .^^  hen"  ^ifl!:?.'^;^'^  '^^ 

BemoTal  of  Bracket*. 

S^^^^^APZ'^^^^^I^^^^       ^^  to  begin  with  the 
the  rules  idready  given  iHZ  ^^^   '**  ""'^'°°  '^^  ^PP^^ 

^^"""Mel.    Simplify,  by  removing  brackets  th« - 

a-2i-r4«    «A    /,        "'»°'"*«t».  the  expression 

Removmg  the  brackets  one  by  one.  wahavV  ^^^ 

=2..fyooire:^;^-i;:«-^-3«-2.^ 

^«pfea    Simplify  the  expression 

Theexn«l-~'^~^^^~^^"^^-'<*^-2y)}+2r]. 
J-ne expressions -r_ a.-/ «,/    o-^o      - 


OUT.  Tn.].iaMOVAL  AND  INSKITION  OF  BRACKHB. 

BZAMPLE8  TIL  ». 

Simplify  by  removing  brackets 

1.  «-(*-c)+a+(6-c)  +  6-(c+o). 

2.  o-[6+{a-(6+o)}]. 

a    a~[2a-{3b-{ie-2a)}l 

4.    {o-(6-c)}+{6-{c-o)}-(c-(o-6)}. 

6.  a»-(»+[3c-a])-{6a-l6+c]). 

8.   -{-[-(a-r:?)]}. 

7.  -t«-{6-(c-a))]-r6-{c-(4-6)}]. 

8.  -(-(-(-a:)))-(-(-y)). 

9.  -[-{-(ft+c-a)}]+[-{-(c  +  a-6)}]. 

10.  -6«-[3y-{2r-(2y-«)}]. 

11.  -(-(-0))-(-(_(_x))). 

12.  3a-[a  +  b-{a  +  b+e-{a  +  b  +  c+d)}}. 

13.  -2a-t3a;+{3c-(4y  +  3x+2a)}]. 
11    3«-[8y-{fe-(4aj-7y)}]. 

16.     -[««-{lly-3«)]-[5y-(3x-6y)]. 

-[15a;-{14y-(l&  +  i2y)-(i0a._,gg)|j 
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IB. 


17.    8«-{16y-[3a:-(12y-*)-8y]+ar}. 


la 

19. 


-[«-{8f{a;-z)-(z-x)-2}-x]. 

-[o+{o-(a-x)-(o+x)-o}-a]. 

-[a-{o+(«-o)-{z-o)-o}-2a]. 


pliedf  b7  that  coeffider  *^*  *'"^^*'*  "•  *o  ^  °»"lti- 

Note.    The  line  between  the  numemtor  «.d  denr..i„ator  of  . 
fn«=t.on  „  a  kind  of  vinculum.    Thu.  ^  i.  equivaleU  to  J(,-h5) 

root  of  the  co;Sd7:?SonV.r^"'i^^^^^^    *^«  «1-S 

'"»«■  V26TTa=^/l69=l3. 

*!'««-  ^+^144=6+12=17. 

D 
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AJJQMBRA. 


I 


60.    SotnetimM  it  is  adviM^le  to  simplifj  in  Um  ooarae  of 
th«  work. 

XxamtpU.    Flad  the  taIim  of 

84  -  7[  -  llx  - 4{  -  17«-l-8(8  -  r^) }]. 
The  ezpnMiooa84-7C-ll«-4{-n«+S(8-0+6«)}] 
-84~7C-llx-4i-17«+S(6(r--l)}] 
-84-7[-ll«-4i-17x+lfe-S}] 
«84-7(-ll«-4{-2ac-S}] 
»84-7[-ll«-l-8«+12] 
«84-7[-aar-fl2] 
-84-I-21X-84 
aSlx. 

When  tht>  beginner  has  had  a  little  praetioe  the  number  of 
■tepa  may  be  oonsiderably  diminished. 


sxAMPUBS  yn.  b. 

Simplify  by  removing  brackets 
L    a-C2b+{3e-8a-(a+6)}+aa~(6-f8e)]. 

2.    o+6-(c+o-[6+e-(o+6-{e+a-(6+c-a)J)l). 

5.  a-{b-e)-[a-b-e-2{b+e-S(e-a)-d}y 

4.    2x-(3y-4z)-{2«-(3y+4z)}-{8y-(4ji+2i»)}. 

6.  6+c-(o+6-[c+o-(6+c-{o  +  6-(c+o->'H)]). 

6.  3^-{Sa-[6a+2(10a-&)]}. 

7.  a-{b-e)-[a-b-e-2{b+e)y 

8.  3a«-[6o»-{86»-(9c«-2a«)}]. 
9. 

la 

IL 
12. 
IS. 
14. 
IS. 


b-(e-a)-ib-a-e-2{e+a-3{a-b)-d}l. 

-20(o-d)+3(6-cy-2[6+c+d-8{c+rf-4((i-a)}]. 

-4(o+(i)+24(6-e)-2[c+d+o-3{d+a-4(5+c)}]. 

-10(o+6)-[c+a+6-8{a+26-(c+o-6)}]+4c 

o-2(6-c)-[-{-(4a-6-c-2{o+6+c})}l. 

S'h-e)-[-{a-b-3(e-b+a)}'j, 

i.  5-5a)-7[a-6{2-5(a-6)}]. 
la.    6{o-2[6-3(c+d)]^-4{o-8[6-4(c-(f)]}. 
17.    5{o-2[a-2(o+x)]}-4{o-2[o-2(a+«)]}. 
U.    -10{a-6[a-(b-e)]}-l-60{b-(c+a)}. 


TO.)       sofovAL  ADD  nisnmoii  or  bbaoxhi,         4( 

IK    -•(-»[-4(-.)l)+»{-2[-2(-.)JJ. 
»    -»(-t-(»-|tm+(-8[-(,-,)]). 

«.l(.-.(*-.))-J{|(.-|)-?[.-|(»-^)3}. 

iBMrtion  of  Bneketi. 

AiSTfii   90 .  #^r^  •  **°"'fi^  '^^  ^»^e  ^n  enunciated  in 

Arts.  21,  22  ;  for  convenience  we  repeat  them. 

Exampkt.    a-b+e-d-e=a-b+{e-d-e). 
«-6+«-rf-«=a-(6-c)-(d+e). 
«*-ox+6ar-o6=(*«_aa.)  +  (6x-a6). 
«y-o«-6y+a6=(a:y-fty)_(oa:-a6). 

^  et    The  terms  of  an  expression  can  be  bracketed  in  variouB 

Example.    The  expression  ax -te+ ex -oy+6y-ey 

may  be  written        (ax  -  6x)  +  (ex  -  ay)  +  (6y  -  cy). 
°'  («e-6x+cx)-(oy-6y+cy), 

"  («*- «y)  -  (&«r -6y)  + (ear -cy). 

br£.w^^®'^i?"  *  ***'**"■  »  common  to  every  term  within  m. 


M 


ALGEBRA. 


lOBAF. 


M 


i/e  I.     In  the  expreMion 
SS'l^JacSr'"  '     '"  '"''''"  of  ,  .c  to  h.ve  the  dgn  ^  befe,. 

iHoien  ,s  oi  r*.  a;-',  and  x  respectively. 

'  "'•^"*^*'*ne"'Kn  -  btfort-aeli  bracket, 

ihef  .,)     j,,^,..        ,    e-aV)-(7o  +  afc)-(2j--3) 

'=     'ifar-y)-a(7  +  fc)-(2a:-3) 
«-  -  i J     y)a«  -  (7  +  i)o  -  {2x  -  3). 

EXAMPLES  Vn.  e. 

1.  a«*  +  6a:»+6  +  2ftar-fiar«+2r«-3ar. 

2.  36pr«-7    ar  +  o6+6a«»  +  car-4ar»_6a:». 
8.     2-7*»+5oa:»-2ca:+9oa:*+7ar-3ar». 

1    2car»-3o6*+4«te-36ar*-oV+*« 

6.  ox'+aaJ-oV-26a:»-3x»-6ar«. 

6.  7x»-3c»r-a*z»+5ax+7aH'-o6c«» 

7.  oar»+aV-6!r«-&t»-car». 

8.  3Wa;*-6x-aa!*-«B«-5c»*-7ar«. 

10.    5aar»-7(6x-ca:»)-{66x»-(3a«»+2aar)-4<;*»} 
U.     «r»-3{-«3r»  +  3fta,»4[ic^»_|(a^_j^,jjj     ' 

VL    --««*-J[l2«:-4{3ft^-9(«-te.).|«,)]l 
18.    «{«-ft-«{a-&t)}+aa:-«{«-x(ox-6)}. 


VII.] 


REMOVAL  AND  Ut»»TION  OP  BRACKFIB. 


SI 


•a.    In  certain  cmm  of  •ddition,  multiplication  etc   of  »> 
prew«ion»  which  invo  ve  literal  ooeffloi*.!,*^  ♦i,-  1    '  i!     '        i? 

ExamrU  1.     Add  together  ««»  -  2te»  +  3,  6x  -  cx»  -  «»  «,d 

Thetum=ax'-2ftx»  +  3+te-c«»-,t  +  :e*-a«»+« 

«(a-c  +  l)a:»-(o  +  26  +  l)*»+(6+(r)x  +  3. 
Axa»ip/e  2.     Multiply  a«»  -  26a:  ^  3c  by  ;>«  -  j. 
The  proauct=(a«»-26a;-t  Se)(px-q) 

=o/w»-26par»+3cpx    a^ar*  +  Sfc/x - 3c j 
=a/)a;»-(26;>+o»,')a:»+  3cp+2tv)r-3c7. 

EXAMPLES  Vn.  d. 

1.  aar»-2car,  ba*-ea*,  cz»-«. 

2.  '-X-1,  aa~'-6a:s,  fex+ar*. 

a    o-V-Sa:,  2aa:»-5aa*,  2a:> - 6a ^ - aar. 

4.  aa:s  +  6ar_<r.  gar-r-/>a:»,  «»  +  2a;  +  3. 

5.  pJi?-qx,  qx^-px,  q-i»,  pxi^  +  q,*. 

6.  «x=  +  6a:+l.„dca:+2.  7.     car* -  2x  +  3  «<    «.- _  6. 
8.    «^-Ax-candpx  +  j.            9.     2x»-3x-     ar.     hx^c. 

10.  «:'-26x  +  3c«dx-     .         u.     ^_2,.      ,  ,  ^^.3 

li.  a;'+oar»-6ar-c  and  x» -oa~«-6a-+c. 

n  «^-x»  +  3x-6»ndax»+x»  +  3a:+6. 

11  «*-ax»-6x»  +  c«+d„,dx«  +  ax»-6,«-car+a 


CHAPTER  Vra. 
Simple  Equations. 

aioM'ar^ST*^'*"  "  *  statement  that  two  algebraical  expret. 

Thus         (i.)  «+3+j:+4=-ar+7,    (il)  4r+2=14 
are  equations. 

Tbo  parts  of  an  equation  separated  by  the  sign  of  equality  are 

w«*«v.H  *^1*^*>  expressions  are  aZtwy,  equal,  for  any  values 
InSJl  tje  svmbols,  the  equation  is  ^leS  an  identical 
S^*^  °''  ^r^fly.a**  identity.  Thus  equation  (i.)  above  is 
aa  uftwmy,  as  IS  easily  seen  by  collecting  tlSe  terms  on  the  left 

vJuJTf  ^fF"^T^  a*!  only  equal  for  a  particular  value  or 
I^X*^-'*'^  symbols,  the  equation  is  callS  an  eQUation  of 
condition,  or  more  usually  an  equation,  simply. 

yrht^=3  '•'*'*"'*°*  4x+2  =  14  will  be  found  to  be  true  only 

.^yS*  '^T'  "o*°  «q."a*»on  »n  'lie  ordinary  sense  of  the  term. 

tht  i^?f  ""k^  f  "^-^  ^  •?**»^  **»«  ^J"****"*-  Th«  object  of 
the  present  chapter  is  to  shew  how  to  find  the  values  which 
satisfy  equations  of  the  simpler  kinds. 

eonftion^r  ifn^'  JI^"*'  ,1!^"*  '*  '"  ^^i^  to  find  in  any 
equation  IS  tailed  the  nnfcttown  quantity.  The  process  6t 
finding  Its  value  «  called  solving  the  equation.  The  vakTe  so 
found  IS  called  the  root  or  solution  of  Se  equation 

,   67.    An  equation  which,  when  reduced  to  a  simole  form 
!!3L;wrSui?it?fy^.  •*^**^"-    ?t--ual 'to  denote  ti: 

on^the  fS^w^J^oi,?;'""^  '  """P^^  ^"''^°°  '«P«°**-  °^y 
1.    If  to  equals  we  add  equals  the  sums  are  equal. 
a.    If  from  equals  we  take  equals  the  remaindera  are  equal. 

3.  If  equahi  are  multiplied  by  equals  the  products  are  equal. 

4.  If  equals  Kre  divided  by  equals  the  quotients  are  equaL 


«Hir.  nil.] 


SIMPLE  BQUAWONS. 


1. 

5. 
9. 

la 

17. 
I  21. 

25. 

26. 
I  27. 
128. 


Examplt  1.    To  solve  the  equation  7x=  U 
Dividing  both  sides  by  7,  (Axiom  4)  we  get 

Example  2.    Solve  the  equation  -=  - 6. 
Multiplying  both  sides  by  2,  (Axiom  3)  we  get 

«=-12. 
ExampU  3.    Solve  the  equation 

p       I.    .■  7«-2a:-a;=lO-23-15. 

iiy  coUcctmg  terms  on  each  side,  we  get 

4a;=  -28 
Dividing  by  4,  (Axiom  4)  we  get 

EXAMPLES.    {Oral.) 
Find  the  values  which  satisfy  the  following  equations  ; 


ss 


3x  =  18. 
3a:=21. 
7ar=-35. 

ac=o. 

51x=39. 

-  =  7 
3     '• 


2. 

6. 
10. 
11 
1& 

22L 


4x=12. 
11a; =55. 

-5x=i)0. 

-4x=0. 

3a:=-7. 


3. 

7. 
11. 
15. 
19. 

23. 


8^  +  5x-3x=I7-9  +  33-ll. 
5x-7x  +  8x=  12-5  +  7  +  10, 
-3x-12ar  +  5x=29-2+6-13 
4x-15x-9x+27x= -28+8-60  +  17 


6x=12. 
I3a:=39. 
-2a:=-i2. 
2a:=ll. 
28a;=36. 


4. 

8. 
12. 
16. 
20. 

21 


7x=  -  7. 
14x=  -42. 
-3x=21. 
9x=16. 
.34x=-51. 

6=0- 


ar«.nged°that  Ct^v^ol^LTll  '\  """^^  ^^"^^  been  «. 
been  on  one  side  oTthe  eS3„'J^  """^nown    S"^''*^  »>»^e 

on  the  other.    We  cin  ZayHrrivl  It  tSr'""*^  quantities 
the  aid  of  the  axioms.  ^  *^  '*'"'  arrangement  by 

^mple     Solve  theequation3x-8=x+l2. 
bubtn«5t,ng  ,  from  both  sides,  we  get 

.  , ,,  3x  — X  — 8=12.  r*     . 

Addmg  8  to  both  side.,  we  have  ^^"""  ^  3 

*';*''i:^^'  [Axiom  1.1 

[dividing by 2.  •.  2r=20;  '-> 

^^  '=»0-  [Axiom  IJ 


64 


ALGEBRA. 


[OHi 


obtained  tor  the  uutLZ^^^  '"  '~"'  "''">  "»  «"' 

In  the  laat  equation      3a;-8=a:+12. 
"  x=10. 

the  left  ride = 3  X 10  -  8 = 22, 
«°a  the  right  side = 10+ 12=22. 

Since  these  two  result,  we  equal  the  «,lution  i.  correct. 

is  IL^r}^^  ^°"°'''°«  "^'^P^^*  '«>°»«  preliminaiy  reductio, 

Example!.     Solve  5(x-3)-7(6-x)=24-3{8-x)-3 

Removmg  brackets.  6ar-  15-42  +  7a:=24-24  +  ar-3." 

collecting  terms.  i2x-57=3x-a  ' 

Subtracting  3x  from  each  side,  we  get 

9a:-57=-3. 
Adding  67  to  each  side,  we  have 

9x=64. 
Dividing  by  9,  ^^^ 

[Veri/ieation.     When   x=6, 

the  left  side=:5(6 - 3)  - 7(6 - 6) 
=6x3-0=16. 
The  right  side =24-3(8 -6) -3 
=24-3x2-3 
__        ^  =24-9=15. 

Thus  the  solution  is  correct.] 


[Axiom  2.; 

[Axiom  1.] 
[Axiom  4.] 


Solve  ^-l_f  .« 
6     10"  5  "^4" 


Example  2. 

term  on  each  side  of  the  eoL^JifiT  ^^  "«l«Plymp  every 
the  denominator^    [AWa]  **"""*"  ""''"P^  ^^ 

Hence,  multiplying  throughout  by  20, 

16x-6=4ar+63r. 
Subtractmg  9z  from  each  side, 

A  J  J.  7«-6=a 

Addmg  6  to  each  side,  7«=6. 


Dividing  by  7, 


.=f. 


▼m.] 


SIMPLE  KQUATIONS. 


^A 


iVoifieation.    When 


«=f. 


the  left  .ide=Jx;-4L=*iz2i_ 


8 

15= 


70 
24+30 


27 


The  right  dde= J  X  5+ 1 X  «' 

o    7    4    7       140 
_«4_27 
140~76' 
Thus  the  solntlon  is  correct.] 

the  importance  of  shewine  cdSTS.^  m^^^'^f  °°  beginners 

their  W  in  solving  stt'^uati^nr^l^h^^^^^ 
occupy  a  separate  line  and  *l.r*-.  •'     ^**'"  *^P  should 

refeSd  to  o?e  of  the  fundJml^L  aS^T  JTT  '^^"'^  ^ 
caae  being  to  graduallymW  th?L  ♦•™'  '  *^.?  P^J®*'*^  '*»  «ach 
-ingle  te.^  co^ni^ir^nZf!i!^'';^r.'S'V'r''''''^  *»^  * 
Se%te-«>eS»T^  -  Ae^lo^JJ'fjf,?"^^^ 

paStti:  trsfro^eti!?.^  rsieSir^^^n  '?.^  in 

written  neatly  in  columa         ^  """  ^*°**  "^o^^d  be 

a«^«;j^,^/"sii?nt  s?n^?"^'"  •-  "?-'*-'  «<J 

equations  w^ich  are  free  fiJm^rffl.?,u"'lS^*'  containing  easy 
and  which  involve  litJteiSSlS^  ""  *^^  ^^""^  ^"^''°°» 

ISZAMPLES  VIII    a). 

1.    7«-4=17. 

1    &e-9s2I. 

7.  4a:-S=2«+l. 
10.  4«-8s3ir+4. 
13.    2r +15=27-4*. 

16.  15-&r=24-8«. 

17.  «*+7+4flf+ll+3af=24. 
19.    7-3ea0+4a;+Il-i8r.        20 
a.    «*+7-19=7«+13-3«-21. 
a.    8«+4+10!r-17=14-23«+16-7a:: 


2.    3x-6=10. 
5.    7«=18-2ar. 
««+2=6«-l. 


a 


11.    8x- 9=33-4*. 


11 
16. 


3.  2r+ 15=23. 

6.  3«=25-2ar. 

9.  3r+2=4«-a 

12.  62+3=16 -r. 


7x+ll=8!r+27, 
9x+21-4«-46. 
18.    0=9-ear-19+i0ar 
-3«-6=-7«+l. 


84. 


ALGEBRA. 


Solve  and  verify  the  foUowing  equationg : 


rORAT. 


X    5 

8=8- 

4x     7 


23.    1= 
28.    ^=X 
29. 
SL 


21    %= 


27.    ^= 


X    4 

7x    4 
6=8- 

aa 


2S. 


2a  ^= 


9f    1    a? 


ac_5 
3-l2" 
3x    6 


^. 


S2. 


6  6    2 


1 

TiX. 


"Sir  "5^^°=^-  -  p--" . --t^' 

Connder  the  equation  ar-8=ar+12. 
Subtracting  x  from  each  side,  we  get 

....      „  ar-«-8=12. 

Adding  8  to  each  side,  we  have 

air-«=12+8. 
•pSS  «  "^  o'i'iht'.K"  ****"i  "°»°^«d  ^«'°'  o°e  «de,  and 

;s^rnd7p;;jLi^Lt8^;;s?i^-  ^^  ..ov«i  -f.. 

Similar  steps  may  be  employed  in  aU  cases 

Example.    Take  the  equation  -3ar-12=x-24 
^^Transposing,  _  a,+524=3x+12, 

which  is  the  original  equation  with  the  sigi  of'etery  term  changed. 

eaStion^>^°  °°''  &""  *  «®°«"^  »'»^«  'or  solving  any  simple 
equation  with  one  unknown  quantity.  «"iHi« 

««*S''«J2r^wt*S?'  t^  of  fractions;  then  transpose 

5^22r*S^2?±!T.r2^^'r^*^^-     Collect  the  Lnu 


▼m.] 


SIMPLE  IQUAnONS. 


66 


ExampU  1.    Solve  fi«-(4«-7)(3x-6)=fl-3(4«-9)(x-i) 

any  farther  reduction  can  be  made.        P""**""  *"  »»  Art.  44,  before 
Forming  the  prodacts,  we  have 

&c-(12x«-41a:+36)=6-3(4*»-iac+9); 
and  by  removmg  bracket*, 

«x  -  12x«+41x  -  35=6  -  12b»+39«- 27 

the'^ejSy  rJhf.""^  ^  """""'^  '~»  «""»  "^e  without  altering 

5x +41x  -  35=6+3flx  -  27. 

Tranipoidng,         fia:-r41x-3ftr=6-27+36  • 

collecting  terma,  7x=14'  ' 

^mple2.    Solve  7ar-5[x-{7-6(x-3)}]=3«+l. 
Removing  brMkete,  we  have 

7«-6[x-{7-6ar+18}]=3x+l, 
7x-8[x-26+«x]=3x+l, 
7x  -  8x+ 125  -  30x=3x+ 1 ; 
transpoBing,  7«-6*-30x-3x=l-125- 

I  collecting  terJM,  -31x=-124;' 

/.  «=4. 

ETAMPT.ra  Vm  a. 

the  AT^v..^  V*l  »»7«M  oy  reference  to  the  fxxumt.    Jn  t/ie  reit  of 
ZSr^  '^  '^''^^  "^y  ^  '*«««"«'  fry  ^«x»«po«V«m  oy 

1.    3x+16=x+26.  2.    2r-3=3x-7. 

^i^^Z^'.:?"^  *•    2«+3=16-(2«-3). 

8(x-l)+l7(x-3)=4(4x-9)+4. 
lfi(x-l)  +  4(x+3)=2(7  +  x). 
6ar-6(x-5)=2{x+5)  +  6(x-4). 
8(x-3)-(6-2r)=2(«+2)-6(fi-«). 


3. 
5. 
6. 
7. 
8. 


06 


ALOKBBA. 


COHAP. 


Solve  the  following  equationN  • 
9.    7(26-ar)-2ir=2(3x-26). 

10.  3(169-x)-(78+x)=2ftc. 

11.  Sa?-17  +  3x-5=6aj-7-8ar+lia. 

12.  7x-39-10a;+16=100-33x+26. 

13.  1 18 -65x- 123=15* +  35-120*. 

14.  l«7-21(x+3)=163-15(2a;-6). 
16.     n9-18(x-10)=168-3(x-17). 

16.  97-6(x+20)=lll-8(x+3). 

17.  «-[3+{x-(3+x)}]=6. 

la    fi«-{3x-7)-{4-2x-((lx-3)}=ia 
19.     14*-(&r-9)-{4-3x-(2x-S)}=3a 
aO.    2fe-19-t3-{4;r-6}]=3x-(«x-a). 
2L     («+l)(2»+l)=(x+3)(2x+3)-14. 

22.  («+l)'-(x»-l)=x(2x+l)-2(x+2)(x+l)+2a 

23.  2(x+l)(x+3)+8={2x  +  l)(x+8). 

21  «(«'-3x+2)-2{x»-l)=4(x+l)(x+2)-24. 

25.  2(x^4)-{x»+x-20)=4x«-{6x+3)(x-4)-64. 

28.  («+15)(x-3)-(x«-«x+9)=30-l6(x-l). 

27.  2x-6{3x-7(4x-9)}=66. 

28.  20(2-x)+3{x-7)-2fx+9-3{9-4(2-x)}]=ffl. 

29.  «+2-[x-8-2{8-3{5-x)-x}]=0.  ' 
aa  3{6-«e)-«[x-5{l-3(x-5)}]=28. 

31,  («+l)(2x+8)=2(x+l)«+8. 

32.  3(x-l)«-3{x«-l)=:x-16. 
81    (8«  +  l)(2x-7)=6(x-8)«+7, 

34.  «*-8x+25=x(x-4)-25(x-5)-l6. 

36.  «(«+l)  +  (x+l)(x+2)=(x+2)(x+3)+x{x+4)-9. 
38.  2(x+2)(x-4)=x(2x+l)-21. 

37.  (a:+l)«+2(x+3)»=8x(x+2)+36. 

38.  4(x+5)«-(2x+l)«=3(x-5)  +  180. 

39.  84+(x+4){x-3)(x+6)=(x+l)(»+2)(x+S). 
10.  {«+l)(x+2)(x+e)=x»+9x»+4(7x-l). 

^i'^'^f   'pH<*^"'«f   exampleg   illustrate   the   most   uaefu] 
methods  of  solving  equations  with  fractional  coefficiMts. 


Tin.] 


8IMPLI  ■QUATIOirai 


W 


ExampU  I.    Solve  4- 


x-9     x_    1 
8    ^22"2" 

Multiply  by  88,  the  lewt  oommon  mnltiple  of  the  denominators  • 
thui  862-ll(«-9)=4a:-44; 

removing  bracket*,  362-llx+99=ix-44; 

transpoMng.  -ll«-4ar= -44-362-99; 

collecting  temu  and  changing  aign^  lSx=495- 

Kot*.  Here  -5^  b  equivalent  to  -|(a?-9),  the  vinadvm  or 
Ma  bSSSS  **[A?n8']'°''  ""*  ^«°°™i»**» •'•▼ing  the  Mme  effect 

76.  In  certain  cases  it  will  be  found  more  convenient  not  to 
multiply  throughout  by  the  l.c.m.  of  the  denominator,  but  to 
clear  of  fractions  m  two  or  more  steps. 

6ar-32    x+9 


Solve  ?4i+2x-3 


Example  2.     _„..= 

3     ■     35  9^ 

Multiplying  throughout  by  9,  we  have 


3x-12+l«£^ 


35 


=6ar-32- 


transposing, 


18X-27  .9x+81 


9x+81 


=2a:-aa 


thua 


35      ^     28 
Now  clear  of  fractions  by  multiplying  by  8  x  7  x  4  or  140  • 
u»  72a:-108  +  45x  +  405=28(te-2800; 

.-.     2800-108  +  405=28(te-72x-45«; 
.-.     3097=  163x; 
ar=19. 

exnJ;««  Ih^}'"''-  «qy*t'o««  yhose  coefficients  are  decimals,  we  may 
but  It  18  often  found  more  simple  to  work  entirely  in  decimals. 


•&c+-25-ia:=l-8--76x-l. 


Example  1.     Solve 

Expressing  the  decimals  as  vulgar  fractions,  we\ave 

clearing  of  fractions.  24z+9-4x=68-27a:-12- 

tn«»P«">g.  24ar-4x+27x=68-12-9,     ' 

4:x=47; 
..     x=l. 


68 


■ALOKBRA. 


^pU2.    Solve  •37a*-l-876.I!ir+MML 


Tnm«po«ing, 
oolleoting  temu, 
thatia. 


•S7«»- •12ar»  MM + 1-875  , 
(•876--12)*=8-06, 

3-06 
■266 

=  12. 


Xss- 


gAMPT.TW  Vm.  b. 

Solve  the  following  equation-,  and  verify  Noc  1-Ml 


1-  i-^"=io. 

7       ~6~* 
7     l<^±2)_,^&r 

a    -9-+7-=8. 

11      *-*-g    «+l    «+3 
"•       6    "-ff-=-4- 


2. 
1 
6. 

a 
m 

12. 


10  ■*""T~~°' 

g+19    _    « 
—  =  l  +  ^±i. 

7    ^"3-+2l=<^ 


IS.   5<¥^-?(£;:S) 

2     8       4     T^' 

M-    *+3(«-7)-J(a:-8)=3a:-14i. 

«n     7a;     1  ,  « 

*^     6-n^*-")=f(«-25)+S4. 


4-5x_l_-^_13 
6  3     ~42" 

14.    Ii^>-«<£ll),i2, 


Tin.] 


SIMPLK  KQUATIOM& 


09 


»•  sU  ';+y  T"-6 — 5- 

31    «-(s«-^)=J(2x-67)-§. 
25. 


26. 


•8«-'Sx='2B«-l.  27.    3+-=^-* 


28.  2-SS«-12S=3»+3-7S.  89, 

30.  •6x--7x+78«--87Sx+16=0. 

31.  12{3«--26(«-4)-«(8«+14)}=47. 

32.  ^(»-3K-*(»-4),^.^,, 


■Sar-ltes-e-i 


•125 

„     X+-75    g--25 
**•       126      ^SS""*** 

3S.     •8a!--ix=-ftx-l-6. 


SI 

sa 


+  -25a:--Sx=«-3. 
•0ftr--18 


8 


16=-^- 
•2 


•9 


r^onw  o/<A«  examples  in  Mitcellaneoua  Examples  II  n  ML 
mil  fumUh  further  practice  in  Simple  Equation^  '  ^'  ^ 

78.  Before  concluding  thia  chapter  it  will  be  worth  while  to 
draw  attention  to  the  following  caL  which  o(«Sr  rfreluentS 
in  solyjng  equationa  that  the  beginner  should  Iwn  tJ  S 
down  the  solution  at  sight  ^^^ 

Case  I.    Suppose  l^^i, 

6      3' 

we  have 

4x5^ 


Multiplying  both  sides  by  6, 


3x7; 


.(1> 


Cats  II.    Suppose 


^_9 
3*    7' 


Multiplying  both  sides  by  3*,  we  have 

.^9x3*T 


6x7=9x3*1 

5x7 

9x3"* 


.(8X 


[«u».  Tin 

^e  r-dj  appUcation  of  the«,  principle  wUl  be  found  viy 

If  J?«l 

9x14 


thwn 
then 


If 


2 

6=-*'- 


2_ 


36x3' 
-8. 


=  H. 


Xm  -t. 


2 

a' 


BXAMPT.BB  Vm. 


^illliio'Lf ""  "^^  ^""  <>'  *  -ti** 


L    ^= 


2    8 


-1=2. 


7. 


2k 

6 
2x 

3_« 

8-4' 

5_16 

49     7 
16 'S 


19. 


1 

S* 

10 

1" 


2.    U?.. 


&    -?=- 


IL 
11 
17. 


aa 


3    » 

7=i4- 

^    29 
17^6? 

4«_     1 
3--2- 

13_66« 
tT-84- 

8         4 

18-«' 

66    8« 

16=T 


■atiafjr  the  following 


a 
& 


8    0 

6'« 

2x    8 
16'ir 


O      6     26 
*    S-2f 


7_  1 
2    ^ 

36_  9 
4     16 

s=2r 

Itoe? 
7  ~49* 


12.     4= 
16. 

la 

8L 


CHAPTER  IX. 
Stmboucal  Expression. 

.J^i^  •*  ""'"^'"^  algebrwoal  problems  the  chief  difBcalty  of 
the  beginner  I.  to  expnm  the  condition,  of  the  question  by 
means  of  symbols.  A  question  proposed  in  algebni»l  symboli 
will  frequent  y  be  founS  pulling,  When  a  simila7arithmetiSl 

3Snn  ^T^A  P""*^  "°  ^'^''^^'y-  Th«-'  *he  an'Ser  tJ  the 
question  "find  a  number  greater  than  x  by  a"  may  not  be  self- 
endent  to  the  beginner,  who  would  of  course  readily  answe^an 

80  by  6.  The  process  of  addition  which  gives  the  answer  in 
the  8«»nd  case  supplies  the  necessary  hint;  and,  ju»?L  the 
number  which  ..greater  than  60  by  6  is  wis.  so'  the ""ihSJ 
which  18  greater  than  x  by  a  is  x+a.  uuoioer 

Example  1 ,    By  how  much  does  x  exceed  1 7  T 
Take  a  numerical  instance :  "by  how  much  does  27  exceed  17?" 
The  answer  obviously  u  10,  which  is  equal  to  27-  17. 
Hence  the  excess  of  x  over  17  is  «  - 17, 
Similarly  the  defect  of  x  from  17  is  17  -  x. 

ExampU  2.     If  x  is  one  part  of  46  the  other  part  is  46  -  x. 

ExampUS.     If  *  is  one /octor  of  46  the  other  factor  is  ^. 

4  ^^iLrf""'  '"  ^°  '  "*"  ''^^^  ^  «  J^o-"  •*  the  rate  of 
In  1  hour  he  walks  4  miles, 

In  s  hours  be  walks  a  time,  as  far.  that  is.  4a  miles. 
rxam;rf«  6.     If  $20  is  divided  equally  among  y  per««s,  the  sha,, 
«rf  6*^1  U  the  total  sum  divided  by  the  number  of  persons,  or  9^ 


6S 


i 
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J^«^«.     If  17  be  divided  by  6  the  quotient  i.  2.  uid  the 

Uukti*.  •!_„  a 

6  ~        n' 

""nLL^^I^llvt  ""'  '"*  '"^  '*""*''^"»  be  Q  .ad  the 
«■  X=QD+R. 

money  han  each?  «l'"v»lcnt  to  r  dollam  from  ^,  how  much 

What  B  has  reooived  A  haa  given  away  ; 


1. 
2. 
S. 
4. 

5. 
& 


•.   A  haa  ^'  -  jr  doUara, 
^ha«  ^  +  x  dollars, 

BXAHPLBS  EL  a. 


What  mut  be  added  to  x  to  make  y  v 
I^  what  mnn  3  be  multiplied  to  make  a  ? 

What  ia  the  defect  of  2e  from  3d  ?  ""^moft 

By  how  much  doe*  3k  exoeed  i? 

the  othe"/~  •*•  '^^^'^'^  ^"^  '^^  P"»-  "d  one  p«l  be  ,  what  i. 
7.    K  a  be  one  factor  of  ft,  what  ia  the  other  1 
What  number  la  leu  than  20  by  e  ? 
Wluit  i«  the  price  in  cent,  of  a  oranges  at  ten  cents  a  dozen ' 

X,  what"  tetSrr  "'  '"^  ""•"»""  *"  "'  »"d  if  the  smaller  be 
i-  tfe  oJher  ?  """^  °'  '"°  °""^"  »»  <^  •nd  one  of  them  is  20.  what 

IS.     What  is  the  excess  of  90  over  x  ? 

14.     By  how  much  does  x  exoeed  30  ? 

M      wi^  ~"^'"''  ""  '^'^^  **'"^'  ^'•*'  »  'he  value  of  x? 
18.     What  ,s  the  cost  in  dollars  of  40  books  at  x  cent,  each  ? 


& 
9. 

10. 

11. 


IX.J 

17. 
1& 
19. 

ao. 

21. 


8YMB0LIC.U,  EXPRKHSION.  g^ 

In  X  y««  .  m^n  will  be  .W  yea«  «w.  wh«,  is  hi.  prenent  age  • 
How  old  w,U  .  ™„n  be  i„  ay^„i(  hi,  pn.H..„t  ago  i.  .  v.^  . 
If  X  men  Uke  .-S  day.  to  reap  .  «.,,.  ,..^  .^^  J,,,  ,„>  *«;„ 


What  value  ,rf  r  will  make  5jr  e<,niU  t»  2l»- 
a  sere  ^^tl!"'  ^"""  '"  ^"*'^"'  "^  '-'"  *PP'-.  '^h-n  the  co.t  of 
^  ffl.^   Huw  many  hour,  wii,  it  uke  to  .al.  .  „,,,.«  at  4  miK.  an 

U     fnTd^v ' "  '  ''""'  '"  "  '"""  "  •'"'  "'^'  "'  ^  ""'-«"'  hour  r 
JB.^  How  ma«yn„„uu-«  ..U  „  uk.  t..  .«lk  .  niler.t  a'nile. 

.S.^^rsSi:.i:r^i-;.:-;i-;  -;;,^  -^"  •--!«„« 
tr^u^.^nJ^i!!':,::;;;:'?^  •"  ^-^^ »-'  -■  "^^  -^  ^  t..i„  .hid. 

^  cJ!;.fei;;L:  Kerr !::;;:«. S;. ''"•  ^''"-^••-  ^  -» ^»-'«i- 

32.     By  hi>w  much  do<»  2r    5  exocwl  «  .  1  • 

ffl.    What  mm,k.r  m„.,  1„  ukon  f„,„,  „  .  a  ,„  ,„,,„  „  ,  jj. 

.  ■^.""/w'™:„?s;;i:-L»5i's,:,,r,:r  •■«'  •--  -^ 

nave  I  left »  "       away  a  nair  (i.iiai ,  how  many  cent. 

SJl\  :!r- ,;:'  ^t;  ^^r^j "'  ^'r^'-i: = «*  ^»«''-matic.. 

wnat  iH  tho  ixucKH  of  Moikers  over  idlers? 
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We  robjoin  •  few  harder  eumplee  worked  oat  in  fall 


Example  2. 
cent. 


Find  the  simple  interest  on  %k  in  n  years  at/  per 

Interest  on  #  100  for  I  year  is  $/, 
11      


U 


*I00' 
'lOO' 


.:   Interest  on  «jt   for  «  years  is  «?^ 

•nd  how  many  square  yard*  of  papSr  for  thTynSi  **"• 

(1)  The  area  of  the  floor  is  Say  square  feet ; 

.-.   the  number  of  square  yards  of  carpet  required  is  3*^=3. 

(2)  The  perimeter  of  the  room  is  2(3x + y)  feet  • 

.-.  the  area  of  the  walls  is  2o(3*+y)  square  feet ; 

.-.  number  of  square  yards  of  paper  requited  is  g"<3g+y) 

..fr:^>^^'^,^itvi  *  °""~  '■*»»"« '™» "''eft «. 

=  100o  +  106+c. 
lOOc+106+o. 

The  numbers  consecutive  tew  are  u  + 1 ,  n + 2 ; 
••.     thesum=:n4-(n  +  l)+(n+2) 
=3n+3. 
And  the  product =ii(n+l)(i»+ 2). 


SC]  SYMBOUOAL  IZPRKSSION.  f| 

We  majr  remark  here  that  uxy  even  number  mar  be  deuutwl 
b/  2n,  where  »  la  any  ppeitive  whole  number ;  for  thia  •ZDrae. 
•ion  la  exactly  divisible  by  2.  .  «»  M|iiw 

Similarly,  any  odd  number  may  be  denoted  by  2n  +  l :  for 
thuexpreeeion  when  didded  by  2  leaves  remainder  1. 

ExampU  6.  How  many  dayH  wUl  a  men  take  to  mow  b  acre*  if 
ItTSo^l  mow  a  acre,  in  6  day.,  and  each  man',  work  equal,  ttat 

Since  e  boy.  can  mow  a  acre,  in    6   day.; 
•'•  ^  ^7 be  day^ 

.-.  n  boy.,  or  I  man *£  day., 

•••  «»•» -  day.. 

an      '  * 

•••  »««» l»cre...  ^day.; 

therefore  a  men  can  mow  b  acre,  in  ^  day.. 

KTAMPT.TM  IX.    b. 

L    Write  down  four  oonwcative  number,  of  which  x  U  the  least 
a^rite  down  three  conMcutive  number,  of  which  y  i.  the 

^^3.    Write  down  five  consecutive  number,  of  which  x  i.  the  middle 

4.     What  i.  the  next  even  number  after  2n  ? 

6.  What  i.  the  odd  number  next  before  ac + 1  ? 

middle  oi;1.'^rr  **'  "*"•  «>»-«'««ve  odd  number,  of  which  the 

7.  A  man  make,  a  journey  of  r  mile     He  travel,  a  mUes  hv 

srL?i^„r """'"  ''*  '■°"™*'>  '^  ^'-  «°^  "-"«^ 

8.  A  horM  eat.  a  ba.hel.  and  a  donkey  6  buahel.  of  com  in  a 
week  .  how  many  bu.hels  will  they  together  commme  in  «  SSk.^ 

year,  heiir"  '^  *  ^**"  °^**  *  ^•*"  **°'  ^"^  °'**  '''"  *>"  **  ^ 

A  L'Sh^r'  ?^°o&i"tt'fSK;  io-i? '-  ■«'  "^^  ^  "^ 

old"-  aThM  ihS^'S  :'yi^  "'*'  IT  ye-:,  .go  WM  «  time,  as 
oli^nd'iTail**""""  ^'■'  ^-  «■  '»^  «««•  <?••.  -d  C  is  X  years 
IS      What  is  the  interest  on  $1000  in  6  yean  ate  per  cent.  T 
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«   ^1"*  "  '^*  '"'*"•'  °°  •*  »°  »  y«»«  »t  5  per  cent.  ♦ 
1 A  w J*!  "  T  J"*"""  ™  •'^  '°  a  year,  at  «  per  cent.  ? 
«.ium  T    '  "  '•'"  '"*""■*  °"  *^^ '"  ^  '"°»thH  at  y  per  cent,  per 

yaJS;  of^SiSt-w^^^-r/s  fott^rt^^*^  ■■  '^-  ^y  •^-- 

.  s-t  Mtroa^vLt.;^^^  iT,T^s^  -s  >  -"^^ '-«' 

thS  i.1  SSt"  ?«J'^l;°«ho'i  i  3^-  broad ;  in  the  middle 
wm  be  «^^*4'Sve?t"he"re.f  :7tEX?"*"  ^"^  "'  """"'^'^ 
.  SeeteThrrJ?"^"  can  a  per««  wallc  in  «  minaf.  if  he  walk. 
A^Z  ho?,.f  "  ^-  •?•«»»  to  walk  6  mile,  if  ,.  ^. 
mo?;  thiLig?!;  S:'2i,nd""-  "  *  *•'"••  *'*»''  ""y  '-*  do-  it 

n^y^n:r^ii'iri^^i:'^^:^'r^y^'-'^^v^r'-^--  how 

mSmowT«S[.'^V,'"'°  '•^^  to  mow  y  acre,  of  com.  if  each 
m^do  ta  «Kr"  •'"  "•  "^""^  to  do  in  X  hoar,  what  y 
fro^-ap'i;t!pllSj,'r)Kre;«  "'"'  "'"  P"^"''"  *^*"*^--' 

[7'*«/e«owinff  exampU$  wOl  aaaut  the  atiuOm  i^  --* •      .i 


EL] 


TOKMVLM. 


67 


«?"«*  2  f„!?  J'^**^  **y  *i.,'''f  qno*""'  »  eqo*!  to  10  mora  thu  tb* 
ram  of  m  and  n ;  ezpren  thU  in  algebraical  .ymbok.         """"«• 

36.    A  mar  ^  «  yean  older  than  hii  mm,  whoM  praMot  aee  ia  a 

IttZLVui  ^^  **t°**.  *•!•  '**''•''•  •«•  '^U  ^  twice  tSJ  of  JSiwn" 

37.    A  man  who  ia  p  years  old  hai  a  son  whnu.  .«.  s. 
five  years  ago  the  father^e  ase  was  seven  tfm^f^  ^^  '  ^^" '' 
press  this  i?  algebraical  syXlL  '  *''**  *'^*'"  **°-    ^• 


82. 


Fonnula. 
In  Example  6,  Art.  80,  we  proved 


«Ltin/quotier.^T;:m^5:r  *  °"'"*^''  ^^  '"^''  «»<* 

we  shall  now  briefl"e{^Er'  "**  *PPlication  of  which 

regarded!,  theunff^  ^  "^  °°*  °'  ''*'*'=^  '"'^J'  ^^  *""»  be 

quStTit  tra^n  ti^tSr^zJ/i  ^'  ^'  *"^  ^."^  ^-^ 

of  iV:  Or  a  au^^^inn  ».  V^  ***  ^^  .'^^  corresponding  value 
must  96  bJ'divffi'^^rX  riv?a?r?-  n  ^^"°^^^  "^^  ^»»' 
11  ?-  Hereto  have^ivenj^-l^  V  ^^  *'if  **  \«»?"nder 
from  the  formula  we  SISL^^  ^'"*'  ^""'  "**  '^«»-«'"'^ 

whence  Z)  =  17,  the  required  divisor.  ! 


M 


f 
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.ii?.ir«  *  S?  °l"'  °'  ^^  ••*"»  ^^^  °>»J'e  mow  than  a  paasinir 
allu.ion  to  other  brancliwi  of  Mathematics,  or  to  Physical  dSenS^ 
but  on  account  of  the  interest  and  impStanoe  of  the  suwStIt 
may  be  useful  to  draw  the  reader's  Jttention  to  a  f Jw  of  the 
mojj  dementary  formula  he  is  likely  to  meet  wS.  in  Ws  otW 

giiii  by'theSlrr  '  "TJ^^  *  ^"^^'^  ^'  '*•  •«»  (^)  - 

^"J**?^  *'*?^  ^"J'  '*"<»'  "°'t,  inch,  foot ...  beinff  chosen  the 
superflcud  and  solid  units  will  be  respectivel/thf  S^e'and 
cubic  inch,  foot,  ;  and  in  each  of  thSe  formulae  if  ?w J  of  the 
tttj^^quantities  be  given,  the  third  is  easily  obtaTnSi  by^S! 

mS^^t  J^'L^^^  Pyramid  of  Ejfypt  stands  on  a  square  base 
•acb  side  of  which  is  7«4  feet ;  and  its  height  is  480  fa^tVinAthl 
number  of  cubic  feet  of  stone  u«,d  in  iu  iStrocSSi  ^^ 

Prom  the  formula,  V=^x  (764)* x  480  • 

=  160x764x764 

»9339I360  cubic  feet. 

-«21"  ^Y®  J*^'  "i  **^"  chapter  given  several  examples  involving 
n^,  velocity,  and  time ;  and  all  these  can  be  so"v1d  without 

may  remark  that  they  are  only  particu  ar  cases  of  the  Mnpr«l 

whTS^"'*"'  '-^7^'^?  •  denoiiThe  space  SibLl  byi  bZ 
which  moves  with  uniform  velocity  v  forVtime  ,,        "^  *  '^^ 

In  this  formula,  if  t  denotes  the  number  of  setJonds  the  bodv 

I^ni?^"*  "°''?^'  *"**  "  *^«  ""™»^^  *>f  f««t  iS  over  in^I 
second,  then  ,  is  the  space  (in  feet)  described  !nt  second 

wiS^^tto'o'r^rsir;;^*^^^^^^^^^ 

f^mill^ielV'^^^  °'  '  "**  "  ^•'^'■^  »  '-»)  -  the 
900= 7«, 
,    900 

=  12. 

Therefore  the  time  is  12  seconds. 


IX.] 


TOB  OF  FORMULA 


68^ 


consequence  of  the^eartffS^tiin  Tnd  it  I.T'^1  ^^"^  ^ 
ment  thaty=32-2  nearly.    '^'""•*'°'  *«»«  »*  «»  found  by  experi- 

bridge  above  the  river.  *^"*°  **>«  lieight  of  t£e 

From  the  above  formula,  »=|  x  32-2  x  (4)« 

=257-6, 
and  the  height  is  therefore  257  6  feet. 

a  w^5?7&LtX'r«  "'"  "'  *»'^«  »  -to-  to  reach  the  bottomof 
From  the  formula,      144-9=  »  x  32-2  x  <« ; 

•••  /=3. 
Therefore  the  time  is  3  seconds 


EXAMPLES  n.  c. 

1.  From  U,e  formula  for  the  area  of  a  triangle  in  Art.  83.  find 
(.)    The  area,  when  the  base  is  32  ft.,  and  the  height  17  ft 

»      The  base,  when  the  area  is  66  sq.  ft.  and  the  height  7  ft 

2.  ByiMMi,offorni„l.(2)i„Art.83,finci 

"'    "^^'ULt  l*,^"  "^  '•"8'"  >»  "•.  ..  .  b« 
(ii)    The  volume  of  a  pyramid  of  hmirhf  a  *♦    .*     j- 

•quare  ba«,  eacfif  whSsJ  .iffi  i*  ft.'  '*"**'°«  ''°  * 

**"^    '^^ili^t*  °'u*  Py~"''^  ^»'o«'  volume  is  20  cu  ft  and 
whose  base  has  an  area  of  12  sq.  ft 
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&    By  amaa  of  the  formak  «««<  (Arl  04),  find 

"'    ^^T«J."^- "^'^™°^  «*"•''««*- 't  86  mile. 
How^IoDg  •  tr«.  wfll  Uke  to  nu,  56  „U«  .t  42  inil«  per 


(0 

(ii) 

(iii) 


*•  /^^  r*"  °'  *'••  '*'™»'*  •=!»<•  (Art  86),  find 

^"'  XKioTi"tff-rLic^'7rr£'^"-^ 

8.    Th«-«rf»ce5ofa.phTeofr.diu.ri,givnbytheformul. 

Find  (i)  the  Burfaoe  of  a  ephera  who«,  radio,  ii  1  -4  in.  • 
<U)  the  rMliiu  of  »  iphere  whow  surface  ia  38  J  aq'  ft 

Md  the  area  of  the  walla  is  630eq!  ft    ** ""'  ^^  ft.  3  in.  re>pectively, 

giv?n  bJVhe^om'uir"  «••»»«»*»>—  h««ht  A.  ita  area  M)  U 

A=bh. 
Find  the  area  of  parallelograms  in  which 

(i)    the  baM)»6-6  cm.,  and  the  height=4  cm.  • 
(ii)    ««>b.*=2-4ln.,andtheheight=l-5in.' 
2-8  L  '^LdSetlgS:"^'"'^  "  *^  ■^-  ^'  «d  the  b.«  i. 


a.) 
H 


VBt  OF  WORMVLM, 


9% 


mi«ftmof  .  twperium  It  equi  to 
i(.««  of  j^M.l  dd-,  X  (dtaUnoe  betw-n  th«n). 

7  ft.  2  in.  «d  thiZuuZut^^^^'iis:  "•  •  "•  *  *"•  "^ 

IS.    Uie  the  forrauU  of  Art.  80  F*  a  *>  «  j 
wh«.  divid«l  by  19  give.  .'  t^u^^t  f;  .Jd  ^Sd'erT"*'  ""'* 

37  «d  S^mlnde?"?!^'  ""•'  ^  '^  ^^'''ided  «,  m  to  give  .  quotient 
•ubrtltuting  in  the  fomuU  orjrt  8^  Ex  /.  ""^  "*•  "•^"  ^^^ 
hypotenuse,  it  i«  kS,SJ  fhS  ««=&+"    '  '^*'*°**"  **"*  '*°8**»  «'  »•»• 

b.Kti:;i^l^-i;if^-j^  ^ 

(0    7.24.26.       (ii,    ,2.36.36.      (iii)     le./s.e^ 

yK:id:?{s;.^  •^  "*^«  -«8*viald^Ti'dnhr.:sii°u?t: 

diSS^i^ran^/,£^i;g„^^^^^  -P-ne  the  u„. 

aig\Ut£?.L'%V£reti!fpfe;"*°"^  P«>- 

(i)    AB'=AB.AO+AB.OB. 
(ii)    AB.AO=AO'+AO.OB. 
Exp,«.  the«,  two  re^alf  i„  a  verbal  form  as  in  Example  17. 
19.    Prove  algebraically  the  following  theorem. : 

If  a  straight  line  is  divided  into  anv  tw«  »...«.  ♦!. 
U  I'aT^^T""".?"  -hole"lfae"VroS;'5\he'plS 

an?jhtl>i;;Xeth«  wi^^r"'*'"^^ '•y^^^^^^^^^ 

part.         ^^'  **'«•*'»*'  '^>w  the  Miuare  on  the  other 
I  of  EX^le'lV'""  *'~"™  ^  •  '-™  oorr..ponding  to 


(ii) 


Exprew 


(0  Md  (Ii)  of  Example  18. 


«8» 
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90.    With  the  notation  of  Ezunpl*  19,  find  the  value  of 
(i)    e  when  a=10,    bs8; 
(ii)    a  whec  e«2S,    6»7; 
(iii)    b  when  e«41,   aa9 ; 
(iv)    a  when  e=.e-5,  6=6-a 


flndthelririlf'*'  '=''^*'''  -***^'  ^=*^-2'  •"-»8'7«.  •"««. 

22.     In  the  formuU  F=~,  given  m  =  12-076,  r=3,  ^-82^, 
/•=200,  find  ». 

«ilb  Md*«  =  10o"°^  *•-«•= 2m,  find  the  value  of  a  when  »«fiO, 

21    From  the  formula  »=^(o+0,  find 

(i)    the  value  of  «,  when  n=20,  o=  14,  /3:964 ; 
(ii)    the  valueof  a,  whenas2S-2,  n=12,  /=3-2; 
(iii)    the  value  of  «,  when  «s46-8,  a=  -6,  l=:7-2; 
(iv)    the  value  of  /,  when  •=  - 175-6,  o  =  13-6,  n=  13. 

A  ?'p  Vo^'l^ivT'^*'  ^**  ***•  '•'"*  °'  y  *'>e°  a:  has  the  valoa 
0,  4,  8,  12,  16,  20. 

There  is  a  wall  «)  ft.  long,  whose  height  at  any  point  x  ft.  from 
one  end  is  4  +  ^%  x  feet.  Draw  the  wall  on  a  scale  of  1  inch  to  4  feet, 
marking  on  it  the  height  at  each  end  and  at  intervale  of  4  ft. 


CHAPTER  X. 
Problems  lbadino  to  Simple  Equations. 

toSveTSoTptbTj.'*''  ^'^»"P^'  -^ °-  be  employe, 
The  method  of  procedure  is  u  follows  : 
Bepresent  the  unknown  quantity  bv  a  «vmVw^l  ,  .«j 

Find  two  number.  whoM>  ram  ia  28,  and  whoM 


ExatkpU  1. 
difference  ia  4. 

m^«™"r  '^^^r^''  *hen  x+4  i.  the  greater. 
Their  ram  ii «+ (x+4),  which  i«  to  be  equal  to  28. 
^•™*  «+af+4=28; 

2r=24; 

"<»  a!+4=18; 

•o  that  the  numbers  are  12  and  16 

Example  2.      Divide  80  into  two  nart«   >n  f».-*  tu—    ^. 
S-ter  may  exce^  ,00  by  a.  mu^r-^^^.S  t^lJi^rrt^'oJ 

Let  ar  be  the  greater  part,  then  60  -  «  i«  the  less. 

Three  time,  the  greater  part  i.  3*.  and  it.  axce«  over  100  i. 

S«-100. 
Eight  time,  the  lee.  i.  8(60 -x),  and  it.  defect  fmm  200  i. 

200-8(60-x). 
Whence  the  .ymboUoal  .tatement  of  the  queetion  i. 
3x- 100=200-8(60-*). 
at- 100 =200- 480 +8*. 
480-100-200=8x-3«, 
6*  =180, 
/.    «=36,  the  greater  part, 
«d  e0-«=24,  thelcM. 
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EmmfJt  3.     Divide  $47  between  A ,  11.  t  \  «.  that  A  bmv  h*ve 
•  10  mon.  than  B,  tad  B  %^  mor«  than  C.  ' 

SupfKMM;  that  C  ha*  X  dulUn  ;  tliun  B  hm»  x  +8  dollard,  and  4 
haM  r  +  H  f  lOdullara. 

Henco  x^  ix  +  8)+(j:+S+ I0)  =  47  ; 

x  +  x  +  8  +  x+*4-f- 10=47, 
3x=:21 : 
.'.  x=7  • 
■o  that  C  haa  $7,  //  fin,  A  t2ii. 

Example  4.  A  perwm  Mpont  $lli««»  in  buying  gwiie  and  duoka  • 
If  each  gooae  co«t  $IM),  and  each  .luck  tt»  cents,  and  if  the  toUl 
number  of  binh  Iwught  w/in  108,  how  many  of  each  did  lie  buy  ? 

In  queHtioHH  of  thiH  kind  it  ih  of  eHwntial  importance  to 
have  all  ^i-iantitien  expretwed  in  the  mum  denomination  ;  in 
the  preMuat  instance  it  will  be  convenient  to  ( xpren  the 
njoney  in  cunts. 

Let  X  reproaont  tlw  nmnber  of  ,,'oc«e,  then  108  - x  repnsenta  the 
T"»inl>er  of  ducka. 

Since  each  gixms  coat  tl.40,  x  geoao  coat  140  «  oenta. 

And  since  each  duck  coat  00  oenta,  108  -  x  duoka  coat  60(1<»S  -  x) 
cents.  ' 

Therefore  the  amount  spent  is 

140x +  tiO(  108 -X)  cents; 

^^Ll^^  question  aUtes  that  the  amount  ia  also  1112.80,  that  is. 
1 1280  eenta. 

Hence  14(>r  +  «MinM -x)=  11280; 

di  viding  by  20,  7x  +  324  -  3x  rr  6ti4, 

4x  =  240; 
■.   x=fl0,  tlio  number  of  geese  ; 
•no  l(J8  -  x= 48,  tlif  number  of  ducks. 

Example  5.     A  is  twice  as  old  as  B,  ten  years  ago  he  was  four 
times  as  old  :  what  arc  their  prosent  ages  ? 

Let  B'n  age  be  x  years,  then  A'n  ago  is  2x  years 
Ten  years  ago  their  ages  were  renpectively,  x-  10  and  2x-  Hi 
years  ;  thus  we  have  2x  -  10=  4(x  -  10) ; 

2J:-10=4x-40, 
2x=30; 
.-.  x=15, 
so  that  fl  is  15  years  old,  A  30  years. 

Hot*.  In  the  above  examplea  the  unknown  quantity  x  represents 
a  Humhtr  of  dollars,  dm  k«,  years,  etc. ;  aeid  the  student  must  1« 
careful  to  avoid  Iteeinning  a  . olution  with  ;•  supposition  of  the  kind 
"let  x=^8  share^'  or  "let  x=the  ducks",  or  aty  sts'^ament  h. 
vague  and  inexact. 


X.3  nOBLBa  LKADINO  TO  8I1CPLI  IQUATIOmL 
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X  a. 

^  OMBiimlMmoMi«uiotli«>b7  6,u>dth«lrmmifa29{ 

pmtm  tb«  nralt  will  be  three  timet  the  anMller :  find  the  numbenT 
11  L.^diSt;rS'  "-»^»-««-— '«>~yb.gn«t.rby 
,    .*•  ^  ""  "^^  *0  miles,  then  InTeli  *  certain  diaUnce  bv 

^  ^5.    Wh»t  two  nnmben  are  tboee  whoee  nu  a  Is  M,  and  difference 

te  ArJljiSl^r*****  '^  •  ?rt*«°  namber,  the  reenit  will  be  eqnal 
?    ^  •**^  *^  ""  "'""**''  °^"  '2 :  find  the  numWr. 

1. 2-.b^^ei\'Si'?hi  ;sK?;  tt'  ^  - »-»' '»«-  "  - 

-ulbe^^S'ti^^.e^'Thrdiffihrb;'!*"'^^^  '^'"^•'~*  ^^  «» 
9.    Find  three  'wneeoutive  numbers  whose  sum  shall  equal  84. 

»  ^u     P*  fi"*""  **' J""*  numbers  is  8,  and  one  of  them  with  22  added 
to  it  u  five  times  the  other :  find  thu  numbers. 

thii  dKLS;**  """**"  '^'^•'***  ''y  *°  **"**•  •«»  »  •q«J  to  twie. 

I  ^M    i^*"'*u^  T"^  *)*'"  **'     A  «*^*  '"»'"  '^  "'akes  .4'«  money 
iloiililo  /fs,  what  d«ie8  .4  receive?  money 

13.     Find  ft  number  such  that  if  a,  15.  and  a',  are  addwl  to  it   the 

t..'?r\c,L'^lf^rLd^h?r.^^^^^^^^^  '^  '•  '""•  ^'-  ^•'f^--  °' 

16.  Divide  9380  between  A,  li,  and  C,  so  that  B  mav  have  lift 
"'-rt-  than  .-1,  and  O  may  have  |20  more  than  J*.  ^  "^ve  f  .Jft 

17.  A  sum  u£  $7  is  ma«le  up  of  46  coins  which  are  either  quartern 
T  t.n  cent  pieces  :  how  many  are  there  of  each  ?  yuarierH 

18.  If  silk  costs  five  times  as  much  as  linen,  and  I  soend  i4M  in 
I-'?  "I'nf  ^'"''  "'  ""■  "^  *  J""*"  »'  "•""'•  find  th-  ISt  of^h 

..1  ii'a^'  r"A„'J*.v2:  •""  ■*''  ^  '■ "  ■»-«'•  ••»"■ » 
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21.  A's  age  is  six  times  B's,  and  fifteen  years  hence  A  will  be 
three  times  as  old  as  B  :  find  their  ages. 

22.  A  sum  of  $16  was  paid  in  dollars,   half-dollars,  and  ten 
cent  pieces.     The  number  of  half-dollars  used  was  four  times  the 
number  of  dollars  and  twice  the  nunilier  of  ten-cent  pieces;  how 
many  were  there  of  each  ? 

23.  The  sum  of  the  ages  of  A  and  B  is  30  years,  and  five  years 
hence  A  will  be  three  times  as  old  as  ^ :  find  their  present  ages. 

24.  In  a  cricket  match  the  byes  were  double  of  the  wides,  and 
the  remainder  of  the  score  was  greater  by  three  than  twelve  times 
the  number  of  byes.  If  the  whole  score  was  138,  how  were  the  runs 
obtained  ? 

25.  The  length  of  a  room  exceeds  its  breadth  by  3  feet ;  if  the 
length  had  been  increased  by  3  feet,  and  the  breadth  diminished  by 
2  feet,  the  area  would  not  have  been  altered :  find  the  dimensions. 

26.  The  length  of  a  room  exceeds  its  breadth  by  8  feet ;  if  each 
had  been  increased  by  2  feet,  the  area  would  have  been  increased  by 
60  square  feet :  find  the  original  dimensions  of  the  room. 

87.  "We  add  some  problems  which  lead  to  equations  with 
fractional  coefficients. 

Example  1.     Find  two  numbers  which  differ  by  4,  and  such  that 
one-half  of  the  greater  exceeds  one-sixth  of  the  less  by  8. 
Let  X  be  the  smaller  number,  then  z-^4  is  the  greater. 

One-half  of  the  greater  is  represented  by  ^{x+4),  and  one  sixth 
.  .     .       _     1  ^ 


of  the  less  by  ^x. 

Hence 
multiplying  by  6, 


^{x+4)-^x=8; 

3a:-H2-a:=48; 
.-.    2z=36; 

x=  18,  the  less  number, 
«>a  x-^  4 =22,  the  greater. 

Example  2.  A  has  $180,  and  B  has  .*84 :  after  B  has  receivi.l 
from  >A  a  certoin  sum,  A  has  then  five-sixtlis  of  what  B  has  ;  ho\i 
much  did  B  receive  ? 

Suppose  that  B  receives  x  dollars,  A  has  then   180 -a;  dollars 
and  B  has  84  -(  a;  dollars. 

Hence  180-x=f  (84-)-x) ; 

1080- Or  =  420 -I- 5x, 
lla;  =  660; 
.-.  x  =  m. 
Therefore  B  receives  $60. 


X.]  PROBLEMS  LEADING  TO  SIMPLE  EQUATIONS. 
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EXAMPLES  X.  b. 

1.  Find  a  number  roch  that  the  sum  of  its  sixth  and  ninth  parti 
may  be  equal  to  15. 

2.  What  is  the  number  whose  eighth,  sixth,  and  fourth  parts 
together  make  up  13  ? 

,  ?•  J¥r«  "  *  number  whose  fifth  part  is  less  than  its  fourth  part 
by  3 :  find  it,  *^ 

4    Find  a  number  such  that  six-sevenths  of  it  shall  exceed  four- 
fifths  of  It  by  2. 

5.  The  fifth,  fifteenth,  and  twenty-fifth  parts  of  a  number 
together  make  up  23 :    find  the  number. 

6.  Two  consecutive  numbers  arc  such  that  one-fourth  of  the  less 
exceeds  one  fifth  of  the  greater  by  1 :  find  the  numbers. 

7.  Two  numbers  diflfer  by  28,  and  one  is  eight-ninths  of  the 
other:   find  them. 

8.  There  are  two  consecutive  numbers  such  that  one-fifth  of  the 
greater  exceeds  one-seventh  of  the  less  by  3 :  find  them. 

?A   i^"**^  j*^'"*®  consecutive  numbers  such  that  if  they  be  divided 
by  10,  17,  and  26  respectively,  the  sum  of  the  quotients  will  be  10. 

10.  A  and  B  have  equal  sums  of  money;  if  B  pays  A  five- 
elevenths  of  what  he  had  at  first,  A  would  now  have  «6  more  than 
Imlf  of  what  B  has  left :  what  had  they  at  first  ? 

1  -^^J  j^'"T  *,<'«'"tain  number  3  is  taken,  and  the  remainder  is 
divided  by  4  ;  the  quotient  is  then  increased  by  4  and  divided  by  5 
and  the  result  is  2 :  find  the  number. 

12.  In  a  cellar  one-fifth  of  the  wine  is  port  and  one-third  claret : 
besides  this  it  contains  15  dozen  of  sherry  and  30  bottles  of  hock  • 
liow  much  port  and  claret  does  it  contain  ? 

13.  Two-fifths  of  ^'s  money  is  equal  to  B'a,  and  seven-ninths  of 
Jis  is  equal  toCTs;  in  all  they  have  $770 :  what  have  they  each  ? 

,,  ^^'n  ^'  ^'  .*"^,^  ^*^'^  *^285  between  them  :  ^'s  share  is  greater 
than  five-sixths  of  B'a  by  $25,  and  Cs  is  four-fifteenths  of  B't:  find 
the  share  of  each. 

15.  A  man  sold  a  horse  for  $35  and  half  as  much  as  he  gave  for 
It,  and  gained  thereby  ten  dollars  :  what  did  ho  pay  for  the  horse? 

j\  The  width  of  a  room  is  two-thirds  of  its  length.  If  the 
width  had  been  3  feet  more,  and  the  length  3  feet  less,  the  room 
wouia  have  been  square  :  find  its  dimensions. 

1^^*  i.^J***  "  ^^^  property  of  a  person  whose  income  is  $430, 
When  he  has  two-thirds  of  it  invested  at  4  per  cent.,  one-fourth  at 
.1  per  cent.,  and  the  remainder  at  2  per  cent.  ? 

18.  I  bought  a  certain  number  of  apples  at  three  for  a  cent,  and 
n\e-8ixth8of  that  number  at  four  for  a  cent:  by  selling  them  at  six- 
t-eii  for  8ix  cent«  I  gain  3^  cents  :  how  many  apples  did  I  buy ? 


CHAPTER  XL 

Highest  Common  Factor,  Lowest  Common  Multiflb 
OF  Simple  Expressions. 


Hiffhest  Oommon  Factor. 

88.  Definition.  The  highest  common  ftustor  of  two  or 
more  algebraical  ezDressions  is  the  expression  of  highest  dimen- 
sions [Art  24]  whicn  diviJes  each  of  them  without  remainder. 

The  aWeviation  H.C.F.  is  sometimes  used  instead  of  the 
words  highest  common  factor. 

80.  In  the  case  of  simple  expressions  the  highest  common 
factor  can  be  written  down  by  inspection. 

Example  1.     The  highest  common  factor  of  a*,  a',  a\  a'  is  •*. 

Example  2.  The  highest  common  factor  of  a'b\  al^c^,  a'Pc  is  oft* ; 
for  a  is  the  highest  power  of  a  that  will  divide  a^  a  a"-;  h*  it  the 
highest  power  of  b  that  will  divide  6*,  6»,  V ;  ard  c  is  uot  a  'jonmon 
factor. 

90.  If  the  expressions  have  numerical  coefficients,  find  bj 
Arithmetic  their  greatest  comnon  measure,  and  prefix  it  as  a 
coeflicient  to  the  algebraical  highest  common  factor. 

Examjde.  The  highest  common  factor  of  SloVy,  SSo'ar'y*  28(Aey* 
is  la*xy ;  for  it  consists  of  the  product  of 

(1)  the  greatest  common  measure  of  the  numerical  coefficients ; 

(2)  the  highest  power  of  each  letter  which  divides  every  one  of 
the  given  expressions. 

EXAMPLES  XI  a. 

Find  the  highest  common  &ctor  of 
1.    4o6«,  2a»6.  2.    3«V.  «V.  S.    6*y«z,  SitV*'. 

abe,  2aft«c.  5.    6o»6»,  16o6c».        6.    9xyz»,  12ay«z. 


4. 

7. 

9. 
U. 
IS. 
16. 
17. 


4a»6»c»,  6o%V.  a 

ISxVz',  12«V'  1 

iftw*.  63oy»,  66oz«.  12. 

«»aV,  Vry\  <?7^.  H 

26ay^  lOOsrV,  125xy.  16. 

IBirtV,  90$fV<*,  26a«6»c».  la 


7o»6V,  14a6»c». 
ia*x,  dabxy,  10a&xV> 
17oWc,  34a«6c,  51oftc». 
24o«6»c»,  64a»6»c«,  48a»6«c». 
a'bpxff,  Vqxy,  a*bxr^. 
SSaVb.  42a*c&>,  30ac>b*. 


CBAT.XX.] 
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Lowest  Oommon  Mnltiiile. 

01.    Detinition.    The  lowest  common  multiple  of  two  or 
more  algebraica  exprewions  is  the  exprewion  of  West  di^en 
sions  which  is  divisfble  by  each  of  the£  without  rSnder 

The  abbreviation  LCM.  is  sometimes  used  instead  of  the 
vorda  lowut  common  multiple.  '"»«-««*  oi  me 

92.    In  the  case  of  simple  espreuiont  the  lowest  coMnen 
multiple  can  be  written  doWn  by  inspection.  «»"n«»n 

ExampU  1.     The  lowest  common  multiple  of  o*,  o»,  o»  o«  is  o« 

rssfheVu^eiC^..!^^^"*^'^""^ 

Awfii^i^wl^Py^i''"'  ^*^«  numerical  coefficients,  find  by 
;Jl£w  f  *5f""  ,'T*  .''°'°'°°"  multiple,  and  prefix  it  as  » 
coefficient  to  the  algebraical  lowest  common  multiple.  ^  "  **  * 

28a»ay  u  420o*rV;  for  it  conBists  of  the  product  of         *~^T' 
( 1 )  the  least  common  multiple  of  the  numerical  coefficients ; 

u^w^r  nTfi??Tr  °'  «*«^ '«**«••  ^hich  is  divisible  by  eveiy 
power  of  that  letter  occurring  in  the  given  expressions. 


BXAMPT.TO  XI  b. 


1 
7. 

10. 

13. 

15. 

17. 


Find  the  lowest  common  multiple  of 
1.    ah(,2a\  2.    aV.^yz. 

5a»6c»,  4o6»c.  5. 

ac,  he,  ah.  g. 

ac,  3y,  4z.  U. 

o»6c,  Mco,  c!^. 
2aV.  3ay,  iaV- 


3o*6»c»,  6oVc». 
o^,  6c»,  tf6». 
3x»,  4y»,  38« 

14. 

1& 


a 

6. 

9. 

12. 

5a\  Mfl,  36c9. 
7xV,  8a:y»,  2aV. 


3a:V.  4aV. 
12a6,  8zy. 

2ab,  2be,  Aea. 

7o»,  2a6,  36». 


35aV6.  42a»c6»,  aOocV.  la    660 W.  44^,  24a W. 


muUiSe^f  *^*  *^^*'**'  '^^^^^^'^  ^«'*«''  *"<*  *»»•=  'o'^e-t  common 
Z8.    15p»j«,20m«pV.30mp».  29.    7aPmV,  108*»«V. 


CHAPTER  XII. 
Elementary  FRAcrioNa 
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G4s  Dbfinition.  If  a  quantity  x  be  divided  into  b  equal 
parts,  and  a  of  these  parts  be  taken,  the  result  is  called  the 

fraction  -rofx.    If  or  be  the  unit,  the  fraction  t  of  j?  is  called 

simply  "the  fraction  t";  so  that  the  fraction  t  represents  a 
equal  parts,  b  of  which  make  up  the  unit. 

96.  In  this  chapter  we  propose  to  deal  only  with  the  easier 
kinds  of  fractions,  where  the  numerator  and  denominator  are 
simple  expressions.  Their  reduction  and  simplification  will  be 
performea  by  the  usual  arithmetical  rules.  The  proofs  of  these 
rules  will  be  given  in  Chapters  xix.  and  xxi. 

Bnle.  To  reduce  a  fraction  to  its  lowest  terms :  divide 
numerator  and  denominator  by  every  factor  which  is  common  to 
them  both,  that  is  by  their  highest  common  factor. 

Dividing  numerator  and  denominator  of  a  fraction  by  a  com- 
mon factor  is  called  cancelling  that  factor. 

Examples.    (1)    g^^=|. 

(9)      I^__    1 

,-,    35o»6»c    5o*6     _  .. 


7o6»c  ~ 
EXAMPLES  Xn.  a. 


9. 
IS. 
17. 


Reduce  to 

2a 
'  655* 

g*yz* 

x  y^L 

12»tn»j» 

2xyh* 
■&^ 

18<mV 


lowest  terms : 
2-  1655- 

*•  mc 

-.    6o»6V 
^*-   16a6<c* 


'•  28y«z«* 

11  ^ 

-.  mn*pq 

ia  38iVm« 


12. 


3o6c 
15oWc' 

12^* 


CHAP.  XII.]  BLEMENTART  FRACTIONS.  J  J 

MnltlpUcatioa  and  DiTiaion  of  Fraetioof. 
06.    Bnle.    To  multiply  algebraical  fractlona  •  «*  .♦.  ^-.v» 

and  M  the  d^<mxnat>yr,  to  form  a  new  dJminato^  ' 

Examplt  1.    ^ X jfS  >c  -  =  ^^^^^^^ _6x 
^  3b     2a«6     2a     36x2o«6x2ar~25' 

by  cancelling  like  faotora  in  numerator  and  denominator. 
E.ample2.    ^*x^^x«g=l. 

all  the  faotora  cancelling  each  other. 

07.    E^e.    To  (Uvide  one  fraction  by  another  •  mvert  tht 
divisor  and  proceed  a*  in  mvitiplication.  *"*'^*' '  »'•**"  ''»« 

aU  the  other  factore  cancelling  each  other. 


EXAMPLES  ZU  b. 

Simplify  the  following  expressions ; 


,    2ab    c^iP 


8o6»  '^Md?' 


9aa:«y     15oc*  »•   S^'^r^J^' 


„    Sa»6     a-,    6oc 

11    15^^27c».  o6c 

13    ^^i^ 
'    Tfy     64rfa:S' 

,-    45oW    24arj<>z* 
-*    27arV8'' 180556? 

17.  —  xJggV^^g^wpg* 
8n    81  mn  '  ^^^j?^ 


-    15ayz»    3o«r 
o*6c       6yz' 

*    21F/>»    39w»m« 


g^   2!e«y^52'a?^21ary2» 
3f«     7^-  40xy*z' 

68m;)*     13/)im  '  87mV 

12.    ^'    4^^16oW 
3c    Sd"  •     15d»  • 


15o6c     128a;yz« 
IQxyz^  100o«6c* 


1^     i^aoc 


,«     104ayal^    66«%^ 
6"     ab     ax     W 


78  ILOmtA.  [CHAT. 

Btdnetton  to  a  Ckxamon  Dtnomiiiator. 

98.  In  order  to  find  the  sum  or  difference  of  anj  fntctiona, 
we  miut,  u  in  Arithmetic,  first  reduce  them  to  a  common 
denominator ;  and  it  is  most  convenient  to  take  the  lowest  com- 
mon multiple  of  the  denominators  of  the  given  fractions. 

Example.    Express  with  lowest  common  denominator  the  fractions 

a        b        c 
Sey'  teyz'   2yz' 
The  lowest  common  multiple  of  the  denominators  is  Saryz. 
Multiplying  the  numerator  of  each  fraction  by  the  factor 
which  is  required  to  make  its  denominator  8a^,  we  have  the 
equivalent  fractions 

2az       b        Sex 

dxyz'  6xyz'  6xyz 

Note.    The  same  result  would  clearly  be  obtained  by  dividing  the 

lowest  common  denominator  by  each  of  the  denominators  in  turn, 

and  multiplying  the  corresponding  numerators  by  the  respective 

quotients. 


fi 


\ 
& 
9. 


BTAMPT.B8  XU  c. 

Express  as  equivalent  fractions  with  common  denominator : 
4x 


2x 
a' 

y 
a- 

2a 
b' 

b 
3c' 

a 

bi' 

6^ 
ea 

2x 

2x 

2. 

6. 
10. 
11 


3y'  P 
m     p 
In*  5n 
a     b 
i'  ?• 
4a     3a 
65'  TOc" 


-     o     6 
*   26'    c 


5'  y 


7  -^.  £. 

'•  2x'  3« 

11     2    3 

3 

..    3a     5b 
^^'   76'   21c- 

1«    -    *    " 
*^   a'   3'  9 

Addition  and  Subtraction  of  Fractions. 


09.  Bole.  To  add  or  subtract  firactions:  expreu  aU  the 
fractiont  with  their  lowett  common  denominator;  form  the  alge- 
braical turn  of  the  numerators,  and  retain  the  common  denominator. 

Example  1.    Simplify  -5-  + jx--^. 
The  least  conunon  denominator  is  12. 


The  expression = 


a0a;+9x-14a;    15a;    5x 


12 


12 


hlJ 


■UMENTART  FRACnON& 


ExampU2.     Simplify   ??*_2*_i    «* 
'^    '    Sx     2x    lO'*"' 

TheexpreMion=??*z5?*JL'!*_  0 
rawm/rfe3.     Simplify    **  _  _£, 

The  expreMion  =  ?^^,a„dadmit.of  no  further  •Impliflcation. 

caaSSfiM  MiS  iSrt?J2^j???""^  ■*«"/  "  '"  Kxample  2.  and 
rlSS%c^St^t?fi?t  teri,/  T"*  *•'  n>."ltipltcatfon.  ir  in 

numerator  «d  de„oTX^r^t\e\^i^S^re^-^^ 
"""  *°  ~&5?-'  '^  ^•'"'ot  be  cancelled  because  it  only  divide,  ry 

blriJ\*nly*dlvidr??i°Ind  noT'^h'"'^  I  r"°*   ^  <=«-"«* 
fraction  i.the^for'a^'L'jrm^r^trm'^  "'°'*  """*"'°"'-     ^h. 

berden."tJ;"°"^''"'°^  "  "P'^^"^  '»^«  denominator  I  may 
Example^.    3ar  -  ^' =  i^  _  £*  _  l^-o' 

Examples.    ??_^_2f  _«_3aar-2ar 
2     3ay~  2     3 6 


EXAMPLES  Xn.  d. 

Simplify  the  following  expressions : 

2. 


1   -+? 
^  2+3 


^-   2  +  5* 

9  *-y 

3^5 


4    6' 


6.   %- 


a    b 

i"8* 


10-  S+^ 

fe    4ar 
4  ""5* 


14.    ^- 


A  O      CE 

*  3"  4- 

7  ^_  " 

•  8     12" 

"•  16    48" 

,-  5^    7x 

"•  6~i2- 


.     2r    6 

4.    -»•--. 

3     X 


8. 


2m   n 
16  ~5' 


"•    I2~§g- 
ia     2r>    46 

^^  T-i6- 


ii 


17. 
90. 
23. 
27. 


'  ALQIBRA. 

Simplify  the  following  ezpreniona  : 
18. 

Sx 


a    a    a 


XXX 

4  ~  8+15' 


2x    X  ,3x 


21. 


6 


X      X 

l2  +  9* 


X 

a 

a* 

JtaS" 


24.     ^+^ 


25.    a+- 


ft« 


28. 


a 


29. 


19. 
22. 


3x«    y« 


[OBAV. 


«      X      X 

5  +  6"9' 

7x     x^    X 
V*12'4* 


26. 


ys 
30.   p'-^ 


MISCELLANEOUS  EXAMPLES  H 

(Chi^y  on  Chapters  i.-viii.) 

[7%«  examplu  marked  with  an  aattritk  must  be  poxtpcmtd  by  thou 
wAo  adopt  the  suggeti  <ma  printed  in  ita'iea  on  pages  33  and  38.] 

L     What  expreuion  must  be  added  to  4x»-.'»x»+2  to  produce 
4x»+7x-6T  *^ 

.u  ^  ,^'  ^=fix-3y+2i,   B=x+y+x,   and   (7--10x+y-7z,  find 
the  value  of  J  +45 -  C. 

3.  If  x=3,y=4,z=l,  find  the  value  of 

^2xy  +  4xz+      ~  +  -^- 

4.  Simplify  by  removing  brackets 

o« + 2cP  -  (2e«  -  68)  -  { (flP  -  c»  -  e»)  +  (d»  -  e«) }. 
♦6.    Multiply  x»+x»+3x  +  5  by  x»-x-2. 
6.     Solve  the  equations : 

(1)    3-4x=36x-17;  (2)    6x-16=i7x+21. 


♦7.    Divide  x«-10x«+9  by  x»-2x-3. 
&    Simplify  7o-46-{6a-3[6-2(o-6)]}. 

9.    In  an  examination  A  has  x+y  marks,  £  has  2x-3y,  and  G 
has  twice  as  numy  as  A  ;  how  many  marks  have  ^,  B,  and  C  tc^eth<>r? 

10,    Find  the  sum  of  l-2x+x»,  3«-2x*,  6«*-7x-2,  arranging 
the  result  in  descending  powers  of  x. 


xn.]  MI80KLLANB0U8  EXAMPLES.     H. 

U.    Writ,  down  lb,  foUowii^p^n^, 

UL    ooiTvtlMaqaatiaaai 

(1)    J«-»-(7-&r).8-ar-(8.+8), 

W    (««+l)(«-«)-(4«-8)(a,-i).iO-(7,+3)(«+lX 


81 


UL    Firom  tiM  mn  of  loft  ~ik&  o^  «  i.      *  « 
wn  of  -Sob,  «a47-9S,  loifc^  ^  ^**  "•^  ■"*»*«**  •'^ 

a»+ft(2e-o) 

♦M.    Multiply  ac»+fa«+8«- 8  by  .•-2,+4. 
17.    Simplify 

a.    SoIt«  tho  oqnatioiu : 

(1)    «(2«-l)+2(S«-2)+8-4(«-5), 

verify  the  eolation  in  eeoh 


•19.    WTMa8p»+Mjp4-8Jtpt+l^byp»+7«. 
20L    Add  together 

m^e  i'-t^SST'^  ""*  y-^Hte'-fe  be  mided  «,  M  to 

uXk*?^  '^S*  <rf  «  will  make  the  prodnot  of  *+i  ^a  «,^, 
Je«th»ntheproduotofa:+8end2«+8byl4r  "*"' 

a    When  «=2,  6=8,  «.i,j,4,^=e,fi„j^l„^^^^^^ 

81    Solve  the  equation : 


Sfctw  eho  that  x-S  doL  no*  ■•"i.fy  the  eqnatioo. 


81 


A 

I 


■ 

ll  I 

1 

!: 

'^B  - 

1 

^■'-  -. 

:<i 

1 

'» 

VI' 


ALOmA. 


t 


■Mn7WMkawilllMbtiaMtiBgl2iii*-7fMi-10ii*baiiMliir 


froin 
S7. 


SabtTMt  Um  ram  of 

4«»-S««+»-e-[2aBi_(«-6)J. 
Had  th*  vkIm  of  a*+ 6'+e' - 3aAe,  when  ai 
Mrt  ia»  •qoationi : 

...    2x    x-9    8/«    _\ 


'1.6«4,0«-& 


(S) 


8(«-l) 


18/,    »\^1» 


(f-i> 


•m    DiTid.  V-87y*+3Bf»+7»«+abj»(y-l)(y+4)-2. 

*w^  ^  ^^'?^®  •«  ^  between  A  Md  B  ao  that  for  evpry  half-dollM- 
that  A  receivet  /?  may  receive  20  cents.  -"-""i-r 


SL    Find  the  ralae  of 

(a+6)«+(6+eJ«+(e+a)^ 
whw  oa-1,  6= -2,  c=S. 

as.    Multiply  (a»«+8){m+2)  by  Sm-e. 
*SSL    Divide  the  prodaot  of 

c-2,  x+8,  uid  2«-7 
by  the  ram  of         8(a!i-S!»-2)  and  6tr-«*-18. 

^.84.  .A  mm  w^ii  at  the  rat?  of  a  mOm  an  hoar  for  p  boon :  he 
then  ridee  for  q  honre  at  the  rate  of  b  milea  an  hour.  How  far  hae 
he  traveUed.  and  how  long  would  it  have  taken  to  ride  the  eame 
diitanoe  at  e  milee  an  hour!  ^^ 

Also  work  out  the  result  rapposing  p=7,  q=Z,  as4,  &s9,  e»ll. 

aOL    SoIts  the  equations ; 

(I)   |-f=2I«-J(J.+l0A>> 

toeshare  of  the  Moond  twice  that  of  the  thinl.  The  fimt  received 
•800  DMwe  than  the  third.     Ho»  much  did  each  receive  ? 


CHAPTER  Xin. 
Simultaneous  Equations. 

aH:  sTJlSVso'  '^*  "     ''"''"'•  '*'  "-*-'  --y  '-"rf  Chap.  XXXV. 


100.    CbmiDm  the  «qa»tion  S«+6y^t8.  w» 
unknown  quwititiac  •'•r«y^»i  w. 

From  this  we  get  <iy*23-&r 

•til,  y_,23-ar' 


.h    mtaiosfKio 


to,'SK,?in  i!PP*"  *^^  'or  •T«7  v^krt  we  cbooee  to  riv, 

Mtirfy  the  giTM  iJuS  '^       "^"^  •■  *•  P*«^  ''J^i^* 
For  instance,  if  x-i,  then  from  (1)  y-*l. 

Agdn.  if  ,-  -S,  then  y-^ ;  »nd  so  on. 
^But  if  .1.0  we  have  a  s^nd  equation  of  the  sam,  kind,  such 

we  have  from  this               t/-      "^ 
1,  ^  4— (2). 

the  vZ.^;rS  sfi;:^ssi^S.Sif  *^^  ^ 


Therefore 
Multiplying  up, 


i£-ar    24 -Sr 


6      -   ^-• 

98 -&r- 120-1 6x; 
.-.    7*-28 ; 

Substituting  this  val-ve'in  tix't^  equation,  we  have 
8+fly-23; 
.'.    6y-16; 

•"■  J:t} 


r  ' 


\'4   • 


84 


ALOIBRA. 


[OKAr. 


101.  DEFimnoir.  When  two  or  more  eqaationa  arc  latiifled 
by  the  Mune  valoee  of  the  unknown  quantities  they  are  called 
■mmltanwmi  aqiiationi. 

We  proceed  to  explain  the  difTerent  method*  for  solving  nmul. 
taneoui  equations.  In  the  present  chapter  we  shall  confine  our 
attention  tc  the  siinpler  cases  in  which  the  uiUuiown  quantities 
are  involved  in  the  first  degree. 

102.  In  the  example  alreadv  worked  we  have  used  the 
.  method  of  solution  which  best  illustrates  the  meaning  of  the 

term  timultaneous  equation ;  but  in  practice  it  will  be  found 
Mat  this  is  rarely  the  readiest  mode  of  solution.  It  must  be 
borne  in  mind  that  since  the  two  equations  are  simultaneously 
teue,  any  equation  formed  bv  combining  them  will  be  satisfied 
oj  the  values  of  *  and  y  which  satisfy  th^  original  equations. 
Our  object  will  always  be  to  obtain  an  equation  which  involves 
cm$  only  of  the  unknown  quantities. 

108.  The  process  by  which  we  get  rid  of  either  of  the  un- 
known  quantities  is  called  eliminatioii,  and  it  must  be  effected 
m  different  ways  according  to  the  nature  of  the  equations 
I»oposed.  ^ 

ExampUl.    Solve  S«+7y=27 (i), 

««+^=l« .""(2)! 

€lIlJ^^^  %  ^*'-  "J^i^^P^y  <y.  »>y  6  "d  (2)  bv  8,  «,  M  to  make 
tbe  ooeffioients  of  a:  m  both  equations  eqnsL    Thu  gives 

lS«+S8y=186, 

1&C+  6y=48: 

tubtraettng^  29y=87; 

.'.   y=3. 

To  find  X,  substitute  this  value  of  y  in  uther  ol  the  civcn 
equations.  ^ 

Thus  from  (I) 


and 


Sa;+21sr27} 
.-.   x=2,\ 


^"J**-*^*"  "*•  ®'  *•  unknowns  has  been  found,  it  is  immaterial 
Which  of  tht  equations  we  use  to  ocnnplete  the  solution.  Thu*.  in 
the  prasMit  example,  if  we  substitute  8  for  y  in  (2),  we  have 

.'.   «b1,  as  befoce. 


•H), 

.(?>. 


xm.]  8IMULTANI0U8  KQUATION&  85 

X»ample2.    Solve  7«+2y=47 

8«-4y=l   ZZ........ 

Here  it  will  be  more  oooTenient  to  eliminate  y. 
Multiplying  (1)  by  2,         I4«+4y=94, 
Midfrom(2)  5«-4y=l; 

adding,  l»3r=96; 

.-.   x=6. 
Sabetitate  thia  valae  in  (1), 

.'.   35  +  2y=47; 
•»d  x=5.i 

JS*in  i^  Ti^  *^*  coefficients  of  one  unknown  are  equal  and 
«JW»  m  sign;  nibtract  when  the  coefficients  are  equal  a^  Wfain 

^xampfeS.    Solve  2r=5y+l  /ii 

24-7x=3y "■ZZZIZ!!;(2f 

from'(ir*'S;8*'^°^**  *  ^^  substituting  in  (2)  it.  value  obtained 

2*-|(5y+l)=3y; 

.-.    48-36y-7=6y; 
41=41y; 


uid  from  (1) 


•••    y=i,l 


104.  Any  one  of  the  methods  given  above  will  be  tnnnA 
sufficient ;  but  there  are  certain  aritfmetical^tifiS  which  ^ 
frequently  shorten  the  work.  ^ 

Example  1.    Solve       171«-213y=642 nx 

114x-326y=244 Z.!.".'.*.'.'.'".""(2)! 

Jkfl&S^*  -^^l  *°*  "^  *^?**^°  *  """"O"  '»«*<>«•  S7,  we  shall 
»ake  the  TOefficwmts  of  x  in  the  two  equations  equal  to  the  leaM 
commm  mtUttpU  of  171  and  114  if  we  miUtipIy  (1)  ^  2  and  (2)  b^ 

^^  342a: -426y= 1284, 

342»-978y=732; 
subtracting,  e52y=M2; 

that  is,  y^,^ 

ud  tiMiefim  from  (I)  x=5.* 


:*    « 


I      , 


1     ,     I 
i.  '    '• 


S' 


^  AMMRA.  fo^, 

Mxamfle2.    Solye  127ar+  Sgy=I928 m) 

«9!r+127y=l792 "...!!!!.".!.""!!!.'(2). 

By  addition,  18ea;+ 180^=3720; 

•••  a:+y=20 #3) 

Subtnksting  (2)  from  (1),     68x  -  68y=  136 ; 

/.  «-y=2  #4) 

«^.wi  JS'^t"  T^-  «»"}»*»?»«<>•»  o'  (1)  and  (2).  the"  problem  is 
reduced  to  the  solution  of  the  equations  (3)  and  (4).    IVom  the* 
we  obtain  by  addition  2x=22.  anrfby  subt^tion  2«=18 
Therefore  x=ll,  and  y=9. 

EXAMPLES  TTTT  a. 

[Art.  316  may  be  read  in  connection  with  these  Examplea."] 
Solve  the  equations  :  ' 

^    ^i^-l^'  2.    «+2y=13,  a    4x+7y=29, 

4«+y=9.  3x+y=14,  x+^=ll! 

4.    2x-y=  9,  6.    6«+6y=17,  6,    2x+y=l0 

3x-7y=19.  te  +  S=16.  °'  7x+8i;=S: 

^'    S."r!;"?J'  ^     l&»  +  7y=29,  9.     14a:-3y=39, 

a:+8y=63.  9a:+15y=39.  ftr+ 17^=36. 

^®-    ^*~Sy=  ^'      11.     36ar+17y=86,        12.     16x+77w-92 
63a:-26y=101.  6&r-13i;=17:        ^    ^£-3^=1 

^    ^iS'^^?'  1*-     21x-6()y=  60,       15.    39a;-8y=99. 

7»+6y=74.  28«-27y=199.      ""'  52x-I6l!=80: 

M-  o?*'^'"?!'  17.    6y-5ar=18,  W.    8«=6v. 

'»lx-9y=75.  12x-9y=  0.  13J=g'+l. 

^*'  iS^-S'   1  ^-     "«  +  17y=  0,        a.    93«+16y=123, 

l2y=6x-l.  2a:-y=53.  l&r+93j=201. 

if  I2fi'  \J^^  '^^  *  '®7  *?**',??  ''^*'*^  *>«^o'^  proceeding  to  solve, 
It  will  be  necessary  to  simplify  the  equations: 

iKwmpfc  1.    Solve6(a4-2y)-(3«+lly)  =  l4 (j) 

7*-^-3(«-4y)=.% "!1!!.."!!."..'!(2)! 

FnwaO)  fix+10y-3a;-lly=:14; 

•••  2*-y=14 (3). 

*™"(2)  7«-^-3»+ 1^^=38; 

••.  4z+%=:38 (4). 

From  (8)  6ir-9y=42. 

By  additioa  lQc=80 ;  whence  *=8.    Fpom  (8)  we  obtain  y=2. 
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MxamphZ    Solve       Sar-t^s^zJ  nv 

^-i(2*-6)=y (2). 

Clear  of  fractiona.    Thue 

•'•    14«-2y=-31 (3). 

From  (2)  9y+12-10x+26=16y; 

.-.   10K+6y=:37 (4)^ 

EUminating  y  from  (3)  and  (4),  we  find  that 

14 
*=-l3- 
Eliminating  x  from  (3)  and  (4),  we  find  that 

207 

y=26- 

«.n*!iS'„«?^T'^®*^  "  *°  *?J*  P""°*  instance,  the  value  of  the 
B^hntl^  J?  "  fT  ^^"y  H*^  ^y  elimination  than  by  «ub- 
stitutmg  the  value  of  the  unknown  already  fonnd. 

EXAMPLES  Zm  b. 

Solve  the  equations : 

«+|=M.  a:-y=:4.  x-^^8, 

o 

4.    x-y=6.  6.    J+y=io.  8L    «=3y, 

4    6-^  3+y=60.  |+y«34 

4«-y=aa  7*+B»'=3.  Jy-8«=8. 

«^   rh^r>  U.   3«-7y-0,  u   |-J=o, 

*+|-*T-  f«+|y»7.  8fl:+ly«17. 


;  ■  3 


V 


,^ 


^  ALGKBRA.  [c^. 

SoItb  the  eqaatioDB : 

U.    |+|=3x-7y-37=0.  14.    ^U^^rJ^*:^ 

16.     £±3=?-y_3(£+y)  i.      x     y    ,       ,      ^ 

^54 8 •  ^*-     j3-5=fe-l<>y-8=0. 

♦  J°®"  1,^°  °"*®'  ***  ^?^®  simultaneous  equations  which  contain 
two  unknown  quantities  we  have  Been  tfiat  we  must  haveTwo 
equatiomt    Similarly  we  find  that  in  onier  to  solve  simultanius 

zi'^i^Ti^ons'  """^"  '•*'"  """^  ^^^  'i"-'''-  -  ™-t  hr: 

Rule.  Eliminate  me  of  the  unknoiinu  from  any  pair  of  the 
equation,  and th^ehmifuUe tk»mm^ unhvLnfromamth^^pair 
l^^9^*}^:-^^ol^^ng  tw  unknowns  are  thus  ohtained,  xohicimav 
^Jfvedhythe  rule,  already  given.  The  rermvning  'uSZl 
thenfound^hy  mhHituting  in  any  one  of  th^  given  eqwx^. 

Sxamplel.    Solve         8a;  +  2y-&  =  l3 (m 

3x+3y-22  =  13  .!.......     (2)' 

7ar+5y-3z=26 (3)' 

Choose  y  as  the  unknown  to  be  eliminated. 

Multiply  (1)  by  3  and  (2)  by  2, 

18a;+6y-l&=39, 
6x  +  6y-  42  =  26; 

subtracting,  12a;-ll2=13  u) 

Again,  multiply  (1)  by  5  and  (3)  by  2, 

3(^+lOy-25z=65, 
14ar+l()y-  6z  =  52; 

subtracting,  lftr-192  =  13 /gj 

Multiply  (4)  by  4  and  (5)  by  3,  >       

48x- 442=52, 
48x-57?=39; 
subtracting,  132=13, 

2  =  1,  if 

and  from  (4)  x=2,  > 

from(l)  y=3.'/ 

miU^L  ^^  *  littJe^factice  the  student  will  find  that  the  solution 
mayoften  be  oonsiderafty  shortened  by  a  suitable  combination  of  the 
TOTjp^  equations.     Thus,  in  the  present  instance,  by  adding  (1  and 

S\nl„^%?'w '"i?  ^^K''^  °^^^  2x-4z=0,  or  x=2l  Suffituttog 
in  (1)  and  (2)  we  have  two  easy  equations  in  y  and  2.  ^ 


I* 

\ 
jm.]  SMUL.  swova  wiUATioira.  89 

wittSvS^^''""  "'  **»•  '^<^fi  ™le  ^7  often  be  ^ 
Exampk2.    Solve       x-l=^+l-*4.o 

n 

FW«n  the  eqAation  *    i    y  ,  , 

''-»='^ xu 

Alno,  f««n  the  equation         *    i  _  «  .  « 

2    *~7+^ 

we  have  c^    «      .„ 

"-^='*2 .^2^ 

itid,  from  the  equation  ^o.  *_  la 

''''^'^^''  2y  +  3z=78 ^g,^ 

Eliminating  z  from  (2)  and  (3),  we  have 

.J*-       .,  21«  +  4y=282; 

-uifromd)  iar-^=48; 

''''°'=*  :r=10.  y=18. 

AlBo  by  substitution  in  (2)  we  obtain  z=  14. 

Examples.    Consider  the  equations 

5x-Ay-   2=6  

lSa:-7y+32  =  14 o' 

7*-4y=s ::::::::::; 5* 

Multiplying  (1)  by  3  and  adding  to  (2).  we  have 
28a:-16y=32, 
7x-  4y=8. 

^qSSntutSrjlxif^jlr'i,^  '^.  ^  ^  «• 

but  a  single  equatioHi  -  4^-^ '  *L  ^,  «>.  *«  ^^d  x  and  y  we  have 
niinate.    [Art  100.]  ^"    '  *''*  «>'ot»on  of  which  i^  indeter- 

f^^^tZi  SriJS  Se^^^T.*^  ^"^^  **-  ^t  that 
dednclble  from  tL  'S^S^'SfjilrSo-''"  r^**"'  *^°^  «1'>»«°''  » 
between  the  unknown  Q^UtiJZt?i^  contams  no  new  rektion 
other  equatiowT  V^^'^^'*  '^iuch  is  not  already  impUed  in  the 

• 


i«i 


Itt  l 

' « 

\m  i 

fi 

ml 

''V'  t 

* 

'■  i 

■jj 

^Hl 

8 

^M   i:   . 

^ 

1  ; 

9    i|* 
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Solre  the  eqnatiooa : 
a»+  y+  «=  7, 


AlflWfflA. 


& 
& 


«+'iy+88=17, 
3«+3y+  z=16, 
2a;+i^+  z=ll. 


«+3y+4zsl4, 

x+2y+  «=  7, 

2x4-  y+2s=  2. 

8«-2^+  z=2, 

x+  jf+  «=a. 

x-!^+3zs2, 
2x-^+  z=l, 
8x-  y+2z=9. 

8.  2x+3y+4z=20, 
3x+4y+6z=26, 
3a;+6y+6Ks81. 


e. 


2x+  y+  z=ie, 

«+2y+  z=  9, 
«+  y+2t=  3. 

7.    8x+2y-  z=aO, 

2x+^+6z=70, 

«-  y+Cte=41. 

9.    Sx-4y=6z-16,  4x-y-i=^6,  x=3y+2(*-l). 

la    6x+2y=14,  y-6z=-16,  x+2y+z=0. 

11.  «-|=6.  y-|=8,   z-|=10. 

12.  y+-»=^-+£=^v    «+y+,=27. 

13L    ?^=?^=fc-4x,  y+z=2x+l. 
14.    2x+3y=5,  2z-y=l,  7x-9z=3. 


IB.    2{x+z-6)=y-z 

=2x-ll 
=9-(x+ae). 


16.    «+20=^+10 

=28+6 

=  110-(y+z). 


*I07.    Dbvinitiok.    If  the  product  of  two  quantities  be  equal 

to  unity,  each  ie  said  to  be  the  redpirocal  of  the  other,    'nius 

if  a&»l,  a  and  6  are  ndproods.    They  are  so  called  because 

1  1  ■' 

a—^  and  6—- ;  and  consequently  a  is  related  to  6  exactly  as 

( is  related  to  a. 

The  reciprocals  of  x  and  y  are  <>  and  -  respectively,  and  in 

■olving  the  following  equations  we  considMr  -  and  -  as  the 
onknown  quantities. 
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EmmpUl.    So1t«  *_*    i 

*  JT  — (U 

X     y~' (2)u 

Multiply  (1)  by  2  iuid  (2)  b>  8 ;  thw 

X      y  ~^ 

•dding,  ^=28. 

ar         * 
multiplying  up,  46=28*^ 

x=2; 
•nd  by  Babatitnting  in  (1),  y = 3, 

^awmpfc2.    Solve     JLj.±     l_l 

2a:^4y"3a~4 (I), 

1__1^ 

i~3y (2), 

,     .       ,,  *    5y+z     ^^ (8). 

clearing  of  fractional  coefficients,  we  obtain 

*  y~8-' (4)t 

from  (2)  8    1 

«"y      -° (8), 

from  (3)  15    5    60_-_ 

„  ,  .  ,  «  "y"^T-^ ; (6). 

Multiply  (4)  by  15  and  add  the  result  to  (6) ;  we  hav* 

dividing  by  7,  -+^^l\ 

«    y        (7); 

from  (8)  ^8_6_^ 

•    ^-11. 

from  (5)       '  •*•     'if) 
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A^iEBiU. 


[vuAf.  xni. 


«BXAM?LB8.  'TTTT  d. 

Soire  the  equations : 


1.  M-* 

*  y  ^ 

«     y    *• 

'H-^ 

^^- 

at    y 

^  ^^T.. 

^  ?^^.. 

fhl-^ 

J«.l-44. 

I  1  1 

y~i~W 

1-1-- 

aY  M^i. 

»■  t*3-^^ 

<Hy 

.-a^D-- 

14     15     , 
«-y-*- 

^  i^H 

^   Tx^k-^' 

12.    2!y-x=4xy, 

»»-!B.=^. 

1     1    1 

M- 

1*  ^^4=„ 

14. 

hH'-. 

i-i-=..  • 

M=- 

1 

■^^4=20. 

16.    2-?=5-3=7^^ 
*    y    2     x    y    a 


CHAPTER  XIV. 

Pbobldis  leadwo  to  Simultaneous  Equations. 

Jl?^k.?7*  ''*•  ExamDlet  ducuaaed  in  the  kat  chapter  we  hare 
■een  that  it  u  eHential  to  have  as  many  equation.  Mthlr**!! 
imknown  quantities  to  determine.    oSiaXtiy "  Se^Et^ 

l^y.^iTneS^^Tit'S  to  -imultanL^^JJl^ti^n;^^^^^ 
Jir^n  «  «^^^  that  the  sUtement  of  the  question  should 

m^^  «S"i  J'^'*  ""^^^  ''»'"• '««'"'««  »■  11.  »nd  one. 

Let  X  be  the  greater  mmiber,  y  the  less ; 

^"*~  «-y=ll  


Also 


*+y_. 


(1), 


S.*??!!!^  ^'^ '  "f^  ^y  "ubtiBcti^n  2^=34" 

The  numbers  are  therefore  28  and  17.         »    «"• 

find  the  price  of  ^h^Xd    ^^'  °*  °°®*  '^^'^^''  ««•*  •24.M. 

.x^'TCtJ:  ^""'^  °' ''^  *" '^^  '  ~°*«  «><»  »  Po-^nd  of  ooflee  to 
Then  from  the  question,  we  have 

15ar+10y=1550 /i» 

25a:+13y=2455 2) 

Multiplying  (I)  by  5  and  (2)  by  3,  we  have  

75«+60y=776o, 

7&r+39y=7366. 
Subtracting,  lly=385, 

A   J  r  y=35. 

And  from  (1)  l&e+360=1550. 

Alienee  lfix=1200; 

.'.  x=SO 

poSd'S^clJffJi^ialglir'"^  °'  *^  '»  «^  '^*-'  "'*  «»« <-t  of  • 
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ALOKBRA. 


[CHAP. 


^f?*"^*  '•     ^  P*!*^  'P^*  •••**  '"  buying  oruigM  at  the  r»te 
of  S  for  JO  eenU,  and  applva  at  15  oenU  a  dusen  ;  if  he  had  hoacht 
five  timw  as  many  oranoea  and  a  quarter  of  the  numUr  of  apples, 
he  would  have  apent  125.40.     How  many  of  each  «ltd  he  buy  ? 
Let  X  repreeent  the  number  of  orange*  and  y  the  numUr  of  apples. 

.  lOtr 
X  oranges  cost  -~  cents, 


y  apple 


3 
cost  -3?  cents ; 


lOr^lSy 


.(1) 


Ajwin,  fe  oranges  cost  6»x^,  or  ^  cents,  and  «  apples  cost 
y     15        15y       .  3  3  4     "^"^ 


^.^=^ 


(2). 


Multiply  (1)  by  6  and  subtract  (2)  from  the  result ; 
(|i-ii)y=855; 

or  ^^=856- 

.-.  y=144;      • 
«ndfrom(I)  x=150. 

Thus  there  were  150  oranges  and  144  apples. 

Xaamph  4.  If  the  numerator  of  a  fraction  k  inocased  by  2  and 
the  denominator  by  1,  it  beoomea  equal  to  |;  and,  if  the  numerator 
and  denominator  are  each  diminished  by  1,  it  beoomea  equal  to  I  • 
find  the  fraction.  ' ' 

Let  X  be  tiie  nanwrator  of  tte  fraction,  y  the  denominavor: 


then  the  fraction  is  -. 

y 

From  the  first  sui^waition, 


frtun  the  second. 


x+2    S 
y+T=8' 
«-l    1 
y-I"2' 


.(1), 
.(2). 


TlMse  «qaati<»s  give  x«8,  y=  15. 
That  the  bmetim  is  X. 
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Ut«b«th«  digit  III  th«unlto'pl«s«, 
y hiudrkU' pko*  t 

!Si;ssSriSSix^  Ta^;,^,^  ^  ^  --»« wiu  b. 

f^U'iX^r  '^•"^  ''•  "'™**'  -o  formed  Will  b, 
.-.    10ar+jf-(lO(V+«)-4»6, 

Ag»in,  ■tnoe  th*  ■am  of  the  dioita  !■  li  .«^'Vi..I" "•jJV ^'^ 

wahave  ^  ""' "V"  »■  1 1,  aad  the  middle  one  ieO^ 

Prom  (1)  Md  (2)  we  find  «.8,  y-*.*^'''     ***" 

H«Boe  the  number  it  806. 


lhSth?nuX;'  '^'^  •"*•"*«•  ^  7»'  •"d  tJ^ir  diire«nce  i.T; 

thfir  d^rit'i.l  *td"Set*Xr**"  *•  "'  «<»-»-«  - 

dl«Si'JtrS?th1i5iCS: ''  '-  — »-"  -  *.  "d  their 

i  diJ;Jc?'l.*if ;  'ffl  l*r^KS.*""  »»•"<»«-  time,  their 

I  the  coet  of  tea  and  ^gS ^r  poCd       °'  «"«»^  ««"  »9-65.     Find 


ALOKBRA. 


c< 


"•*•••••■••■  »•«  f» »g»  by  (WO ymni  and  Umw  i 


•htt  __    „ 

■jT«n(h  of  ^t.  Mid  twiM  i^  am  la  mntA  to  whi^  ^'i  mT  w^ 
thirtom y«»«  ago:  find  (heir  .gSr      "«'«•"'"•'*■•••  wm 

18.    In  •igh(  houn  A  wdks  (wolvo  biUm  mora  than  B  doaa  in 

JdoMinnin«hoan.    How  m«iy  niik.  do*  .«A  wJkpThoM  " 
U.    In«I«venhou«<7w»lkil2jmiktl«iith«ii)doo«ln(w.lT, 

J«M ,  nnd  to  five  hours  ^  walk.  8 J  mil*  k«  Uuui  C  do*,  in  ••T«, 
ftoom    How  m«iynillo«doM«whwdkpor  hour  t 

.J*L.^  ' 'T'*?*  ■"**  *l^' **  ^  **  •<*'^  *«'**•«»•»«»*»•*«*  I( 
■MuoM  (o  ^,  and  redocw  (o  |  on  adding  3  (o  its  nunmator. 

10.  Find  a  frmotion  whioh  becomaa  ^  on  nbtnMting  1  from  th« 
wunjjrajor  and  ad<^  2  to  the  denominator,  and  reduce,  to  4  on 
nbtncttog  7  from  the  numerator  and  2  from  the  denominator. 

M-  ^  1  **  •<ld«d  to  the  numf  rator  of  a  fraction  it  reduces  to  ) ; 
Jibe  taken  from  the  denominator  i*  •wiucee  to  | :  required  the 

17.  K  I  be  added  to  the  numerator  of  a  oertato  ft«otIon  the 
tnctioa  wiU  be  inoreaaed  by  ^,  and  if  |  be  taken  from  its  de- 
Bomuatw  the  fraction  becomes  I :  find  it. 

18.  The  sum  of  a  number  of  two  digite  and  of  the  number  formed 
Sd^tLt'Saii^i*^*'  *•  "°'  "^  the^'diir-^ce  of  the  digiiT^ 

W.  Th«  aum  of  the  digits  of  a  number  is  IS,  and  the  diflbrenoe 
fcySTiSjibSJ       "***•'  '°™»«*  ^  reTerri^ig  the  dii^tah  27; 

j-Sl  ^i'ili'^!?  J"*°i^'.  **'  *'~  •**«**•  *■  *•»«•  **""  the  sum  of  it! 
digim^  and  if  40  be  added  to  it  theligit.  wiU  be  rever»Ml :  find  th" 
number. 

21  A  man  has  a  number  of  dollar  biUg  and  ten-cent  r'eoes  and 
he  obeerves  that  if  the  dollar,  wore  t.imed  into  ten-cent  pS  3 
the  ten-oent  pieces  into  doUan.  he  would  gain  12.70:  6ut  if  he 
doUar.  were  turn«i  into  half-dollars  and  tlie  ten-cen  Sei  into 
quarter,  he  would  lose  f  1.30.  How  many  of  each  had  he^ 
-2i  Iti.a  bag  containina  black  and  white  balls,  halt  the  number 
of  white  IS  equa  to  a  thiA  of  the  number  of  black  ;  and  ^1^1^ 
whole  number  of  balls  exceeds  thi«e  times  the  number  of  black  I  111 
by  four.     How  many  UUs  did  the  bag  contain  ' 
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i.  din.ini.hed  by  I«"f  if  the Tft  LJ^h!  >  '"V"'''"";*"'  -he  nun.he? 
and  right-hand ^S  be  inLv/hi  iH'i?'*  ^  ^^"^^  •">  ''^  "»'<*»• 
4M.    I  indthe  nimb^r   '"*««'''ange<l  the  number  i.  dimini.hed  by 

..l^theteia^i^i^rtra?^ 

man  and  boy  ?  ^  •  ''^°*'  *"  ^'»«  wages  of  each 

..rfat5S»r7,s!;rdt.tTe«KtLT.*;*^ 

I-«nd.     What  quKtity  of  ^h '„?itf  ^tf ke  ?  ^  ""'^  "'  *  *^""'  ' 

nnLnVu';'f!!;t:r\?rurd"»;::t"  '"^'t'  .'•'^  ''«^"«  »>««  a 

tirao:  had  he  Tne  half  a  mi  .,  ^r^^  ^'"'^'^  "  ?"  four-fffth.  of  the 

«..d  i^rflyTt^Ti'f'L'J:;;  wiK  ^^  ™'l°'  *  '"■•-  •«  ^our. 

at  4,  ami  vice  v  -ri   he  woulr   h^     *  *  ""'*5  ""  ^°'"'  *^''en  he  walkw 
-.ne  time.     Findlhe  tijote  iirwaTkii;?  '""  "•''""  '"°'-''  '"  ^'- 

..  Ujey  walk  in  op-^iilJ^^IU".  ft^^;^rrof^-f,"i„\'>-- 

'l'"«Wt^.  and  then  dimiSll  J  v  8    .1^  T     "^  'if*"  .reversed,  and 
a  tijnes  the  «um  of  iS^lry^s'/^/.Ttt.tVum't^  '"^''  '''''^'' 

for  a  fourth  of  the  tin,*  fK    L„„  "         ^    •'    •  ^  '*"'*  '^^^^  -^  percent., 
nmoh  do  I  lend »  '  *"  ''^''^'  '*"  '"*«««'  ^'J'  '^^     How 


CHAPTER  XV. 


Involution. 

[Arts,  41-46  should  be  studied  here  by  those  who  have  adopted  the 
postponemejU  suggested  on  page  33.] 

1 00.  Definition.  Involution  is  the  general  name  for  multi- 
plyine  an  expression  by  itself  so  as  to  find  its  second,  third, 
loarth,  or  anj  other  power. 

Involution  may  always  be  eflFected  by  actual  multiplication. 
Mere,  however,  we  stall  give  some  rules  for  writing  down  at 
once  ° 

(1)  any  power  of  a  simple  expression  ; 

(2)  the  square  and  cube  of  any  binomial ; 

(3)  the  square  of  any  multinomial. 

110.  It  is  evident  from  the  Rule  of  Signs  that 

(1)  no  even  power  of  any  quantity  can  be  n^ative ; 

(2)  any  ooW  power  of  a  quantity  will  have  the  same  tiqn  as 
the  quantity  itself.  ^ 

Note.  It  is  especially  worthy  of  notice  that  the  square  of  every 
exp.«88ion,  whether  positive  or  negative,  is  positive. 

111.  From  definition  we  have,  by  the  rules  of  multiplication. 

(a«)»  =  a^.a*.a^= a*+2+2 = a*. 
(-x3)2=(-aH')(-a^)=^+3=^. 

(  -  a»)s = (  -  a«)(  -  a»)(  -  a^)  =  -  a»+»+6  =  -  a»» 
(-3a3)«=(-3)«(a=')*=81a« 

Hence  we  obtain  a  rule  for  raising  a  simple  expression  to  anv 
proposed  power. 

Bnle.  (I)  Raise  the  coefficient  to  the  requiredj>ov>er  by  Arith- 
utettc,  and  prefix  the  proper  sign  found  by  the  Rule  of  Signs. 

(2)  Multiply  the  index  of  eoery  factor  of  the  expression  by  the 
exponent  of  the  power  required. 


aur.  XT.] 
Examples. 
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{-2a;»)»  =-32x10. 
(-3aA»)«=:729a«6M. 

Tf     Ilk.  ^^^^    "815^- 

n.Sr'il^peTj^^^  ^l^l^  '^'^  "-nerator  and  the  denomi- 

EXAMPT.BS  XV.  a. 

Write  down  the  Bquare  of  each  of  the  following  expressions : 


1.  3aW 
5.  4o«6»«», 

9.  4ays». 


2.   o»c. 

6.  5«y. 


-y^' 


17. 


5a^ 


10. 
14. 
18.  lac'xs, 


3o*6» 


11. 
15. 
19. 


3.   lah\ 
7.  -2a6c». 

1^ 

_  J^ 
4a«' 


4. 

a 

12. 
16. 
20. 


116V. 
4 

So" 


«•  (^)' 


Write  down  the  cube  of  each  of  fh*  f^n • 

1^,    a  a^.  ^''°'^'ti°'■"^"7':- 
V  *•    -6?'  31.   7«V.  32.    -|a'. 
Write  do«  the  ..l„e  „,  «eh  „,  ,h,  ,„„„„,.„g  «pr»,io„, : 
3a(3.«6.)'.          3t,-,M'.        36.,-2«^,,       »,.(')'. 

'12.    By  multiplication  we  have 

=a*+2o6+62 

=a»-2a6+62 r-v 

IW  remits  are  embodied  in  the  following  rules  : 


^-  (-g)- 


(IX 


luO 
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Examftle  I.        (x+2y)*-=a:*+2 .  x .  2y+(5?y)» 

Example  2.    (2o»  -  36»)» = (2o»)«  -  2 .  2rf .  36*  +  (3ft«)* 
=4o«-12a»6«  +  96« 

113.  These  rules  may  sometimes  be  conveniently  applied  to 
find  the  squares  of  numerical  quantities. 

Example  I.    The  square  of  1012=(1000+ 12)* 

=(1000)»  +  2.1000.12+(12)» 
=  1000000+24000+144 
=  1024144. 

Example2.    The  square  of     98=(100-2)> 

=  (100)»-2.100.2!  .2)« 

=  10000-400+4 

=9604. 

The  work  is  considerably  shortened  by  the  omission  of  the  first 
two  steps. 

114.  We  may  now  extend  the  rules  of  Art  112  thus  : 
(a+b+cy={(a+b)+c}* 

=(a+6)«+2(o+6)c+c«  [Art  112.  Eule  1.] 

=a»+6*+c*+2a6+2a<j+26c. 

In  the  same  way  we  may  prove 

(a-6+c)«=o«+6»+c*-2a6+2a<j-26c 

(a  +  b+o+df=a*+lif+c»+(P+2ab+2ac+2ad+2bc+2bd+2cd. 

In  each  of  these  instances  we  observe  that  the  square  con- 
sists of 

(1)  the  sum  of  the  squares  of  the  several  terms  of  tlie  given 
expression ; 

(2)  twice  the  sum  of  the  products  two  and  two  of  the  several 
terms,  taken  with  their  proper  signs ;  that  is,  in  each  product 
the  sign  is  +  or  -  according  as  the  quantities  composing  it 
have  hke  or  unlike  signs. 

Vot*.     The  aquare  terms  are  always  positive. 

The  same  laws  hold  whatever  be  the  number  of  terms  in  the 
expression  to  be  squared. 

Sule.  To  find  the  square  of  any  multinonrinal :  to  the  sum  of 
the  squares  of  the  several  terms  add  twice  the  prodttct  (with  ths 
proper  sign)  of  each  term  into  each  of  the  terms  that  foUwo  it. 
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by  collecting  like  terms  and  rearranging. 

EXAMPLES  XV.  b. 

Write-down  the  «,„... f  each  of  the  following  expression.  : 

10.   x-ahc.  11.   aa:  +  2&y.         Jg.   ^«-i. 

17    !2'    ?-,  15.  0  +  26  +  C. 

17.   ^-y^    ,».  18.  :ry4.y.  +  z.. 

23.  2r+3»     ,-26.       gl  m-«-;,-g 


L  a  +  36, 

5.  3a;-y. 

9.  ;>9^-r. 
13.  a-h-c 
16.  2o-36+4c. 
19.  3/)-2y+4r. 
22.   x-y  +  o-6. 

25.  ^a-26+|. 


28.  f-35-l 


27. 


?j.2  _  >.  4.  3 


"5.    By  actual  multiplication  we  have 

(a+6>»=(a+6)(a  +  6)(a  +  6) 
Ai<^  =a'+3a26+3a62+t.i. 

^^«>  («-*)»--' -3a26  +  3a62-i3 

E^ampl.  1.         (^  +  y)?=(2.)»+3(a.)V^3(2^)y»  +  y. 


Example 


^^-2a»)3=(3r)3-3(ar)2(2a»)  +  3(3a:)(2a»)2-(2a»)3 
=27x»-64aA»«+3&m«-8o«. 


EXAMPLES  XV  c. 

Write  down  the  cube  of  each  of  the  following  exp^ssions 
^   '-«•  3.    X-2y.  4    ar  +  y. 


1.  ^  +  a 
5.   3^-5y. 
9.  x»+4y» 

U  a-|. 


6.   a6-<-c. 
10.   4a*-6y». 


7.   2a6-3c. 
11.   2o3-36«. 

16.   ^-3*. 


8.   5a -be. 
12.   &c»-4y«. 

16.   g  +  ac. 


'I   « 


CHAPTER  XVL 

Evolution. 

[Arts.  61-64  should  be  ttudicd  here  by  those  who  have  adopted  th^ 
poatponemera  mgge^ed  on  page  cJ.] 

lie.  DKTivmov.  The  root  of  any  proposed  exprewion  is 
that  quantity  which  beinff  multiplied  by  itself  the  requisite 
number  of  times  produces  the  given  expression. 

The  operation  of  finding  the  root  is  called  Evolntion :  it  is 
the  reverse  of  Involution. 

117.  By  the  Eule  of  Signs  we  see  that 

(1)  any  even  rc»ot  of  a  potitive  quantity  mav  be  either  potitive 
or  negative ;  ' 

(2)  no  negative  quantity  can  have  an  even  root ; 

(3)  every  odd  root  of  a  quantity  has  the  same  simi  as  the 
quantity  itself.  * 

Vote.  It  is  especially  worthy  of  remark  that  every  positive 
quantity  has  two  square  roots  equal  in  magnitude,  but  opposite 
in  sign. 

Example.  *>^Sa9=:^3ax*. 

In  the  present  chapter,  however,  we  shall  confine  our  attention  to 
tbe  positive  root. 

ExampUa.        n/o«6«=o»6»,  because  (oV)»=o«6«. 

V^^=  -a*,  because  (-«»)»=  -a*. 

</^=e«,   because   (c*)»=c». 

^81x"=3z»,  because  (3a*)*=81x^. 

118.  From  the  foregoing  examples  we  may  deduce  a  general 
rule  for  extracting  any  proposed  root  of  a  simple  expre  Jion  : 

Enlo.  (1)  Find  the  root  of  the  coefficient  hu  Arithmetic,  and 
prefix  the  proper  sign. 

(2)  Divide  the  exponent  of  every  factor  of  the  expreeeion  by  the 
index  of  the  proposed  root.  ' 

ExemfUe,  <s/-64«*=-4«s. 

fte* 
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EXAMPLES  rTI.    ». 

Write  down  the  square  root  of  the  following  expreflnons  : 


1.    4a'b*. 
5.    81oW 


13, 


9.    64xV". 
324xw 


169y«' 


2. 
6. 

10. 
14. 


9afy». 
lOOar*. 
36 

81fi" 
366"" 


16  • 

15.  ?^y*. 

•        289p" 


3. 

7. 

11. 


4. 
8. 

12. 
1& 


16o*6V. 

o«6V« 

289y« 

"25* 

400o«6» 


SlxWyW 
Write  down  the  cube  root  of  the  following  expressions  • 
17.    27a«6»c8.        18.    -8a"6».         ig.    64xyz».       20.    -343a»6». 


a.  -5V. 

125 


22. 


8a* 


23. 


125a»6» 


24.    - 


27a« 


729y»'  '*'•    2ite^-        **•    "6^ 

Write  down  the  value  of  each  of  the  following  expressions  : 
K.    ^(a'x^).  26.    ^(^>V").  27.     v^(3ar»y'o,. 

28.     •/729a»''6«).  29.     »/(256a''.r«).  30.     4,(-a:iOyi.). 

31.     L/i?l  w      '"K^"  ~.       »/a" 

Va«6»-  32.     y-^-j^.  33.     ;^_^. 

biJomkl.^^  ^'^'  ^^^'  ^^  '^^  ''"^  *'°''°  *^®  «*1«'^'^  of  any 

Thus  (2ar+3y)2=(2x)»+2 .  2r .  3^  +  (3y)2. 

Conversely,  by  observing  the  form  of  the  terms  of  an  exores- 
Bion,  Its  square  root  may  often  be  written  down  at  once. 
Example  1 .     Find  the  square  root  of  25.c2  -  40zy + 16«a 
The  expressior     (5z)»  -  2 .  2(tey  +  (4y)a 

J«)«-2(5a;)(4y)  +  (4y)2 
.5x-4y)«. 
Thus  the  requa  ed  squara  root  is  5a;  -  4y. 

Example  2.     Find  the  square  root  of  ^+4 + ??* 

The  expression  =  (^)* + {2)» + 2 C^) 

=  (!-)• 

Thus  the  required  square  root  is  1^+2. 

36 


104 


ALOKBRA. 


[OKAP. 


Example  3.     Find  the  aquan  root  of  4a«+ 6«+c«+4a6  -  4ae  -  26e. 

idplsxjf;rsrn*"  ^"^^^^  ^'''"'  *»'  ••  "«*  '''•  °'^"  ^^ 

the    .preMion=4a«+4o6-4a€  +  6»-26c+c« 
=4o>+4o(6-c)  +  (6-c)» 
=(2o)«+2.2o(6-c)  +  (6-cJ« 
=  {2a  +  (6-c)}«; 
wbenoe  the  required  aqaare  root  is  2a  +  b  -  e, 
Or  we  might  proceed  as  follows': 

the  expression = (2o)» + 6« + c« + 2 .  {2o)  6  -  2 .  (2o)  e  -  2 .  6 .  c, 
which  is  evidently  the  sqnare  root  of  2o  +  6  -  c.  [Art.  114.  ] 

tlO.  When  the  sauare  root  cannot  be  easily  de>«rmined  bv 
mspection  we  must  lave  recourse  to  the  ruleVe  are  aSut  tJ 
!K'^'  ^,^.'«^,".q"'fce  general,  and  applicable  to  all  cases.    But 

nrSf^lJ^^  TT  °^  ^t *i'  «*+2a5+6«  we  have  to  discover  a 
SK«+^2S+Ms*^veV'^  "^^  °'  '"^  "-*'  -^  ^  '°-<* 

Now  o»  +  2a6  +  6»=a«+6(2a+6), 

80  that  the  expression  is  made  up  of 

(1)  the  square  of  the>rt  term  of  the  root,  together  with 

(2)  the  pndwt  of  the  tecond  term  of  the  root  into  an  ex- 
pr^ionoonsisting  of  this  second  term  added  to  twiee  thefira  term 

of  wor^^^"*°^  *^®  ^^^^^'^^  ^®  *"'*^®  **  *^®  foUowing  method 

o*+2a6+6«(a+6 
a' 


2a+i 


2a6+6« 
2a&+&' 


pofST^SetS  a.''"'  **""'  "^  '"*  *"*"«««*  according  ta  the 
(2)    ^e  square  root  of  a«  is  written  down  as  thenrst  term  of  the 
root,  and  its  square  subtracted  from  the  given  expre^aiOT.         "^ 

tJ^  7^^  ^"t\  *®7"  °^  ^"^^  remamder  is  divided  bv  twice  the  first 
term  o/the  root  to  obtain  the  second  term  of  the  itwtTtSTis^  "^ 

fJSd  ♦15^^!^  termqftlu!  root  is  added  to  twice  the  term  'alrtadu 
jouna  to  form  the  complete  divisor  2a +b.  -"»«", 
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105 


^-4acy+49y»(ar-7j, 


teS'S^tit.  ^'*  "^""^  ~°'  °f  8-'  i-  3x.  and  thi.  is  the  first 

div^iror'°Si*f-r4°',^i"  «^  first  term  of  the 

get  -  7y.  the  new  term^'tJe  r^f  ^k™i.°^  *^*  remainder,  by  &r  wJ 
the  root  and  divi«,r  We  neTm^t*'?  ^T.^^  annexed  boTh  to 
-  ly  and  subtract  the  result  S  t^^fi'^  ^  the  complete  divisor  by 

{nultiiomi"*Th*?fi'45'?^:^e7m?o^^^       '^'  «^'«"  ''oot  «'  any 
S«f«'^^When  we  have  bJoughT  down  .*         *"'  *^  obtained  m 
first  part  of  the  new  divisor  Toht^?^!  *t  f"^  remainder,  t " 
the  root  already  found     V«  fh^  ^^^-^^  doubling  the  teriis  of 
remainder  by  the  first  tirm  of  fh«°  '^'^'i'^the  first  term  ™  the 
result  as  the  next  term  ii'"the  JS^tTn  ^'"r-  '^"'^  «*'  down  the 
multiply  the  complete  dJviir  b?  th«  1  "I  V'"  '^'^''^'•-     We  nex? 
subtract  the  product  from  J^e  iS  JJ^J/**!  **^'?,°^  '^«  "^t  and 
remamder  the  root  has  been  fmfL   "t"!u®'"-     ^'  ^here  is  now  no 
continue  the  process.  °  *°"°'* '  '^  ^^ere  is  a  remaindw  ij 

Example  2.     Find  the  square  root  of 

Rear,         •    ,^^'- *2«a»+ 16x«  +  4a«-24a:»o. 
Rearrange  m  descending  powers  of  z 

|-24a:^+  ftyifaa 


Do  blin  ^ft«^'-12a»»+4a« 

»".»i.r,  «,d  aS  tSt  ilSd  '^         ""'  "''*'«^     Th«.  i,  ,; 
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Find  the  square  root  of  each  of  the  following  expressions  : 


9a*+12ab  +  4I>>. 
4*»-12a:y+9y». 

l-2o»+o«. 

4a:*  -  12x» + 29x2  -  30* + 26. 
a:*-4x»  +  6i»-4x+l. 
l-10»  +  27ir»-10x»+a!«. 


1.    x«+4xy  +  4y>.  2. 

5.  x»-10«!y+26y«.  4. 

6.  8l«»  +  18«y  +  y«.  6. 

7.  x«-2*V+y*-  8. 
9.    o*-2(»»  +  3o«-2o  +  l.              10. 

11.  9*«-12x«-'2a:«  +  4a;  +  l.  12. 

15.  4a*+4a''-7o*-4o  +  4.  14, 

16.  4a*+9y»+2fc«+12xy-30s,z-20aa;. 
18.  18*«+16x7-4*»-4«»+a;»». 

17.  ie«-22x«+34a:»+121*»- 374a: +  289. 

18.  26a:«-30aa*+49o«a:»-24o»a:+16o*. 

19.  4x*  +  4xY-l2xh'+y*-6!fh^+9z*. 

aO.  6a6«c  -  4a«6c  +  o'b*  +  4aV  +  96»c«  -  12a6c«. 

21.  -86«c*+9c«+6«-12c«o«  +  4a«  +  4a'»6«. 

22.  4a:*+9y«  +  13a:>'y»-6a^-4xSy. 

23.  87*'+49  +  9a:«-70x-30x». 

21     l-4a;+10a*-20a:»+25a:«-24aJ'+16a*. 
25.    6a<«» + 46«a:« + o»a:»» + 90"  -  126cx"  -  4aftx'. 

[I/pr^erred,  the  remainder  qf  this  chapter  may  be  postponed  and 
taJcen  e^fUr  Cliap.  xxiv.} 

*l  20.  When  the  expreaaion  whose  root  is  required  contains 
fractional  terms,  we  may  proceed  as  before,  the  fi-actional  part 
of  the  work  being  performed  by  the  rules  explained  in  Chap.  xii. 

*121._  There  is  one  important  point  to  be  observed  when  an 
expression  contains  powers  of  a  certain  letter  and  also  powers  of 
its  reciprocal.    Thus  in  the  expression 

2«+j.+4+a:3+|+7x*+^ 

the  order  of  detcending  powers  is 

x»+7«»+2*+4+|+^+^; 

and  the  numerical  quantity  4  stands  between  x  and  -> 
The  reason  for  this  arrangement  will  appear  in  Chap.  y^T. 


XVI.  J 


IVOLUnON. 


Exampk.    Find  the  aqoitre  root  of  24+ i§!?_  !«+*•_  2^, 
Amng,  th.  expn-sion  in  defending  power,  ofy.  ^     '  ' 

16y»  9      y    \  X  jf 
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I-8  +  ? 


_32y 


+  24 


Here  the  aeoond  term  in  thn  ivw»*      -*     _3       . 

32y  K„  8y     ^  .u      .  ««>«  root,  -4,  MiBes  from  division  oT 

-  T  ^y^'«^^  the  third  term,  '  ari«»  from  divi«on  of  8  by  & , 
thn8  8+2y=8x-=*  * 

•EXAMPLES  XVI.  c. 

Fi^d  the  square  root  of  each  of  tLe  following  expwasion.  : 

2. 


1      a^    « 

1.  -J-3X+9 


o     a^^2a:y      , 
^-    25+^+y'- 


5. 

7. 

9. 
11. 
13. 
15. 


25 

«»     2ar    , 
4^-7+4. 

64a;»    32r    ^ 

64+gr-a  +  l. 

-3a»+f+a*-5a+??a«. 
9  ^12 

4  ^^■+3-«««-2+5p 


4. 

6. 

8. 
10. 
12. 
14. 


?.4«.+  ^+^.2^.4«. 


«*    2ax    a' 

9*"    „    25 
26  ■^+9^- 

«*+2*»-x  +  A. 

4 

^-2x+i+fx«-8;r.. 
2      2^16^ 
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16. 
17. 


Find  the  square  root  of  eech  of  the  following  expreadona : 
9a*    6a  .  101     4x     in* 


:?"fa"^35- 


16a''"»««" 


18iH« + y  m»ii + 8m« + J»« + Jn  + 1. 
64.128 


18.    4««+32*«+96+^  +  -j^ 

♦122.     To  find  th«  euhe  root  of  a  ecmpoumd  txpnuioi^ 

Since  the  cube  of  a  +  6  is  a«+3a«6+3a6«+i»,  we  have  t( 
diaoover  a  proceas  by  -vhich  a  and  6,  the  termi  of  the  root,  can 
be  found  when  a* + 3a*6 + 3a6» + 6»  is  given. 

The  fint  term  a  is  the  cube  root  of  a'. 

Arrange  the  terms  according  to  powers  of  one  letter  a :  then 
the  first  term  is  o»,  and  its  cube  root  o.  Set  this  down  as  the 
first  term  of  the  required  root.  Subtract  a?  from  the  given 
expression  and  the  remainder  ia 

3a»6 + 3a6» + 6»  or  (3a«+ 3a4 + 6»)  X  6. 
Thus  ft,  the  second  term  of  the  root,  will  be  the  quotient 
when  the  remainder  is  divided  hy  Sa'+Sa^-rft*. 

This  divisor  consists  of  three  terms  : 

(1)  Three  times  the  square  of  a,  the  term  of  the  root  already 
found. 

(2)  Three  times  the  product  of  the  first  term  a,  and  the  new 
term  h. 

(3)  The  square  of  h. 

The  work  may  be  arranged  ae  follows : 


o»+3a»6+3aA«+6»(o+6 


8(a)«      -3a* 
dxax&sB      +3a& 


3a«+3a6+6» 


3a*;+3a6«+6» 


aa't+artA'+J* 


Example  1.    Find  the  cube  root  of  8*"  -  36rtri/ + Sixy*  -  27y». 


3(2r)* 
3x2rx(-] 


8^  -  36xV + 64ay  -  271^  ( 2r  -  3y 


=  12«» 
)=        -18«y 


+  9»» 


12x*-l&i:y  +  9y* 


-38«ay  +  54zy»-27y» 


-36a:^+54a»»-27y' 


m.] 


■VOLUTION, 


lot 


* 


1^^ 

+  •    s 


•  o   . 

-a  o  o  w  .a 
=  s^  '  - 

T?  ^  ^  M  *^ 

§     S  '  £ 
3  c  o-g^S 


sr.i 

sS.aS-§ 


Ji 


II? 


8^  a. 
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Find  the  cube  root  of  each  of  the  following  ezpreMions : 
1.    a»  +  8o«+8a  +  l.  g.    «»  +  &c«+12x+8. 

3.    aV-SaVy«  +  8aay-y«.        1    8m»- 12m«  +  8«-l. 
fi.    64a*  -  I44a<>6  +  I08oA>  -  27b*. 

6.  l+8«  +  (Lc»+7*»+8«r*+Sz»+x». 

7.  l-8!t+2Iar'-44a!*+6at*-64*»  +  27*«. 

8.  a*+««%-3o*e  +  12o6«-12ofcc  +  Soc»  +  86»-126«c+66c»-<!*. 

9.  8a*-86a*+e«a«-63a>  +  33a*-9a  +  l. 

10.  y«-V+fly*-7y»+6y*-3y+l. 

11.  8a!*+12a!»-30tr*-35*»  +  46a:«+27x-27. 

12.  27«*-84*»o  +  117a:^«-116z»o»+lI7a:«o«-54a»''  +  27o« 
18.    27«*-27x*-18a:«+17x»+6a;»-3x-l. 

11    a4xV*+98aV-6a:*y  +  a:*-96aV  +  64y«-8ftc»j/'. 
16.    218  +  342**+171x«+27;t«-27x»-109«»-108x. 


*123.    We  add  aomfl  example*  of  cube  root  where  fractional 
terms  occur  m  thb  giwn  expreasions. 

BxanvpU.    Find  the  cube  root  of  64  -  27;e»  +  3  -  ^• 

Arrange  the  expreeaion  in  cueending  powers  of  x. 

8     36 


|-^.M-!!7x.(|-3x 


8 


-(I)" 


12 

'x« 


8x    I    x(-3«)=     -^ 
(-3*)* 


+ftr« 


^-^+9«» 


-p  +  54-27«» 


36 


+  54-27** 


XTI.J 


•VOLUTION. 


1. 


♦PAMPT.BS  XVI  %. 
Find  the  cube  root  of  euih  «#  »k.  #  n     • 


Ill 


8 


4" 


3x 


1    8^-ix»^,|^.^. 


aJ    2a* 

27  +  -3-+4*+8. 


5. 
7. 
& 


27ar» 
64y»' 


^-8««+12*y-8y«. 


ar»     a» 


8. 


10. 


^+  —  -112  +  158?    48a»    8a» 


*  a 


a*      a- 


12. 


60w« 

y*  ' 


SOr* 


6«  "■5f+5i' 


48ar» 


>ea  gebraical  methods  explained 


.    A  •  i,       ."  "^^'laiy  rules  for  6' 

in  Arithmetic  are  basad  iir»r»n  ♦!.«        .""f  °M'""<'aiiucuoerootfl 

I"  the  present  chS^'fM^*''™'«»'»«thod«explain^^ 

i'l"Btrate%heauthm£ip^*esI?"°"'"«  "^•"P'^  "  /-e"^ 


^~a„^.     Fi„d  the  cube  'toot  of  614125 

6,4J25(8S:L85 


3a«=3x(80)«  =19vy) 

3x0x6=3x80x5=  ILUO 

*"=    5x5=   25 


102125 


20*26  1102125 


CHAPTER  XVIL 


BnoLunoN  into  Factor& 

126.  DEFiinTiow.  When  an  algebraical  expression  is  the 
OToduct  of  two  or  more  expressions  each  of  these  latter  quan- 
titles  u  called  a  factor  of  it,  and  the  determination  of  these 
q^tities  18  caUed  the  resolntioil  of  the  expression  into  its 

In  this  chapter  we  shaU  explain  the  principal  rules  by  which 
vl*  «p**ij *°°       expressions  into  their  component  factors  may 

126.  When  each  of  th*  temu  which  compote  an  expreition  it 
dimMl>le  by  a  common  factor,  the  expression  may  be  simplified 
by  dividing  each  term  separately  by  this  factor,  and  enclosing 
the  quotient  withm  brackets ;  the  common  factor  being  placed 
outside  as  a  coefficient 


Example  1. 
factor  3a ; 


The  terms  of  the  expression  3a*  -  6a&  have  a  common 
.*.   3o«-6o6=3o(a-26). 
Example  2.    6o«6a!»-15ato«-20Ma;»=6Ba»(a^-3a-4J'). 


BXAMPT.EB  ZVU 

Besolve  into  factors : 


L  o'-ax. 
4.  o«-ai«. 
7.  5ax-Ba*3^. 

la  «»-«V- 
13.   16x+64a»y. 

16.  10tB»-26arV. 
UL  as'-aiV+ary'. 
22.  ea^-9ai»y+12x^. 
U.  7a-7a^-<-14a«. 


2.  «»-«•. 
6.  1j^+p. 
&   3«»+a!». 

U.  &B-26xV- 

14  15a*-226a«. 

17.  3x»-a«+x. 

2a  3a«-3a*&+6a%*. 


a  2a-2a\ 

6.  8a;-2a:!». 

9.  «*+!cy. 
12.   16+25a:*. 
15.  M-81X. 

2L  2aV-ft«V+2ay. 


23L  &t»-10aV-16oV. 
2&  S8a*«*467<iV. 


CHAP,  xm]  RESOLUTION  INTO  FACTORa 


lis 

^xamp^V        Re«>lve  into  factors  «.-aar+ia:-a6. 

a:»-oa;+6ar-o6=(a^-oa;)  +  (6ar-a6) 
=ar{a;-o)  +  6(x-a) 

-Ir^!  J*J!*°  f  "T*-^"*  («-«)  taken  b  timei 
-  («  -  o)  taken  (x + 6)  times 

=(x-o)(x+6). 

ExampU2.     Resolve  into  factors  &r»-9cw+46x-6aft 
6a:'-9o«r+4te-6«6=(6x»-9ax)  +  (46x-6«6)' 
=3a:(2ar-3a)  +  26(2a;-3o) 
=  (2ir-3a)(ai:  +  26). 

Exam^ej     Resolve  into  factors  12a.- 4a6- 80.^^.5^. 

12a.-4a6.3aa:.+6x.=(12a.-4a6)-(3ax.-6x«) 
=4a(3o-6)-ar»(3a-6) 
=  (3o-6)(4a-x»). 

conSis  Lrct^lrffcJ?^'^  Th^tTi  tr  *'•**«-''  P* 
different  arrangement,  we  W  ^        ^^^  ^'  example,  b>i 

=3a(4a-a;a)-6(4a_;c3) 
thp  ,  =(4a-x»)(3o-6), 

raotoTo^a'^p^u'^t^^rtS::  "  "  ^^^  -  -^*  order  th. 


bxampt.es  xvn  b. 

Resolve  into  factors  : 


1.  o'+o6+ac+6c. 

3.  1^+aed+dbc  +  hd. 

5.  ac+ca;+2c+c«. 

7.  5o+a6+66+J». 

9.  oa;-6a;-a(8+6z. 

11.  Bur-my-nx+ny. 

13.  2oa;+oy+26ar+6y. 


2.  o'-ac+oJ-6c 

4.  a'+3a+a«5+3c. 

6.  «"-aa;f5a:-6a. 

8.  ai>~by-ay+^. 

10.  pr+qr-pa-qa. 

12.  ma;  -  mo  +  fix -na. 

11  3ax-ix-3ay+&y. 


fir; 


IH  ALOKBRA.  [OKAF. 

Besolve  into  factors : 

16.  6a!«+3xy-2oa;-oy.  18.  mx-2my-nx+2n!f. 

17.  asfl-3bxy-axi/+3by*.  IS.  a!»+}Ba!y-4a.y-4my« 
19L    aa^+b3^+2a+2b.  20.  a^-Bx-xy+Sjf. 

2L  2x*-a*+4x-2.  22.  3a:»+5a:«+3x+6. 

23.  x*+a:»+2ar+2.  2t  y»-y'+y-l. 

25.  aa;y+6cxy-a2-6c8.  28.  f^+ghi^-ag^-af*. 

27.  2oa;»+3oacy-26xy-36y«.  21  anufi-k-bmxy-anxy-lmyy 

29.  air-6a;+iy+cy-cx-oy.  30.  o«a:+o6a;+oc+o6y  +  6«y+5c. 

Trinomial  Expressions. 

128.  Before  proceediiiflr  to  the  next  case  of  resolution  into 
factors  the  student  is  advised  to  refer  to  Chap.  v.  Art  44, 
Attention  has  there  been  drawn  to  the  way  in  which,  in  forming 
the  product  of  two  binomials,  the  coeflBcients  of  the  different 
^iCrms  combine  so  as  to  give  a  trinomial  result    llius,  hj  Art  44, 

(a?+6)(;r+3)=a;»+&F+15 (1), 

(x-6)(ar-3)=«»-aF+15 (2), 

(«+6)(«-3)=«»+aF-15 (3), 

(ar-6)(3r+3)=j^-2r-15 (4). 

We  now  propose  to  consider  the  converse  problem  :  namelv 
the  resolution  of  a  trinomial  expression,  similar  to  those  w' 
occur  on  the  right-hand  side  of  the  above  identities,  into 
component  binomial  factors. 

By  examining  the  above  results,  we  notice  that : 

1.  The  first  term  of  both  the  factors  is  x. 

2.  The  prodtict  of  the  second  terms  of  the  two  factors  is 
equal  to  the  third  term  of  the  trinomial ;  e.g.  in  (2)  above  we  see 
that  15  is  the  product  of  -5  and  -3 ;  while  in  (3)  -15  is  the 
product  of  +  5  and  -  3. 

3.  The  algebraic  sum  of  the  second  terms  of  the  two  factors  ia 
equal  to  the  coe0cient  of  x  in  the  trinomial ;  e.g.  in  (4)  the  sum 
of  -  5  and  +3  gives  -  2,  the  coefficient  of  x  in  the  trinomial. 

In  applying  these  laws  we  will  first  conptder  a  case  where  the 
third  term  of  the  trinomial  is  positive. 

Example  1.     Resolve  into  factors  x" + 11a; + ii4. 

The  second  terms  of  the  factors  must  be  such  that  their  prf>di!ct 
is  +24,  and  their  sum  +11.  It  is  clear  that  they  must  be  +8 
and  +3. 

.'.   x"  +  lla:+24=(«+8)(i»+3). 


XVII.J 
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^amphO.    Rawlre  Into  factors  a:«-lOr +584. 

I.  +4'2d1he*K„''_?o"  %':ZT'  ^  '»f  *J»t  their  p„,dact 
it  i.  e«y  to  «e  that  «.ey  »«?£"!  &""f  *^*  »>«  negj^^ 


a:*-18t'+81  =  («-9)(«-9) 
«*+10a:»+26=(x»+5)(a!»+6) 


;^«pfe5.     Re8olveintofacu)r8x»-ll«r+10tt» 

Hot.     T         *'    *^~"°*+^0«'=(«'-10«)(«-a). 

hia  ZlJXjt!St  twi£Aii!;*^^««t  "hould  alwaya  verify 
of  the  f scion  heVchcL^      (mentally,  aa  explained  in  Chip.  tJ 


EXAMPLES  XVn 

Kesolve  into  facton  • 
1.    a'+So+a 


C. 


1    o>-7o  +  12. 
7.    a:"-19a:+90. 
10.    ar»-21x+I08. 
,13.    ar»-I9a:+84. 
'  16.    a?'+2(te+96. 
19.    ar'+23ar+102. 
22.    o»+30a  +  225. 
I  25.    a'-l4ab+49b\ 
27.    >n»-13mn+40n» 
29.    a:»-23a:y+132y». 
I  31.    ar«+8a!»+7. 
3a    *y-16«y+39. 
35.    «V'+34ay+28«>. 
37.    a^-20abx+75b'x>. 
1 39.    a«-29o6+646». 

Ul    132-23ar+a:a. 
145.    130+31a:y+«a««, 
147.    204-29*»+a:«. 


2L 
5. 
8. 

11. 

14. 

17. 

20. 

23. 


o«+2a  +  l. 
a^-llar+SO. 
a^+l3x+42. 
«»-21x+80. 
«'-I9x+78. 
ar»-26a:+165, 
o»-24a  +  95. 
aH54a  +  729. 

26. 

2& 


a 

6. 
9. 
12. 
15. 
18. 
21. 

24.    o» 
a»+5oft  +  66». 
m»-22»nn  +  i05„j 


o»+ 


7a +12. 

16a: +56. 

21a; +110. 

21X+90. 

18X+45. 

21X+104, 

32a +  256. 

38a +361. 


30.  x'-26ay+l69yi>. 

32.  ar*+9a:»ya+14y«. 

31  ar'  +  49a:y  +  600y» 

38.  a<6<+37o»6»+300, 

38.  a:"+43a:y+390y». 

40.  a:*+162ar»+6561. 

42.  20+9z+a:«. 

41  88  +  19r+«». 

46.  143-24aw  +  aJ|a«. 

48.  216  +  35x+««. 
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129.  Next  oonaider  a  case  where  the  third  term  of  the  tri- 
nomuU  u  negative. 

Example  1.    Resolve  into  factors  x» + 2ar  -  36. 

The  second  terms  of  the  factors  must  be  such  that  their  product 
Is  -  35.  and  their  algebraical  sum  +  2.  Hence  they  must  have  opposite 
signs,  and  the  greater  of  them  must  be  potitive  in  order  to  rive  its 
sign  to  their  sum.  6    "  'w 

The  required  terms  are  therefore  +7  and  -  5. 
.-.    a:»+2x-35={x+7)(x-5). 

Example  2.    Resolve  into  factors  a:»  -  3x  -  64. 

'1'  ■  •'Hjond  terms  of  the  factors  must  be  such  that  their  product 
fa  -  6*,  iheir  algebraical  mm  -  3.  Hence  they  must  have  opronite 
signs,  ana  the  greater  of  them  must  be  negative  in  order  to  give  its 
sign  to  their  sum.  ° 

The  required  temss  are  therefore  -  9  and  +6. 

.-.    a:»-3x-64=(x-9)(x+6). 

Remembering  that  in  these  cases  the  numerical  quantities 
mtut  have  opposite  sign*,  if  preferred,  the  following  method  may 
be  adopted.  ' 

Example  3.     Resolve  into  factors  x*y» + 23a:y  -  420. 

Find  two  numbers  whose  product  is  420,  and  whose  difference  is  23. 
These  are  36  and  12 ;  hence  inserting  the  signs  so  that  the  positive 
may  predominate,  we  have 

xy + 23xy  -  420 = (xy  +  35)  (xy  - 12). 


EXAMPLES  XVII.  d. 


Resolve  into  factors 


1. 

4. 

7. 

10. 

la 

16. 


x«-x-2, 
x»  +  x-6. 
X2+X-56. 
o^  -  a  -  20. 
a'»-4a-117. 
x«+x-110. 


2. 

5. 

8. 
11. 
14. 
17. 


x2  +  x-2. 
x3-2x-3. 
x2  +  3x-40. 
o»-4a-21. 
x'-t  9x-36. 
x=»-9x-90. 


3.  X2-X-6. 

6.  x2  +  2x-3. 

9.  x»-4x-12. 

12.  o''«+o-20. 

15.  x«  +  x-156. 

18.  x»-x-240. 


19.  a=«-12o-8o.  20.  a2-llo-1.52.  21.  xV-5xy-24. 

22.  x2  +  7xy-60y».  23.  x»  +  ax-42a2.  24.  x»-32xy-10V. 

K.  a«-oy-210jr'.  28.  xa+18x-115.  27.  x»  -  20xy  -  96^. 

28.  a:»+16x-280.  29.  a»-llo-26.  30.  aV+ 14ay--240. 


«™l  KHSOlUnoN  INTO  PACTOHS.  JJj 

A  «+8.y-,V.     47.    98-7.-^:         «    r",""-""*- 
^'''>''^'^  Miscellaneous  Examples  seepage  124,.] 

noSi  ex^e£[r8then'^/£'.*i'^''"'"i"*'"?  '"*«  factors  of  tri- 
umt^.        ^  ^''*°  ''^  co.j)?cee«;  o/M«  A*^A.,f  power  is  Tot 

foltitgS^rf  ^"^  ^^^P-  -  ^'•'-  ^4^  -  .a,  write  down  the 
(3^+2)(x+4)  =  ar-'+14,.+8     _  .,, 

a.-2)(x-4)  =  3^_l4,+8..    '^ 

(3x+2)(a:-4)=3x«-]0x-8.  5' 

given  ,',  bove.  '"®  '"  ^*^tail  two  of  the  identities 

Consider  the  ,-esult  3.3- l4.+8  =  C3x-2)(.-4) 

•pi        .,,  ~2and— 4 

two;LS^3lr-4-i„1;.^^2"^"'^  ^^  adding  together  the 
Again,  consider  the  result  3^-  10a.-8=(3.+2V,    .^ 

TJ.e  middle  term  -io^"'is'";i; \^  ^f  ""*• 

two  products  3xx-4andiV2aTdl?  "^'^'"^  '""^^^«'-  ^^o 
the  greater  of  these  two  prXts  is  neSe  ''  "'^"'"'^  "^^"^"^^ 

131  Til  Kn       • 

I  ««'-t"the  prol?;S7s"l/T'fi  "f  ^"1  '^''  ^'  '•«  ""t  easy  to 
enable  him^to  fetectlj™  glance  wh^  hi?  ^"^"t'  '^^ne  Wh 
r'»  combine  so  as  to  give  the  cor.i?t       «  ^  P*""  ^«  ^"  ^ho««° 

!  «on  t .  oe  resolved.     *  *'**'^'^*'^  coefficients  of  the  expres- 
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Example.    Rewlve  into  faoton  7«*  -  19x  -  6. 

Write  down  (7x  3)  (x  2)  for  a  irst  trial,  noticing  that  3  and  2 
must  have  opposite  signs.  These  factors  give  7x^  and  -  6  for  the 
firat  and  third  terms.  But  since  7x2-3x  1  =  11,  the  combination 
fails  to  give  the  correct  coefficient  of  the  middle  term. 

Next  try  (7«    2)(«    3). 

Since  7x3-2x1  =  19,  ihese  factors  will  be  correct  if  we  insert 
the  signs  so  that  the  negative  shall  predominate. 
Thus  7x*-19a:-6=(7x+2)(«-3). 

[Verify  by  mental  multiplication.] 

132.  In  actual  work  it  will  not  be  necessary  to  put  down  all 
these  steps  at  length.  The  student  will  soon  find  that  the 
ditferent  cases  may  be  rapidly  reviewed,  and  the  unsuitable 
combinations  rejected  at  once. 

It  is  especially  important  to  pay  attention  to  the  two  foUowine 
hints :  ° 

1.  If  the  third  term  of  the  trinomial  is  positive,  then  the 
second  terms  of  its  factors  have  both  the  same  sign,  and  this  sign 
is  the  same  as  that  of  the  middle  term  of  the  trinomial. 

2.  If  the  third  term  of  the  trinomial  is  negative,  then  the 
second  terms  of  its  factors  have  opposite  signs. 

Example  1.     Resolve  into  factors  14x»+29x-16 (1), 

14x»-29x-15 (2).' 

In  each  case  we  may  write  down  (7x  3)(2x  5)  as  a  first  trial, 
noticing  that  3  and  5  must  have  opposite  signs. 

And  since  7x5-3x2= 29,  we  have  only  now  to  insert  the  proper 
signs  in  each  factor. 

In  (1)  the  positive  sign  must  predominate, 

in  2  the  negative 

Therefore  14x»+29x  -  15=(7x  -  3)(2«+6). 

14x»  -  29x  - 16 = (7x + 3)  (2x  -  5). 


Example  2.    Resolve  into  factors  6x> + 17x + 6  , 

6x»-17x+6 


In  (1)  we  notice  that  the  fmeion  which  give  6  are  both  positive. 

*"*  (2) negativa 

And  therefore  for  (1)  W6  may  write  (6x+  )(x+  1. 

(2) {6x-  ){x-  ). 

And,  since  6x3+1  x2=17,  we  see  that 

6x»+17x+6=(6x+2)(x+3). 
6««-17«+6=(6a:-2):x-3>. 


(1), 
(2). 


[OBJLt. 
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•tudent  would  reject  at  once  «  LS^b?/  ***  *'*''•  "^^^^  *^»* 


Example  3. 


9a:»-48«y+6V=(3*-8y)f3a:-^) 
=  (3x-8y)a. 

6+7x-5«»=(3+&t)(2-«). 


ECAMPLES  XVn.  e. 

Eesolve  into  factors : 


L  2ar'+3ar+l. 

4.  3ir»+10x+a 

7.  ae>+7x+6. 

10.  5x2+llx+2. 

13.  4ar>+lla;_3. 

16.  2x^-z~l. 

19.  3a:a+13a:-30. 

22.  3a:»+7x  +  4. 

25.  3x»+19ar-14. 

2&  4a:»+x-14. 

31,  4x»+23a:+16. 


2.  3z»+5x+2.  3. 

6.  2t'+9x  +  4.  6. 

8.  2ar'+llr+6.  9* 

11.  2ar2  +  3a.^2.  12.' 

14.  3a:»+14x-5.  I5 

17.  3x»  +  7x-6.  18," 

20.  6ar»+7x-3.  £1. 

23.  3x!'+23x+14.  24. 

26.  3x»-I9x-14.  27. 

29.  3x»-13x+14.  30.' 
33! 


32.  2ar'-6xy-3y». 

3t  2x«-23xy  +  lV.35.  15a^+224x-15.  36. 

87.  12x»-31x-15.      38.  24x»+22x-21     M 

4a  24x»_29xy-4y».   41.  2-3x-2x»      '    ^ 

43.  6+fix-6x».            44.  4-5x-6xa.          45 

4&  7+l(te+3x«.          47.  18-33x+6x».      S' 

48.  20-9x-20x».        6a  24+37x-72x» 


2aJ+6x+2. 

3x'+8x  +  4. 

3x»i-llx+6. 

3x»+x-2. 

2x»+15x-8. 

2x''+x-28. 

6x»-7x-.S. 

2x»-x-15. 

6x'-3ix+35. 

3x!'+41x+26. 

8x»-38x+36. 

15x»-77x+lO. 

72x»-l46x  +  7a 

3  +  llx-4x». 

5  +  32x-21x". 

8+ex-5x». 


133. 


The  Difference  of  Two  Sanares. 
By  multiplying  a+b  by  a-b  we  obtain  the  identity 
.        u     ...  (a+bXa-b)=a'-b>,  ^ 

?t«nfiVi«.         ^^^   "-^  '^  *""*  «*^  <*«  digerence  of  the  two 


i  ll 
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MheampU,    Reaolve  into  fActon  2&t*  -  16y*. 
28«»-16y«  =  (6a:)»-(4y)». 
Therefore  the  first  factor  it  the  ram  of   x  and  4w, 

•nd  the  second  factor  is  the  differ  jnce  ot  6x  and  4y. 
.-.  26*»  -  l«y*  =  (6x + 4y)(&c  -  4y). 
The  intermediate  stepe  may  usnally  Im  omitted 
Exampk.  1  -  49c«  =  ( 1  +  7c»)(  1  -  7c»). 

«..T''Ll'^*'I'if*  .u'  ^^*  '^'^■'^  °'  *^o  numerical  quantitin 
may  be  found  by  the  formula  a«  -  6« = (a + b)(a  -  6).      ^  '" 

^5r»mpfo.       (329)«-(17l)«  =  (329+171){329-m) 

s500xl58 
=  79000. 


EXAMPLES  XVn 

Eesolve  into  factors  : 


m 


1.     x»-4. 

4.  c«-144. 

7.  121 -x». 

10.  y»-25a^. 

la  36p»-49g2. 

la  l-25x». 

19.  /)»g»-36. 

22.  9a«-12I. 

25.  a*-2&. 

28.  81a:«-25o» 

81.  a^b^-j3fi. 

81  4-a:». 

87.  «*-16b'. 

M.  25-64x». 

43.  643-"- 252*. 

46.  16aJ«-9y». 

49.  26a:»«-16o». 


2.  o»-81. 

6.  9-o». 

8.  400 -o». 

11.  38a:»-256«. 

14.  4/fc»-l. 

17.  o«-46». 

20.  o«6»-4c»d». 

23.  25a:«-64. 

26.  l-38a« 

29.  a:<a»-49. 

32.  aV-4. 

35.  9 -4a*. 

38.  «»-25y». 

41.  121a«-81*». 

44.  49ar*-16y*. 

47.  36a*-49a»« 


60. 


•-X". 


8. 
6. 
9. 

12. 

15. 

1& 

21. 

24. 

27. 
30. 
S3. 
86. 
89. 
42. 
46. 
48. 


y»-100. 

49 -c«. 

x»-9a» 

9x»-l. 

49- loot*. 

9a:»-y». 

«*-9. 

81a4-49«^ 

9**-o'. 

o«-64««. 

l-o»6«. 

9a«-266« 

1  -  lOOW 

p»g»-64a* 

8lpV-2Sb*. 

l-100a*We». 


Find  by  resolving  into  factors  the  value  of 

61.    (675)»-(425)«.         52.    (121)»-(120)»         63.  (760)«  -  (250)». 

64.     (339)«-(319)».         55.     (763)«-{253)»         66.  (101)«-(99)« 

S*    il3^l'~*'^"*'       ^-    (»839)»-(739)».       59.  (1811)«-(689)' 

90.    (2731)«-(289)«.       a    (8133)«-(8131)«.     62.  aOOOl)'-! 
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tit^^S:.  JSire?; J>'.'pt;ii  '^^^  «  •  compound  q„«. 
^«»mpU  1.    Revive  into  foctora  (a +•»)«-  ]&«■ 
The  rom  of  0+26  and  4ar  i.  0+26+4P, 
•nd  their  difference  ia  a + 26  -  4r' 

.-.    (o+26)«-Idar«a(a+25+4r)(o+26-4a:y. 
^mple  2.     Resolve  into  factor.  «•-  (26  - 3c)i 
The  ium  of  X  and  26  -  3c  i.  « + 26  -  3c 

•nd  their  difference  Is  ar-(26-3^)=ar-26  +  3c 
Tf*K   ,      ''*   *'"<^-*'>'=<*+26-3c)(a:-26  +  3c'). 

example  3.    (3x + 7y)»  -  (2*  -  3y)« 

-3«+7y+2x-3y)(3;s  +  7y-ac+i) 

EXAMPLES  XVII  g. 

Kesolve  into  factors  : 
1.    (a  +  6)a-ca 


1  («  +  2y)a-a« 

7.  («+&)»- 1. 

10.  o»-(6-c)». 

la  9««-(2o-36)» 

16.  (o  +  6)9-(c+rf)» 


a 
& 

9. 


(«+y)»-42a 

(a:  +  5o)«-9y«. 

(2r-3a)a-9c». 
12.     4a»-(y-j)a 

15.    c«-{5a-3A)». 


2L  (a-6)«-c«. 

5.  (o  +  36)i>-l6a:a. 

8.  {o-2a;)«-6a. 

11.  a:a-(y+2)». 

14.  1  -  (o  -  6)». 

19.  (o+6)»-;« "'«  iJ-  ;«-*)'-(a^+y)'.  la  {7*+y)«-i 

21    l-(7a-36)«  a     a  +  26)«-(3^+4y^. 

Resolve  into  factors  and  simplify  .  '+*2y)- 

?•    (24x+y).-i23a:_y,,  *';:*^;,       ,  f-     («+3y)»-4y» 

35.    9^-(3«-4)..     ^'-  31      5r+2y).-(.,a:-y).. 

?7.    {3a  +  l).-(2.,v,  J     ^x+3P-(5x-4)«. 

».  (a.+6-c)i-(„!v+c).       S-    ^-V^**"-'^* 

I 


fl.   («+y-8)»-(,-8)«. 

&•  Ar 


(2ar+o-3)«-(3-2x)». 
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ALODRA. 


[aur. 


185.  By  witobly  grouping  together  the  termi,  compound 
•zpreuiona  can  often  be  exprewed  as  the  difference  of  two 
■quares,  and  so  be  resolved  into  factors. 

Examplt  1 .     Resolve  into  factors  a*  -  2ax + x*  -  4b*. 
o«  -  2a« + a^  -  46»»  (o«  -  2o*  ■»- x»)  -  4ft« 
=(o-x)«-(26y» 
=(a-af+26)(a-«-26). 
ExampU  2.     Resolve  into  factors  9a*  -  e* + 4ex  -  4z*. 
9o«-c*+4cx-4a:*=9o»-(c*-4ce+4B*) 
=  (3o)*-(c-2x)* 
=(3o+c-2x)(3o-c+2x). 
Example  3.     Resolve  into  factors  2bd -a*-e*+6*+eI*+ 2ae. 

Here  the  terms  2bd  and  2ac  suggest  the  proper  preliminary 
arrangement  of  the  expression.     Thus 

2M  -  o»- c»+ 6*+d»+2o<:=ft«+2W+d*- o*+2oc  -  c* 

=  6»+2M  +  d*-(a*-2ac  +  c«) 
=  (6+d)»-(o-c)» 
=(6+rf+o-c)(6+d-o+c). 
Example  4.     Resolve  into  factors  x* + xV + y*. 

x«+xy+y*=(x*+2xV+»*)-«V 

={x»+y«)«-(xy)« 

= («» + y* + xy )  (x* + y*  -  xy) 

=  (x* + xy + y»)  (x«  -  xy  +  j/"). 

This  result  is  very  important  and  will  be  referred  to  again  in 
Chapter  xxviii. 


^1 


EZAHFLE8  XVU  h. 

Besolve  into  factors : 


L  x»+2xy+y»-a». 

a  x*-6ax+»o*-166*. 

fi.  x*+o*+2a«-y*. 

7.  x»-o»-2o6-i». 

a  l-x*-2xy-y». 

IL  x*+y*+2xy-4«V, 


2.  o*-2a6+ft*-a^. 

1  4a*+4ai+6*-9e*. 

fi,  2oy+o*+y*-x«. 

8.  y*-<?+2cx-x*. 

la  <i*-x*-y»+2xy. 

12.  o«-4o6+4ft*-9aM. 


la.    x*+2a!y+j^-o*-2o6-i».  ^4,    a*-2ab+l^-^-2ed-cP. 
16.    **-4o«+4o*-6«+26y-y*.^16.    y*+26y+6»-o«-6o«-fl«*. 


xm.] 


17. 

19. 

21. 

22. 

23. 

21 

25. 

28. 


*M0LUn01f  INTO  FACTORS. 


■a*    406-46*. 


Its 


«»+66«-9A»««-10a6-i+266» 
«*-*»-9-2a»*»+a«+ftr. 

"»  «»«  "  M--.C.  Of  Iwo  0«»«. 

136.     If  we  divide  a»+is  Kv  «j-ji  *i. 
and  if  we  dinde  a»  -  63  by  a  -^  ?i    *''t<l"oVe"t  >8  «'  -  «6+6« : 
We  have  therefore  fK    *  1^,      •       *l"°*'«nt  "  a»+oA+6».         ' 
"•ve  cnerefore  the  following  identities  : 

«'-*'=(a-6)(a«+a6+6»). 

^«*-  8**-27y»=(ac)»-(3y)» 

Note      11.-     J  J  J,  =<2ar-3y)(4j:»  +  6ry  +  9j^v 

=  (4a.+  l){16a»-4a  +  l). 
ti.e'^^cS^ZS  °"^''  ^^«  -^--^-te  step  and  write  down 

&r»+729=(2x3+9)(4.r«-18x»  +  81).  ^* 

^^^^^MPLES  xvn.  k. 

Resolve  into  factors : 


13.    12S+a* 


4.    l+(^ 

&     l-8y». 

12.     64  +  y». 


K  =>..-..:  s:  :^-.  s  r«^:. 
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Resolve  into  f acton : 

17.  «»+6v.  la 

80.    34S-&e*.  21. 

83.    12B.E»-1.  84. 

88.  oVc«-i.  27. 

89.  8aV+I25x».  30. 
38.  64a!*-M2Ay>.  S3. 
S&  a* +34.16*.  98. 
38.    p»9»-27*».  3a 


ALOnSA. 

27-IOOOb*. 
o»  +  27ft». 
216/)»-34S. 
34&e'  +  1000y*. 
*V-2l8z». 
8*»-««. 
o«+729fc». 
j;»-64y». 


[caui 


19.  o»6»+216c». 

88.  27«»-iMy«. 

25.  aV  +  i*- 

28.  72no»-646». 

31.  *«-27j^. 

34.  2\6a*-lr>. 

37.  8x»-729y«. 

40.  .V-fll2. 


138*.  In  Arts.  128  to  132  we  have  dtscuased  the  factorisation 
of  trinomjaJH  by  trial.  And  in  Arta.  133  to  136  we  have  shewn 
how  anj  expression  which  is  the  difference  of  two  squares  can 
be  written  down  as  the  product  of  two  factors.  We  shall  now 
explain  a  general  method  by  which  any  expression  of  the  f.>rni 
x*-^px  +  q  or  ar'  +  6jr  +  (;  can  be  expressed  as  the  difference  of 
two  squares. 

By  Art.  112  we  have  the  following  identities  : 

x«+2ar  +  a»-(x+a)«,    x2-2ar  +  a2=(x-a)«. 

So  that  if  a  trinomial  is  a  perfect  square,  and  its  highest  potcer 
x'  hat  unity  for  Us  coeficient,  we  must  always  have  the  term 
without  X  equal  to  the  gquare  of  half  the  coefident  of  x.  If 
therefore  the  first  two  terms  (conUining  x^  and  x)  of  such  a 
trinomial  are  given,  the  square  may  be  completed  by  addine  the 
square  of  half  the  coefficient  of  x.  .'  o 

Thus  .r'  +  ftr  i.s  made  a  perfect  square  if  we  add  to  it  f  -  V 

or  9  ;  and  it  then  becomes  x*+6r4-9,  or  {x+Zf.  ^2/  ' 

Sitnilarly  to   make  x'-lx  &   perfect   square  we  must  add 

Note.     The  added  term  is  always  positive. 

Example  1 .     Find  the  factors  of  x' + ftt  +  5. 
The  expression  may  be  written  (x>+6x+9)+5-9; 
that  is,  ar»  +  6x  +  5=(x+3)«-4 

=  (a:+3+2)(x+3-2) 

=(x+6)(x+l). 


«^")  BtSOLUnON  INTO  KACTOM. 

^«»«/rf«a    Fimlth.f.etor.of,.-7,.2a,. 

^^ampU  5.     Find  the  factor,  of  Sx*-  13,  +  ,4. 

='('ri)('-ri) 

(0»  -4r«».  128,  129.) 
fiesolve  into  factors : 
1.    a;a_3a.^2^ 

VS.    *^-l4i+4D, 


124, 


124, 


ALGEBBA. 


[CHJUP. 


Resolve  into  factors : 
18.    o«  +  18a  +  8l.  14.    6»-246-81. 


19.  n»+Un+24. 

22.  a%*-4a6  +  4. 

26.  m«+3m-88. 

28.  xy-xy-72. 

81.  o«-llafc-286«. 

84.  z*-7z*-78. 


15.  e*+30c+81. 

18.  z«+2z-63. 

21.  P  +  W-36. 

24.  i>«-46-45. 

27.  p"+10/)-39. 

30.  x*+xy-S»y*. 

83.  y*  +  y«-156. 

38.  a^+6xr-9lt^. 


39.    y'-2y-16. 


17.  y"+lQy«+21a». 

20.  p»-6p-24. 

23.  a<6*+10a6  +  16. 

26.  n«-12n-46. 

29.  z*-z-20. 

32.  oW-06-66. 

35.  y*-V-35. 

(On  ilrto.  125-132.) 
Resolve  into  two  or  more  factors  : 

37.  «»»m«-3toV.  38.  10x»+25a:«y 

40.  {a  +  b)x+{a+b)y.  41.    a!»-xz+xy-ys. 

42.  3c«+c-2.  43.  2ft»  +  116+5.  44.    x«-6xy+9y*. 

45.  3x«-10«  +  3.  46.  cW-cd-2.  47.    6z«+7x-3. 

48.  4(o-6)-c(a-6).  49.    o*+o»+2c;-+2. 

60.  2c»d-6c«(P+2c»d».  51.    a:»y+2x»y-«>3--'y- 

62.  6y»-7y-3.  53.  4«»-12a;+9.  54.    3-6/)-12p». 

55.  16+8/)g  +  p»g«.        56.  4z»+5z«-6z.  67.    o»+o»-42a. 

58.  2m*-m»+4»i-2.  69.    o* - 3o> - o»6  +  3o«6. 

60.  14-5a:-x«.  61.  17-18z+z«.  62.    2jn«-llm»-21. 

63!  6x»  +  7xy-6y».       64.V6m«+17»i»-46.      65.    9m« - 24m  + 16. 

(On  Arts.  125-136^.) 
67.    o*6«-9.        68.    27  +  i». 
71.    i^<f-\.       72.    82'+ 1. 

75.    I00o»6*-4. 

78.     16-(6-c)». 

8L    P-P-42Z. 
xS+2x-323. 


66.  25-8lo«. 

70.  i«-25f». 

74.  250p»+2. 

77.  (o+x)»-l. 

80.  p»-p?-209'». 

83.  64x«-27y». 

86.  P+i-272. 

39,  o«-6«-2&c-c«. 

tL  «*  +  y*-7a:y. 


69.     l-64m». 
73.     l-64x». 
76.    729  +  c3d3. 

79.  9ar»  -  ixy'. 

82.  a»6V-81<P. 

85.  a:* -289. 

88.  o»+I0o-299. 


84. 

87.     10002»-27. 

90.     l-r'  +  6xy-V- 
92.    a*+3a»  +  4.  93.    6»-26-783. 
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137.    MiBcellaneouB  cases  of  resolution  into  factors. 
Example  1.    Resolve  into  factors  I60*  -  816*. 
16o«  -  816«= (4a« + 96a)(4a«  -  96») 

=(4a»+96«)(2a+36)(2t»-36). 
Examplt2.    Resolve  into  factors  a^  -  y«. 

*'-y'=(^+y')(x»-y») 

fe™^of^:Vua;e?r«"thrHiS^  '"^?^  «*»>«'  "  *he  dif. 
found  Simplest  SnU%ire?u1et?r5ilrce^^,^^^^^^^^^ 
Examplt  3.     Resolve  into  factors  28;c«y + fAa^  _  6(te*y. 
28a:V+64a:»y-60ar^=4*V(7a,a+ 18^_  15J 
=4**y(7x-6)(ar  +  3). 
^J:am/rfe  4.     Re«,lve  into  factors  xV-8yV-4x'3«+3-V«/« 
The  expression  =p»(x»  -  8y»)  -  49»(ar'  -  8y») 
=(z»-8y»)(p«_4^j) 

=  (x-2y)(a:»+2ay+4y«)(p  +  2y)0>-23). 
-Eij»,p^e  6.     Resolve  into  factors  4a:«-25y«+ac+5y 

4x»-25y»+2ar+6y=(2r  +  5y)(ar-5y)  +  ar  +  5y 
=  (2a;  +  5y)(ac-6y+l). 

EXAMPLES  XVII.  1.     {Ca^uinued.) 
Resolve  into  two  or  more  factors  : 


W.    x«-64. 

97.    729o'6-o57. 


95.     72V -64^. 
98.     o8a;«-64oy. 


100.    X^  +  Axh,-h?+^y*^*,    101.*    a363  +  5i2. 


103.  50(te»y-20y3, 

106.  l-(ar-y)'. 

109.  250(0-6)3  +  2. 

111.  8(j;+y)»-(2x-y)'. 

113.  o2-6a  +  a-6. 

115.  a»  +  63+o  +  6. 

117.  4(ar-y)a-(x-y) 


104 


108. 


(a  +  b)*-\. 
107.     x»-&c-247. 

110.     {c  +  df  +  {c-df. 
112.     ar*-4y2  +  x-2y. 
U4.     (a +  6)"+ a +  6. 
116.     aa-96»+o  +  36. 


96.  ««-l. 

99.  a" -6". 

102.  2ar»+17x  +  35. 

105.  (r  +  rf)S-l. 

o*- 22a -279. 


[Mi8cellan;ou,^~Examples  IV     ^}\fy-fy^-'^y'+'y*- 
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ALOVBRA. 


MISOELLANEOnS  EXAMPLES  lU 

1.  Sabtract  3a!»-7ar  +  l  from  2«»-5a!;-3,   then   anbtnct  th* 
difference  from  zero,  and  add  this  last  result  to  2z>-2z*-4. 

2.  Simplify 

2{3o-(46-6c)}+4{4o-(66-2c)}+4{fia-3(6-c)Jw 

3.  Find  the  product  of 

o»-2o*c+2oc'-c^ 
and  o»+2o»c+2oc»+A 

4.  Solve  the  equations : 

...    «^a!_«.-.  (2)    «r+8y=76, 

^*'    2'*'3~4"''''  7x-4y=ll. 

5.  Find  the  square  root  of  8**+ 16«»+ 1-8* -2a*+«». 

S.    Find  a  number  whose  third,  fourth,  sixth,  and  eighth  parts 
together  make  up  63. 


7. 


a* -6*    V-<?    e'-a* 
If  o=4,  6=3,  c=2,  find  the  value  <>'  "jq^  +  ^^I^  +  TTfjp 


9. 

la 


Divide  «*+?a:»+^a:»+^x+ 


-5-  bv  x'+^+l 


Add  5z^-6x  to  the  excess  of  1  over  3z'-5a;-t-l. 

Find  the  factors  of     (1)  oV-2o«-15;      (2)  4m«-81j^9». 

Solve  the  equations : 

(1)    13a:+lly=18.  (2)    S7x+62y=181, 

llx+13y=30.  76x- 3^=458. 

12.  A  train  which  travels  a  miles  in  6  hours  is  p  times  as  fast  as 
a  coach.  If  the  ooach  takes  m  hours  to  cover  the  distance  between 
two  places,  how  many  miles  are  they  apart? 


13.  Find  the  continued  product  of  Sx^  -  2x + 3,  4» + 5,  7x  -  2. 

14.  Solve  the  equations : 

<»  ¥-5('-!)4(-D^'->' 

IB.    Write  down  the  square  of  x* + 7x  - 11. 


-7. 


XVII.] 

16. 

17. 
18. 


MISCELLANEOUS   EXAMPLES. 


III. 
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Resolve  into  factors : 

T"ha    ;^a„!-  r  ^J.^'-  "'  ^«*^^'  ''^''^  -^^  «3«6c. 
ue  inen  Has  j^  of  what  A  has :  how  much  did  B  receive  ? 

19.  Simplify  ?*?V^  49aF  .  7o«it» 
on  SI.    T        M^'^i^ii-ei^- 

20.  Shewthat  a(«-l)(a-2)(«-3)=(a«-3a+l)«-l. 
^  Jfixpreas  by  means  of  symbola : 

and  shew  that  *=2  doe.  not  MatiMfy  the  equation, 
a    }>»vrdetheproductof3r»-2.rv-.v»and2x-ybyx-«. 

in  2  hci;;.'b^uTti;rrhlJsThtt;;^^  r'^  r'-^  ***-  *  ^--  ^-^ 

the  coach  does  in  13  houtsTfindnarreX^^^^^^^  ^*- 

product  of  three  binomidTfitoiT^  **"  "^"^  «»'  •»  «»• 

26.  If  «=6,  y=7,  z=8,  find  the  value  of 

«-(y-z)-2[ar+z-3{-2(y-l)}]+4[|-(3    9)1 

27.  Divide    ««'+67*Vfl28«V-60^_  13(^^8^ 

«.    SJolve  the  equations : 

*J+J^+*=M.    3«r-y+2»=3.    ;r+7y-*=23. 
«>.    «e«>lve  mto  two  or  more  factors : 

(1)    *V-4«y»;  (2)    2m«+mV-3n« 

whl  of  m'k'^L'*'" '^  "  ""* '^  «*" '^  '  P^ «" -'k,  «» 
"^^^'^^^^hcwibedonebyfcmenincdaysf 

MuwwT*'  "~^'  *""**•  *''*®'  ''^  "  'J**  nmnerioal  value  of  the 


•J    » 

f  '^ 

T 

II 

1 

^ 

E 

CHAPTER  XVra. 

Highest  Common  Factor. 

188.  DsninTioN.  The  highest  common  fuetor  of  two  or 
more  algebraical  expressionB  is  the  expression  of  highest  dimen- 
tions  which  divides  each  of  them  without  remainder. 

Hota.  The  term  (;reate«<eomtiionme(Mttre  is  sometimes  nB<s.i  instead 
of  highest  eommm  factor;  but,  strictly  speaking,  the  term  grecUut 
eomtnon  measure  ought  to  be  confined  to  arithmetical  quantities ; 
for  the  highest  common  factor  is  not  necessarily  the  greatest  common 
measure  in  all  cases,  as  will  appear  later.    [Art.  145.] 

In  Chap.  XI.  we  have  explained  how  to  write  down  by 
inspection  the  highest  common  factor  of  two  or  more  simple 
expressions.  An  analogous  method  will  enable  us  readily  to 
find  the  highest  common  factor  of  compound  expressions  which 
are  given  as  the  product  of  factors,  or  which  can  be  easily 
resolved  into  factors. 

Example  1.    Find  the  highest  common  factor  of 
4cx»  and  2ca:»+4cV. 

It  will  be  easy  to  pick  out  the  common  factors  if  the  expressions 
are  arranged  as  follows : 

4cx*=4<a*, 

2ea^+4Ai?=2e3fl{x+2c) ; 

therefore  the  H.C.F.  is  2ea^. 

Example  2.    Find  the  highest  common  factor  of 
3o*+9o6,  a»-9o6»,  o»+6a«&+9o6*. 

Resolving  each  expression  into  its  factors,  we  have 
3<»*+9a6=3a(a+36), 
<^  _  9o»*=a(o + 36)(o  -  36), 
a*+6a*b+9ai>=sa(a+36)(a+36)  { 
tharafore  Uie  H.C.F.  is  a(a + Sb). 
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^.ifiJLf™! '**!??  "*  *''°  **'  °»°'*  expresMoM  containing 
differmt  Dowera  of  the  same  comp<»tnd  factof^  the  student  ghoclS 

S?«T.^?'"°*"*  '5*i'''*  **'«^^  conunon  factor  miVc^S 
ifuh?J.wP°''*'  °^  '''^  compound  factor  which  i.  commonto 
all  the  given  expressiona 

Example  1.    The  highest  common  factor  of 

«(o-«)«,  o(a-x)»,  and  2oar{o-.T)»  is  (a-x)«. 
£!ra>iipfe  2.    Rnd  the  highest  common  factor  of 

o**+2a«r+o»,  aw»-4o^-6a»,  3(ox+o«)«. 
Resolving  the  expressions  into  factors,  we  have 
aa:«+2o»x+o»=o(*«+2ox+o») 

=a{x+a)'    (l) 

2e»a:«  -  4a»r  -  6a»= 2a(x»  -  2ox  -  3o») 

=2o(x+a)(a:-3o)  /2y. 

3(a«+o«)»=3o»(x+o)« m 

factoJuS" 'T  ^'^'  ^'^'  ^'^'  ^^  *'^*'°°'  '•'«  high;.t"comm<« 

TnrAMPLEB  xvm.  a. 

Find  the  highest  conunon  factor  of 

5.  a^+xV,   x»+y».  8.  a.j_^^  a«6«-^ 

7.  (^-a*x.  a»-ox»,   a«-ax«.  &  a«-4x«,  a«+2e»x. 

9.  a«6x+aWr,   o«6-6».  IQ.  2x»y-8xy«,  x«-9y«. 

U.  a -x«,   o«-ox,  o«x-axa.  12.  4x»+2xy,   12x«y-3»». 

n  S""?  ^'"i'^'  •*■'*•       !«•  *y-y'  «v-«y 

19.  ^+8y»,  x»+xy-V.  20.    x«-27a»x,  (x-3a)» 

a.  ^+3x+2.  x«-4.  22.    :r»-x-20.  x«-9x+20. 

S"  ^L**""^**'  "^■®'  2t    2x«-7x+3.  3x«-7x-6L 

S"  ^T'' J'^-'^^'-     28.    2X--X-1.  a,*_x-2. 

JT/.  rte"-d»,  aesfl- box + cube -bd. 

28.  x»-xy«,  «»+xV+«y+y*. 

28.  o3x-o%r-6aWr,  a«6««-4aWe»+36V. 

30.  2x»+9x+4,  2x«+llx+8,  2x»-3x-2. 

SL  3x*+8«»+4x«,  3x»+llx*+6x»,  3si*  -  lOx*  -  I2a* 


ISO 
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[If  pr^etred,  the  remaimUr  iff  this  chapter  may  b*  taken  after 
Cup.  XXV.] 

*140.  The  higheat  common  factor  should  always  be  found  by 
inspection  if  possible,  but  it  may  happen  that  toe  expressiouH 
cannot  be  readily  resolved  into  factors.  In  such  cases  we  adopt 
a  method  analogous  to  that  used  in  Arithmetic,  for  finding  tne 
greatest  common  measure  of  two  or  more  numbers. 

*141.  We  shall  now  illustrate  the  algebraical  process  of 
finding  the  hishest  common  factor  bv  examples,  postponing  for 
the  present  the  complete  proof  of  the  rules  we  use.  But  we 
shall  enunciate  two  principles,  which  the  student  should  bear  in 
mind  in  reading  the  examples  which  follow. 

I.     If  an  exprettion  contain*  a  certain  factor,  any  multiple  of 
the  expreuion  it  divisible  by  that  factor. 

II.  If  tieo  expressions  have  a  common  factor,  it  will  divide 
their  sum  and  their  difference  ;  and  cUso  the  sum  and  the  differenca 
of  any  multiples  of  them. 

Example.    Find  the  highest  common  factor  of 

4x»-3x»-24a:-9  and  Si*  -  2ar«  -  63x  -  39. 
8x»-2a!«-63x-39 
8a!»-6j:»-4&c-18 
4i»-  5X-21 
iar*-  6a;-18 
X-  3 


X 

4x»-3.r»-24x-9 
43^-5x*-21ar 

2x 

2x*-  3x-9 
2z"-  ex 

8 

3x-9 
3x-9 

Therefore  the  H.C.F.  U  x-3. 

Explanation.  First  arrange  the  given  expressions  according  to 
descending  or  ascending  powers  of  x.  The  expressions  so  arranged 
having  their  first  terms  of  the  same  order,  we  take  for  divisor  that 
whose  highest  power  has  the  smaller  coefficient.  Arrange  the  work 
in  pandlu  columns  as  above.  When  the  first  remainder  42*  -  5x  -  21 
is  made  the  divisor  we  put  the  quotient  x  to  the  l^  of  the  dividend. 
Again,  when  the  second  remainder  2x'  -  3x  -  9  is  in  turn  made  the 
divisor,  the  quotient  2  is  placed  to  the  right ;  and  so  on.  As  in 
Arithmetic,  the  last  divisor  X'3  is  the  highest  common  factor 
required. 

*t42.  This  method  is  only  useful  to  determine  the  compound 
factor  of  the  highest  common  factor.      Simple  factors  of  the 

fiven  expressions  must  be  first  removed  from  them,  and  the 
ighest  common  factor  of  these,  if  any,  must  be  observed  and 
multiplied  into  the  compound  factor  given  by  the  rule. 
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Example.    Find  the  highest  common  factor  of 

2te«-2r»-60x«-32x  and  l&t* - 6«» - 39x' - Ite. 
Wehave  24x«-2«»-60z«-32r=2r(12«»-««-3te-16) 
and  J8x*-6«»-39a:«-18x=3x(ftr»-at«-13x-6). 

a.  in  Art  141       '         "^"^"C  ^^eir  common  factor  x,  we  continue 


2x 


Sx'-ax'-isx-e 

6a;»-  6ar-6 

Br*-   &r-8 

3a:+2 


12*»-  a:»-30r-16 
12a^-4a;»-2ftr-12 

&«r»-   4x-   4 

3^+  2r 

-  ftr-   4I-2 

-  6a:-  4 


Therefore  the  H.C.P.  is  x(3ar+2). 

common  factor  we  are  seeking.    [Seelrt.  Jll,  L  &  II  ].  '"«*''* 

£■«»».?;«  1.    Find  the  highest  common  factor  of 

3a:»-iac»+23a:-21  and  6a:»+ar»-44a;+21 


3a*-13a:»+23ar-21 


6a^+  ar»-44a;+2l 
&E'-26aJ  +  46a;-42 
27z»-90a:+63 


T'SnSL:S''S'%?f,^^  -  '^^  -?  fiBd  that  It  is 
But  noticing  that  27a:»-«t7l^  1^21  *"  il^^^  quotient. 
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RMoming  tlw  work,  we  hare 

8st'-13x*+23a;-21 
3x«-10iB«+  7« 


-1 


-  8ie*+l««-21 

-  8x'+l(te-  7 

2)(te-14 


Ssr^-lOat+T 

-  8*+? 

-  8af+7 


-1 


Sx-  7 

Therefore  the  H.C.F.  ii  3«  -  7. 
The  factor  2  haa  been  removed  on  the  eune  groonde  as  the  factor 


9  above. 
Example  2.    Find  the  higheet  oonunon  factor  of 

2a*+  a^-x-2 

8*«-2««+x-2 


.(1), 
..(2), 


and 

Aa  the  expreniona  stand  we  cannot  begin  to  divide  one  by  the 
other  without  using  a  fractional  quotient  The  difficulty  may  be 
obviated  by  introducing  a  suitable  factor^  just  as  in  the  last  case  we 
found  it  useful  to  remove  a  factor  when  we  could  no  longer  proceed 
with  the  division  in  the  ordinary  way.  The  given  expressions  have 
no  common  timpU  factor,  hence  their  H,C.F.  cannot  be  affected  if 
we  mnltipl    either  of  them  by  any  simple  factor. 

Multiply  w.  ^v  2,  and  use  (1)  as  a  divisor : 


-205 


17x 


14 


2x»+ 
7 


a:*-     X-  2 


14x»+  7x*- 
14x«-10x»- 


7x-14 
4x 


17x»-  3X-14 

17x»-17x 

14X-14 
14X-14 


ex»- 

8x»+ 


4x"+  2x- 
3x»-  8x- 


-     7x»+  8x+ 
17 


-119x>+86x+34 
-119x*+21x+98 


3 


-7 


64)64g-64 


X-  1 


Therefore  the  H.C.F.  is  x- 1. 

After  the  first  division  the  factor  7  is  introduced  because  the  first 
remainder  -7x»+6x+2  will  not  divide  2«»+x«-x-2.  At  the  next 
stage  the  factor  17  ia  introduced  for  a  similar  reason,  and  finally  the 
&ctor  04  is  removed  as  explained  in  Example  1. 

Vote.  Here  the  highest  common  factor  mig^t  have  been  more 
easily  obtained  by  arranging  the  expresBiona  in  atcendirig  powers  of  r. 
In  this  case  it  will  be  found  that  there  u  no  need  to  mtroduce  • 
numerical  factor  in  the  course  of  the  work.  Detached  coefficients 
as  explained  irf  Art.  45,  may  also  be  used  with  advantage  here,  aod 
will  often  effect  a  oonsiderable  saving  of  laboui. 
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rewuJ^n  which  occur  in  the  cSI^of  tS^nS!'  k  '"^  ?'i**' 
which  doe.  not  divide  both  o/theTven  X^o^'  "^  ~^'' 

i^Sn^'the  fom    "P"^**""  ^  ^^P»«  8.  Art  143,  be 

S+J+taJfeVrr,T  '»«'°^i•f-^   and   therefore 
iThoweter,  wf p'it::^' ht"  ""  '^'*~^  «^'^  ^-'-- 

2*»+x»-*- 2-460, 
»nd  ar»-ar«+x_2-680; 
and  the  greatest  common  measure  of  460 and  ftfln  •'.  on.  .k  

The  reason  may  be  explained  as  follows  •  when  :r-«  *u^ 
n?'^'r^^,■'^t,^•"*  3^+x+2  biZe  equS  to^  a^d 
wherS;^.  r^^'  *?•*  *^^*  *  ^'^^^^  arithmetidl  Sctor  3  • 

T.^,  ?u  "P^"*""'  *^'*  °«  algebraical  common  fitor.       ' 

*SZAMFLBS  XVm.  b. 

Find  the  highest  common  factor  of  the  foUowing  expressions  • 

1.  x»+2r«-13x+10,  x»+a!«-iar+8. 

2.  «»-S««-9ftr+40,  «*-&t«-8ftr+36. 
a    a!»+2a:«-8a:-16,  «»n  3a.*-8«-24. 

1    aJ+4a*-«ar-20,  a«+6««-&c-30.* 

6.  «»-a!»-6a:-3,  «»-4a!«-ll«-«. 

8.  «»+3«»-8«-24,  *»+3«»-3x-9. 

7.  o»-6a«r+7oa!*-Sir»,  o»-3o«»+2«». 
a    a!*-2«»-4«-7,  x«+«»-3a*-«+2. 

9.  2«»-6a*+nx+7,  4i:»-lla!«+28a:+7. 


11^ 
il 
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Finr*  the  highest  common  factor  of  the  following  expretsioni : 

la  2x*-»-4z*-7a;-14,  8z*-10a^-21x-i-a5. 

U.  8<r«-3«»-2a*-«-l,  9x*-3i»-x-\. 

12.  2«*-2a!«+x«  +  Sx-6,   4a;«-2*»+Sx-9. 

13.  8a!»-8o*«+2o»r-2o»,  3a!»+iaw«+2aV  +  8a». 

14.  2ar»-9«MB»+9o«x-7o»,  4!r»  -  20oa!«  +  20o«x  -  16o». 

16.  10a!*+26oa!«-ao»,   4a^+9ax*-2a*x-a\ 

18.  «a>+13a*z-9(M*-10x>,  9a*  +  lliii*z  -  1  loae*  -  lOt*. 

17.  24a!V+72aV-«*y-90ay,   tx*y*  +  ISu^  -  4ii*V*  -  ISx^. 

18.  4aAi«  +  l(JBrti«  T  60Brti* + 64a!%».  24a*o» + 3<kr»o»  -  12ftr«a« 
10.  4«»+14ar«+20a;»  +  7(te«,   8x'  +  28««-8x»- 12ar*+5&r». 

90.     7ae»-iaaa*+72o«x-420o»,   l&r)  +  42ax>-282a*x+270a*. 

88,  JB»-«»-«+l,    a!'+««+x*-l. 

8SL  l+x+a*-«»,    l-ar*-a!«+a:'. 

%L  6 -8a -32a* -18a',  20  -  .35a  -  ORa*  -  40a* 

as.  flir«-16a!»-4Sa;«-12a!»,   42x  -  49a:»  -  203x*  -  84**. 

88.  8«»-8x»+2,   2x»-6a*+3. 

87.  4a!»-da:»-28x,   6ar«  +  10x"-17x*-3&c-14. 

*140.    The  statements  of  Art.  141  may  be  proved  as  follows. 
L     1{  F  divide  A  it  will  also  divide  uiA. 
For  suppose  A  ^^aF,  then  tnA  ^maF. 
Thus  /*  is  a  factor  of  ..A. 

II.    If  F  divided  /     .d  B,  then  it  will  divide  mA±nR 

For  suppose  ^= a/,  J=bF, 

then  mA  ±nB= maF-t  nbF 

—F(ma±nby. 

Thus  F  divides  mA  ±  nB. 

♦147.  We  may  now  enunciate  and  prove  the  rule  for  finding 
the  highest  common  factor  of  any  two  compound  algebraical 
expressions 

We  suppose  that  any  simple  factors  are  first  removed.  [See 
Example,  Art  142.] 

Let  A  and  B  be  the  two  expressions  after  the  simple  factoi's 
have  been  removed.  Let  them  lie  arranged  in  descending  or 
ascending  powers  of  some  common  letter ;  also  let  the  highest 
power  of  that  letter  in  ^  be  not  less  than  the  highest  power  w  A. 
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•o  ofetain  a  new  diviwr  S  VuZ,^  Kemove  thw  factor,  and 
make  A  divisible  hyjSiCi  nl^/j^''^-  V'"  '"  o'^^'"  to 
factor  n.  Let  o  Be  th«  n^f  ^  ^  niultiply  ^  by  a  «„,«/# 
Fiiuill^,  divided  ^^.,et"fl^';"^'*"»f."d  ^'W  ren«i„X 
there  i  no  remaindi^'i'^^J  J  2e"  tK'c  F  r^P^'*"' 
The  work  will  stand  thus :  '  ^*«1""^ 

E)D{r 
rE 

First,  to  shew  that  E  is  a  common  factor  of  ^  and  R 

il,  smce  fl  is  a  nmple  factor        *  '  '*'«'^'o«  n^ ;  therefore 

fAiJ"^,  L*d[:S2  "•]>;*«.  C.    And  ..noe  ^ 

divides  both  A  and  A  '^'^  "^  *^'  '^*'  "^  ^-    Hence  B 

Secondly,  to  show  that  E  is  tli«  A,v.*-  * 
If  not,  let  there  be  a  factor  r./^^'  T*"""*  '**=**"•• 
Then  J-  divides  TandTth      /  '"'^j'"  *"°'«"«on*  than  J?. 

fore  Z)  .since  mTa  «"11kctor W^if  ^7^"^'  '''*^  »«•  ^  J  there- 
Thus  X  divides  E    ChilT^-  '      '"'****  "^  -9^'  ^^^  i«,  1 

^  «  of  highe7 d?mfnsi:ii;tan  e"^"^''  ""^  ^  Vpotheiis. 
Therefore  ^  is  the  highest  common  factor. 

^/i^Cma^'otrnUrfXwI"^'  °'   '""^   «P--on. 
nexttd'^S'trSLfe.f^iiS'^^^^  ^o'^n.on  factor  of  ^  and  5- 

w  the  highest  common  factor  of  ^i  %     ^^  ^-    Therefore  O 
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CHAPTER  XIX. 
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N^: 


[Oh  pnt  reading  the  mbjecty  the  rtucUnt  may  omit  the  gmeral 
»  or*  '•  nf  th«  rule$  given  m  this  chapter. 

'  V  article*  ana  ejcampUt  marked  with  an  cutcriet  must  Ix; 
c  nitted  by  thott  who  adopt  the  $ugge»ti(m  printed  at  the  top  of 
page  130.]  >-  -99  r  -^  J 

140.  In  Chapter  zil.  we  diicoHed  the  simpler  kindi*  of 
indiotiB,  using  the  ordinary  arithmetical  rules.  We  here  propoHe 
to  ffive  proofs  of  those  rules,  and  shew  that  they  are  applicable 
to  algebraical  fractions. 

DsnifiTiow.  If  a  quantity  x  be  divided  into  u  equal  pai  id, 
and  a  of  these  parts  be  taken,  the  result  is  called  tAefractu  i 

r  o/  z.    If  X  be  the  unit,  the  fraction  r  of  «  is  called  simpi/ 

"the  fraction  j' ;  «>  that  the  Jraetion  r  repreeente  a  eifual  paru, 

b  of  which  maJce  up  the  unit. 

Mote.  This  definition  requires  that  a  smd  h  ahoold  be  positive 
whole  numbers.  In  Art.  ISo  we  ihall  adopt  a  definition  which  wili 
eu^le  us  to  remove  this  restriotioD. 

160.     To  prove  that  c"— c.  ^h^re  a,  b,  m  cerw  potitive  integers. 

a 
By  ^  we  meanaequal  parts,  6  of  which  make  up  the  unit... (I); 


by 


ma 
But 


.ma. 


mh 


•in 


that  is, 
CJonvcrsely, 


b  partti  in  (l)»in6  parts  in  (2); 

1  part out   

a  parts =ma 

c     ma 

ma_a 


nuonoNi. 


1S7 


tmdtkmomia 


Btdnetton  to  Lewwt  Tmbu. 

'?*'i '^-'^^T^^'t**  fmction  maj  be  duuimd  into  am 
jquivalent  fmction  by  dividing  nonimtor  imd  "SnciSSaS 
hy  »ny  eommon  factor ;  iT  thi.  fbotor  h*  tho  hiSS 
iSIZlSlSi^  rating  fraction  iTSd  ^he^UJU&t 

MkmmpUl.    R«i««tolow.rtt«m.,g;^J^^ 

iScam/^a     Reduce  to  lowerttwin.-??!^:^^ 

The  exiiwedon»^^<?*r<¥),^ 
*^  3y(aa!-4y)^' 

nnSTS;  hS'SxSSlSho'S*?^  **  ^'^'^  »ot  -^  begin  oanoelll». 


Bedace  to  loweet 
I      3o'-6a& 
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temit< 


7.  _^: 

10. 


ar(2B«-3aar) 


8. 


ac*-ary» 


13.  'V+gxy^^ 

a<*  —  ■■ 


aa; 
oV-aac* 

gO(»'-»») 
5g»ft+10g«6« 


15. 


a5*-I4«*-6l 


la       a^-lgg' 


18. 

19 


3o«4-9a»6+6aV 

^±^£±1*         or.  27a+«« 

3**+41»+26 


14. 


17     ga^+lTg+gl 
*'•    3a!»+28*+36* 


2a 


18a-flo«+2(ir 
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162.  When  the  factors  of  the  numerator  and  denominator 
cannot  be  determined  b^  inspection,  the  fraction  may  be  reduced 
to  Its  lowest  terms  by  dividing  both  numerator  and  denominator 
by  the  highest  common  factor,  which  may  be  found  by  the  rules 
given  in  Chap,  xviii.  ^ 

JSmmpU.    Reduce  to  lowest  terms  fci^+^£z2l 

^/Vrrt  Method.    The  H.C.F.  of  numerator  and  denominator  is 

Dividing  numerator  and  den<nninator  by  3a; -7.  we  obtair  aa 
respective  quotienUa!"-2a!+3  and  ea«-*-i 

Thus  3«'-13»'+23a;-21_(aar-7)(a*-2x+8)    !>*-2x+H 
18«"-38a*-2x+21    (8«-7){5«*-ar-3)~6«»-x-3* 

This  is  the  simplest  solution  for  the  beginner ;  but  in  this 
and  similar  cas^  we  may  often  effect  the  reduction  without 
•ctually  going  through  the  process  of  finding  the  highest 
craamon  factor.  ® 

d.S^.*^''**^^?^/!*-  ^f\*^^^  ^C.F.  of  numerator  and 
JSSnw^l^'T?^?''!!*'^''"'"  18«»-61a-+21x.  that  i,. 
2,  , j%  V^^ -  *)•  ^  there  be  a  common  divisor  it  must  clearly 
Sew&r-ViTalaJtoJT**"*  numerator  and  denominator  so  as  tb 

thefraction   -»'(ar-7)-2ir(3g-7)+3(3x-7) 
fl**(3«-7)-x(3ar-7)-3(4a;-7) 

_(ag-7)(»«-2g+3) 
(3x-7)(6ir»-«-3) 

_»»-2ie+3 

~&r»-x-3" 

♦IBS.  If  either  numerator  or  denominator  can  readily  be 
resolved  into  factors  we  may  use  the  following  methT  ^ 

ExatnpU.    Reduce  to  lowest  terms  =-^^±?^izif_ 
_  7a!*-18a*+«x+6' 

The  numerator=a?(a»+3ar-4)=«(x+4)(x- 1). 
Of  these  factors  the  onlv  one  which  can  be  a  oommon  divisor  is 
»  - 1.    Hence,  arranging  the  denomuuitor, 

the  fraction  =,-3 »(g+4)(ar-l) 

7a*(*-|)-llar(ar_j)_5(3._i) 

_      g(x-»-4)(a;-l)  ar(a:+4) 

lx-iM7«"-na:-6)'^7i*-llx-5* 


xn.] 
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U. 
15. 


1       «*-o^-ay-2fc» 
o*+3o»6+3a6«+268' 

3,    a'+2B'-13o+10 
5^    i2!+I2o^-a6«- 1563 

??il27a^+78a»r-72o» 


7. 


9. 


2,     ?i26^+7«-3 
ar»-3a:+2     * 

4.     ^+g»V-3tt»/»-i-g'7y» 

•  l+2r«+x*+2ar« 

4a«-5o6T6» 
10     ^»'-10aJ+4g4.2 

*  3a:«-2*»-3x+2* 
12.     .%!+^^Sx^ 

6a:»+5a:»-3a:-2' 
2^         4ar*+lla;i+26 

^-»e"+30ar-25" 

jg^    £«!:i«oV-99o»x+40a> 


dm 


^^     ''^"Plication  «d  DivWon  of  Fractions. 

'r  *  ^  ^^*  .W^er,  2^,r£;.a^  ^^denominator  be 
The  rule  ma7  be  proved  as  follows: 

0)   f  represents  a  equal  parts,  6  of  which  make  up  the  unit  • 

ac  ' 

tr'n™CriS;2'ffi  IS?  '»  *«  ■«»■'<'  '"oti-  i.  o  tun« 

that  is 

(2) 


oc? 


g       ,    ad  . 
bd^       bd?  °^  **^  preceding  case, 


a 


[Art  161.] 
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356.    By  the  preceding  article 


rXb 


ah 


that  is,  the  fraction  r  is  that  vrhich  must  be  multiplied  by  h  in 

order  to  obtain  a.  But,  by  Art.  46,  the  Quantity  which  must 
be  multiplied  by  h  in  order  to  obtain  a  is  the  quotient  resulting 
from  the  division  of  a  by  A ;  we  may  therefore  define  a  fraction 
thus: 

the  fraction  ?  i*  the  quotient  of  a  divided  by  b. 

1 56.  Bole  n.  To  diyide  a  fraction  by  an  integer :  divide 
the  numerator,  if  it  be  divisible,  by  the  integer;  or  if  the  numerator 
be  not  divieible,  multiply  the  denominator  by  that  integer. 

The  rule  may  be  proved  as  follows : 

(1)   ^  represents  ac  equal  parts,  b  of  which  make  up  the  unit ; 

T  represents  a  equal  rarts,  b  of  which  make  up  the  unit 

The  number  of  parts  taken  in  the  first  fraction  is  e  times  the 
number  taken  in  the  second.  Therefore  the  second  fraction  is 
the  quotient  of  the  first  fraction  divided  by  e ; 


that  is 


b  •"    6' 


(2)   But  if  the  numerator  be  not  divisible  by  e,  we  have 


a 

r 


ae. 


ac 
'be 


i-e 


-o  ^7  ^^®  preceding  case. 


157.  Bnle  in.  To  mnltiply  together  two  or  more 
ftaetions :  multiply  together  ail  the  numeratore  to  form  a  nea 
mmerator,  and  aU  the  denominatore  to  form  a  new  denominator. 

To  find  the  value  of 


LH 


a    e 
a    0 


1^^ 

mi; 


>SAOnON& 


Multiplying  each  aide  by  Jxd;  we  have 
*x6xrf-|x|x6xrf 
=|x6x|xrf 

•'.  xxbd^aac. 
Dividing  each  side  by  W,  we  have 

.     ^^c     ae 


Ul 


[Art  2a] 
[Art.  164] 


a 


,  c    e    ace 


Similarly  tX-x-  =  ^^« 

and  8o  for  any  number  of  fractions. 

8.n«  diviaion  i.  th,  i„vor.e  of  «„IMplicti„.,  „  nuy  de6B. 
t.  q.ot,.nt  X,  wh«  «  U  divid«i  by  2,  .„  b,  .„eh  .fc./ 


c     a 


Multiplying  by  ??  we  have  X  X  f  V  ^„  « .,  rf 


'•  '   IS' 
a^c    ad    a    d 


Hence 
which  proves  the  rule. 
Exampte  1.    Simplify  ??!-t??  >,  *»' -  «« 


[Art  157.] 


^^     12,+18 45»-'<U(STir 

_2g-3 
~  12o  • 


liirS&tSr" ''^^ '^'^  ««  ~«^<»  to  both  numerator 


us 


ALOnBPJL 


[OBAP. 


Example  2.    Simplify 


fia^-ax-2o*       x-a     .    2x+a 


ax -a* 


«x»-4o«'8oa:+2o»^ 


Theexprawion= 


ftr*  -  aa  -  2a*       x-o       3ax+2a* 
ox-a*      '*9**-4a»'*    2x+o 


_(3a;-2B)(2a;+o), 


x-o 


,a(3x+2a) 


a(x-a)  (3x+2a)(3x-2a)        2x+a 


=  1. 


dnce  all  the  factors  cancel  each  other. 


EXAMPLES  XIX.  e. 


L 
& 
6. 
7. 
9. 
IL 


Simplify 
14x«-7x 


15. 
18. 
17. 
18. 


2x-l 

12x»+24x*x»r2x' 

x«-4a»       2u 
ax+2a*    x-2o* 

16x«-9a»      x-2 
x*-4     '*4x-3o* 

x*+6x+6    x»-2x-3 


2a^+6x+2 
x*-4      ' 


x«-9 

'e*+4x 


2*«+9x+4 

x»-I4x-15  .  x«-  12X-45 
z*-4x-45  •  x*-6x-27' 


2. 


a 


8. 


10. 


12. 


„     M-a76        4fe«-25 
"•    26«+66'*26«-116+I5" 


14. 


64pV-z«     (x-2)«.  x'-4 
^Spq7^'^(x+2f 

**-x-2  .   x+1 


x«-4 

x'-x-ao 

x«-26 


^^+3a6.a6+3 
4a«-l    "^2a+r 

a»-121  .o+ll 
o«-4    •  0+2' 

25a»-6»      x(3o+2) 
,  X- 


9oV-4x«      5o  +  6 

x*+3x+2     x»+7x+12 
x«-r9a;  +  20''  x»+6x  +  6* 

2x»+13x  +  16  .  2^+ llx+5 


4x«-9 


4x«-l 


2x'-x-l     4x»+x-14 
2x« + 5x + 2  ^   16x*-49 

x*-6x»  +  36x.  x*  +  216x 
x»-49       •x«-x-42' 


'x»+2x-8'^+5x' 
a^-18x+80      x»-6x-7      x+6 


x"-6x-60     x"-lfix+fl6 


i^X- 


-1 


x«-8x-9      x"-25.x«+4x-8 


X  — .— ^  -f  - 


«»-I7x+72     x»-l  •^^^+8' 


XIZ.] 


iuonoN& 


21 


14S 


t. 


CHAPTER  XX. 
Lowest  Common  Multiple. 

[The  articlea  and  exampUa  marked  with  an  aateriek  tmtet  beomiUtd 
6y  thoee  who  adopt  the  auggestion  printed  at  the  top  <^page  I'M.} 

160.  DirnriTioir.  The  lowait  comsum  mnltiplt  of  two  or 
more  algebraical  ezprearioiu  ia  the  ezpreadon  of  loweat  dimen- 
nona,  which  ia  divisible  by  each  of  them  without  remainder. 

In  Chapter  xi.  we  have  expUined  how  to  write  down  Ij 
inspection  the  lowest  common  multiple  of  two  or  more  nmple 
expressions ;  the  lowest  common  multiple  of  compound  expr^- 
■ions  which  are  given  as  the  product  of  factors,  or  which  can  be 
easily  r««)lved  into  factors,  can  be  readily  found  by  a  similar 
meUiod. 

Sxample  1.  The  lowest  oommon  multiple  of  fiaflia  -  x)*,  8a»(o  -  a:)* 
and  12ox(a  -  x)»  ia  24«Ai!*(o  -  «)•. 

For  it  ooDsists  of  the  product  of 

(1)  the  L.C.M.  of  the  numerical  coefficients ; 

(2)  the  lowest  power  of  each  factor  which  is  divisible  by  every 
power  of  that  factor  occurring  ih  the  given  expressions. 

Example  2.     Find  the  lowest  oommon  multiple  of 
3a*+9ab,  2o»-18oft«,  a»+6o«6+9o6«. 

3a*+M>=3a{a+Zb), 
2a»  -  18aft»=2o(a + 36)  (o  -  36), 
aS+6a*6+9a6>=a(a+36)(a+36) 
=a(a +36)> 
Therefore  the  L.C.M.  u  6a(a+36)*(a  -  36). 


EXAMPLES  ?nr  a. 


Find  the  lowest  common  multiple  of 
L    X,  x»+x.  2.    «»,  «»-3x. 

1    21x»,  7x»(a:+l).      6.    «»-l,  a^+x- 
7.    4«V-y,  2x»+x.  8. 

fl.    x*+2x,  x»+3ar+2.  Itt 

U.    3fi+4x+*,  a:*+5c-«-6.  12. 


8.    Sx*,  Aa^+Bx. 

6.    o«+o6,   ab+o-. 
6a?-2x,  9a:*-3x. 
*»-3x+2,  x«-L 
a«-8«+4,  «»-6«+8. 


«A».  XX.J  L0WI8T  OOmON  MULTOIA 


1& 
14 
1& 
16. 
17. 
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^-«-d,  a:*.f«.2;  ««-4«+a 
a^+«-20,  ««-iar+24.  «*-«-sa 
^+«-42,  a--lIx+80,  :«-+2r-S8. 
^+to+I.  2x-+fe+2.  ar»+3*+a 

2    S^'*-,?  ,^^^*'-^  *'-»«'^Ji- 

SL    (2c«-3crf)«.  (4c-W)»,  8c»-27<j», 

cTS  be'^e^^rnaX^^PJ^?-  rev'"*"*  ^vi'*""''  '-*<>" 
finding  the  highest  conimoi  fK°"'  "**^  "*"•'  *^  "^J^^d  hy 

Ezamj^    Rnd  the  lowest  common  multiple  of 

The  highest  common  factor  isa*+2»-3. 
By  division,  we  obtain 

Wore  the  L.C.M.  is  (^.2.-3,(2..-'ii%(^!^;,_,, 

the*  lo'iest'^^r//^- J^«^the  P^^^  «'  the  r„,e  for  finding 
pressiona  mumpie  of  two  compound  algebraical  ex- 

comLib^L^  Al  *;,*^!7kT'°'*^  i*?**  ^  ''^^'^  ^'^^•^-t 
quotients  when  A  and  5 T^Ud^  bv*Jl'  i,*""';^*  '^^'^^' 
Therefore,  since  a  and  A  h.»L^      ^     '  *"*"  ^=a/;i?=6/'. 


IM 


ALODRA. 


[OKAP. 


*I02.  There  is  an  important  relation  between  the  highest 
common  factor  and  the  lowest  common  multiple  of  two  ex- 
preenons  which  it  ii  deeinble  to  notice. 

Let  P  be  the  hiffhest  common  factor,  and  I  the  lowert  ooaunon 
multiple  of  2  and  A    Then,  as  in  the  pteoeding  article, 

and  XmabF. 

Therefore  the  product     AB^aF.  hF 

^F.abF 

-^^ a> 

Uenc^  tk$  product  of  two  txprmioiu  ia  tqual  to  tMt  proehtet  of 
tAetr  htghtat  common  factor  and  low$$t  oommon  multipU. 

AS    A 


Again,  from  (1)    Z< 


'7 


xB 


'j,^A; 


hoice  ^  JotMst  common  mvlHpU  of  two  9xpr«$»uma  may  be 
found  bv  ^ndtnff  their  product  bv  their  higheet  common  factor  ; 

-J^J^^*!^  "***".  ''^l^  *y  i^  *^*«<  common  JiMctor,  and 
multtplytf^  the  quotient  by  the  other. 

*ie8.  The  lowest  common  multiple  of  three  expressions 
Af  Jit  0  may  be  obtained  as  follows. 

T  ^S**  i^i^  }^%  ^P-^  of  i!  and  A    Next  find  T  the 
L.G11  of  Z  and  C;  then  F  wiU  be  the  required  L.aM.  of 

For  7  is  the  expression  of  lowest  dimensions  which  is  divisible 
y  .  .,  ,*"5  ^'  *"<*  -*  »■  **>•  expression  of  lowest  dimensions 
divisible  hj  A  and  ^  Therefore  7  is  the  expression  of  lowest 
dimensions  divisible  by  all  three. 

EXAMPLES  XX.  b. 

«i*-  1^1  the  highest  common  factor  and  the  lowest  common 
multiple  of  a:^- fix +6,  a!*-4,  x^-3x-2.  "^"" 

2.    Find  the  lowest  commc      ultiple  of 

«*(«■+ l)+»(a^+6»)  ,.nd  oi(x«-l)+«(a«-6S). 
8L    Find  the  lowest  common  multiple  of 

xy-bx,  xjf-ajf,  f"-3»y+26»,  ^y-2b«-ay+2a^ 


«X.J 


LOWm  OOIOCON  MULTIPLE 


«ii,S"o?Jf;:£i?'S;  S^-^.'-tor  and  the  lowert 


&    Find  Um  lowMt 


<'«nnion  mnltiple  of 
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common 


6  ^'^<»th«  lowest  common  multiple  of 

7  Find        *'""'^*^''-*'-^^2'*'-e*  +  8- 
m«I«pIeof&&;^?'«?.^»^<:j^«t^«d  the  low-t  common 

a    Find  the  loweet  common  multiple  of 

9.    Ftod  the  loweet  common  multiple  of 

Al-o  find  the  hi«hi^'«!?"*^'/<*-*'>''  *'+*y+y*. 
»  Mio  nignest  common  factor  of  the  <;»«  «k 

m    Fin^*!.    L-  u  "^  °' *'•*  ""t  three  expreMion*. 

la    Find  the  highest  common  factor  of 
Al«..hew  thatthVf  ^''  ^+«*-^2.  6z»-x-,2. 

U.    Find  the  loweet  common  multiple  of 
♦12.  **  +  ««»+a*r  +  a\  x*+a'x'+a*. 

*ia    Knd  the  highest  common  factor  of 

It    Find  the  lowest  common  multiple  of 

o*-6»,  a»-6»,  o»-o»6-o6»-26» 

multiple  3  «•- Lf?S£*-SirS°!/^%«d^he  lowest  common 
*17.    Find  the  highest  common  factor  of 

«.    Find  Uielowert;  common  multiple  of 

21«(«y-y»)'.  36(xV-««y*).  I5y(:^+:q,>.. 


CHAPTER  XXL 

Addition  and  Sxtbtraotion  of  Fractions. 


184.  Havimo  explained  the  rules  for  finding  the  lowest 
common  multiple  of  any  given  exprenions,  we  now  proceed  to 
■hew  bow  Uie  addition  and  subtraction  of  fractions  may  be 
^ected. 

166.     Tofrovt  5+3" 


"5J" 


We  have 


a    cui       ,  €     be 
j-53,  and  3-53. 


[Art  180]. 


Thus  in  each  case  we  divide  the  unit  into  bd  equal  parts,  and 
we  take  first  ad  of  these  parts,  and  then  be  of  them  ;  that  is,  we 
take  ad+be  of  the  bd  parts  of  the  unit ;  and  this  is  expressed 

by  the  fraction  — rg— •  > 

a  ,  e    <td-i-be 


Similarly, 


a    e    tul'-be 
I'd IScT' 


166.  Here  the  fractions  have  been  both  expressed  with  a 
common  denominator  bd.  But  if  6  and  d  have  a  common  factor, 
the  product  bd  is  not  the  lowest  common  denominator,  and  the 

fraction  ^  will  not  be  in  its  lowest  terms.  To  avoid  work- 
ing with  fractions  which  are  not  in  their  lowest  terms,  some 
moidification  of  the  above  will  be  necessary.  In  practice  it  will 
be  found  advisable  to  take  the  lowe^  common  deuominatm*, 
which  is  the  lowest  common  multiple  of  the  denominators  of  the 
given  fractions. 


«!.]    ^moN  AMD  BuimuonoN  OF  monoHs.     u» 

Example.    Expn-i  with  lowert  common  denomuutor 
Th«  lowest  common  denominator  ii  daxlr    «w,.  j. -i 
Hence  the  eqnivalent  ftmctiona  an 


l&r«(x+o) 


L-Ti  "d  ^— , 


8a* 


.ub?ietiro?fU^L'"""''"'*'  '^*  "''^  '-  *he  addition  or 

ExampUl.    Find  the  value  of  ^^^fj. *?-■*• 

3a    "^     9i~* 

The  loweet  common  denominator  i«  go. 
Therefore  the  expF— ,>„  -  8  (2ar + g)  -f.  gg^-^ 


_ll«-o 


^te+3a+&r-4a 
9a 

Exam.pU2.    Ffad  the  valueof  ?:i3!?+^Z«_3*-a» 

^         ay  ^^    * 

Tbe  loweet  common  denominator  is  oey. 
Thus  the exp».^^-«(»-^)->-gf8y-a)-y(aa--a,) 

€uey 
^ag-aBy+8ay-aar-aay4.a«|. 
(wy 

.ince^  Urm.  i„  the  Numerator  deetny  each  other. 

bracket. M VSfirSSTS  work^"  ^  "commended  to  om 


150 


4m—A. 


(OHAT. 


find  the  Tftlae  of 


L 
9, 
6. 

7. 

a 
a 

IS. 


m-\  .»•>•». X4-7 


6+e, e+a 

■ar+-4r 


a-6 
IT 


x+2 
17*  " 


g-8    at-t-2 
84«'.    fil«* 

*«-9    8-*» 


' .  3x 


i^' 


Example  3. 


^    6 

as       X 


& 
1 
& 
& 

la 

12. 
14. 
16. 


2tr-l    »-5    «-4 
2x~8    «+2    to+g 

»  ""ir*~i5~' 

ag+5    x+S    27 
»     "  2it      S? 

o-2fc    a-»^o  +  76 

"Si"' 
c»-a» 


a-x    a+x 

X         a 


2  .y-a*  ay  +  yi 
xy  x\^  T'tjr 
a*-be    «-6«    «*-r» 


a« 


Simplify  2^ -?^» 
'^    '   x-2a      x-a 


^e  loweat  common  denominator  i«  (x  -  2a )  (*  -  o). 

Hmce,  multiplying  the  numenton  by  x  -  a  and  x  -  2a  renpectively , 

the  expre«ion=<-??^:iM.f£::?lli2Ej:f)(^-^) 

(x-2a)(x-o) 

_2x«-5ox-f3a«-(2x»-gax-f^2a*) 
(x-2a)(«-  n) 

_2x«-Sttx+3a«-2z«-t-Sox-2B« 

(x-2o)(x-o) 


Moto. 


(x    2a)(x-a) 
In  finding  the  valne  of  «ach  an  expreaaion  a« 
-(2x-a)(x-2o), 
the  beginner  ahould  first  expren  the  product  in  brackets,  and  then 
fTOJove  the  brackets,  as  we  have  done.    After  a  little  practice  he 
will  be  able  to  take  both  steps  together. 

The  wwrk  wOl  aometimes  be  shortened  by  first  reducine  the 
fractions  to  their  loweiv  terms. 


Find  the      hu.  ,.f 


EXAJtfPLBS  XXI.  b. 


4. 

7. 

10. 

15. 


-1    _L 

Jr  +  3    a;+l 


-—I—         ^  +  .V 
^-3y    4x»-^« 


17.    -J 


23.    -J (o  +  2r)2 

a-2a;     o'-Rfa' 

25.    -_3_.      1 

a.-»-4'^(;?^2F 
E.A. 


2&     -J 1 

«(««-a«)~x(x+;S)t- 
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158 


ALOIBRA. 


[OBAT. 


168.  Borne  modification  of  the  foregoing  fpsnenl  methoda 
am  aometimee  be  need  with  adnmt^e.  The  most  useful 
artifices  are  explained  in  the  examples  which  follow,  but  no 
genend  rules  can  be  given  which  will  i^ply  to  all 

Example  I.    Simplify  — I~I~5" 


8 


a-4    o-i 

Taking  the  first  two  fractions  together,  we  have 
o«-9-(o«-16)        8 


the  expression  s - 


(o-4)(o-3) 
7 


8 


(a-4)(a-3)    (a+4)(a-4) 
_  7(o+4)-8(a-3) 
-(a+4)(o-4)(a-3l 

fl2-o 
-(o+4)(a-4)(a-3) 

ExampU2.    Sunplify  ^^^^^^^^^^. 
The  expressions 


(2x-l)(«+l)^(3a;+l)(x+l) 
_       3a;-«-H-2a;-l 
~(2a:-l)(x+l)(8a!+l) 
to 

"(2»-l)(a;+l){3x+l)' 

ISnmpfaS.     Simplify  ^-j^-^-5^. 

Here  it  should  be  evident  that  the  first  two  denominators  give 
L.C.M.  a*-z*,  which  readily  combines  with  a*+x>  tosive  L.U.M. 
a*-x*,  which  again  combines  with  a*+x*  to  give  L.C.M.  a'-z*. 
Hence  it  will  be  convenient  to  proceed  as  follows ; 


mv         1        a+x-{a-») 

The  expression  =        >  V| — ■- 


4ae»        4a!» 
8«y 


«L)      ABDirrON  AND  SUBTRACTION  OF  FIUOnOHBl 


15S 


Find  the  value  of 


i^^He* 


104 


AMIBRA. 


Find  the  value  of 
.     l+2a    l-2a 


21. 


2ix 


(OBAT. 


3+2z    S-2x 


9-12af+4e»"J3S^3+2L 


1-ao    l+2a~(l-2af 
1  1  2x  „         1  1  4a 


3-6*    3+6x~2+&? 


SA.         *  »        .       1 

*^    a»-8x"8o»+48!C«"^STte* 
11  a 


SB. 


6a»+64'^S5rr9"3o»-2r 


M         ^  1      ,      g  X 

•^    8-8x    S+Sa?"^*?^    2+^*' 


97. 


18 


6a  - 18  "  6o  + 18  "  S+9  ■*■  a*+ 81* 


«l        a;+l     .     x-1  1 


ae. 

4L 
42. 
48. 


-1  ,  »  8 

1  2__3x-2         1 

«-l'^ar+l     ^^"(«+l)«' 
108-fi2a!       4       12    /l+x\« 
a:(3-x)«    3-«"«"^1^3^y- 

(«+&)*  aj-a+g  _        (a+6)x  1 

(x-a)(x+o  +  6)~  2(x-o)     3i^+bx-a*-ab'^T 
3(;^+x-2)    3(x«-x-2)      8x 
x»-x-2         x»+x-2      ^»^" 


160.  We  have  thus  far  assumed  both  numerator  and  dei  o- 
nainator  to  be  positive  integers,  and  have  shewn  in  Art  U5 
that  a  fraction  itself  is  the  (quotient  resulting  from  the  division 
of  the  numerator  by  denominator.    But  in  algebra  division  is  a 

KrT«"°*^  '■««^/*fd  ^  I»«*>^e  integers,  and  we  shaU  extend 
this  definition  as  follows  : 

7%«  algebraic  /raction  ^  u  th^  quotient  resulting  from  tht 
division  o/a  iy  b,  where  a  and  b  may  have  any  values  vhatever. 


17a    By  the  preceding  article  ^^  i.  ♦!. 
from  the  diTiwon  of  - «  hv     a       T  *  Quotient  resulting 

-  bj.  6.  i«d.  b3.  the  rule  of  .i^"J^ J^J;»  f  tained  b7  ^ 

b.tr!ldli^  ^^^^^^^  '-  *^e  <'^^^on  o.  .  a 

o/aignm  prefixing  - .'"°**  ^^  ^'''^8  «  by  6,  ^a,  by  the  rule 

Therefore  -a        a 

^"  ~6 (2). 

Therefore  _£L  _    « 

-*~  ~5 (3). 

Tk«  «.„Ju,  ^j,  b,  „„„^^  __^  ,^^_^^ 

^«»mpfai.  *Jl««^ft+a    a~b 

Example  2.  _^  ^  - 
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AWMBRA. 


MxempU*.    Simplify  -JL+-^ +»(?*-«). 
x+a    x-a      a*-3fi 


^  Hwe  it  ia  arident  that  the  lowaat  omnmon  denomiiMtor  of  the 
flnt  two  fraotiona  ia  «*  -  a*,  therefore  it  will  be  convenient  to  alter 
the  aign  of  the  denominator  in  the  third  fraction. 

ThMthee»preaaion=-g-+-^-«g»-f) 
■^  x+a    x-a      afl-a* 

_a{x-a)+2x(x+a)    a{3x-a) 

inrs? '■ 

_ax-a*+2a^+2ax-3ax+a* 

F^i? 

2a* 

XxampteS.  Simplify     *_+?£z4  +  -^ 


The  ezpreaaion 


_      5         3g-l  .        1 
~8(*-l)~*«-l"^5(i+T) 

_10(x+l)-6(3ie-I)  +  8(g-l) 
6(x"-l) 

_10r+10-I8x+6+3a;-8 
8(a:»-l) 

_  la-gg 


Simplify 


1. 

a 

6. 


4x-4    6x+6    1-x* 
x-2a    2(o'-4ax)      3a 


X+a 
1 


a' 
1 


2x  +  r  2x-r  l-4x«" 


7  2-<^ _ 3±£  ,  2x(2x-ll) 

'•  x  +  3     3-x^      a^^ 

«  -*  3     .      II 

'^  2rr2~46-4'^eU66«* 


EXAMPLES  TTT   d. 

2. 

4. 

6. 

8. 

10. 


x»        x-a 
4x 


5a 


1+a    l-o    o«-r 

x-o    o'+3ox    x+a 

+  ^:«     n<i~  + 


X+a 
3x 


a*-x*     x-a 
_2 2_ 

x-1  x+r 


l-x» 

3-2x    2x  +  3        12 
2x  +  3~3-2i"'"4x«^' 

_!_  +  _J L_ 

6a  +  6    6-6o    3a»-3 


xxt]    ^Dmo»  AND  suBTiuonoN  OF  nuonoOT 

17.    ^!±*.2(te+o^)    oa:«_j 

19.  . "-c  6-c 

(a-6)(x-o)-(Fr5j75ri)- 

20.  _  g»+y     ^    o+ft+y        «+i/-o 
<«-«)(»-6)-^(ir:3j^)-(-jr5fJ??5j.     . 
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«+2  2^5 — 

^-a    a»(a-.6)    ft_2a 


82. 
83L 


_1^ 
3 


4a 

1 


"*    '  a-x'jr;:^- 


2a 

I 


«+«    «+3a"^r:i+^f35- 


-^— 1-.    36    ^    aft 

«  +  6    a-6    ^T^i+^Tirp. 

8(1 -X)    8(1 +x)  "4(11^, -4(^J3yj. 

3 


27. 

28. 

29. 

30. 

31. 


'.-U,    I 


«^+ac_       o«-c«  2,  q 


u    o        o*-a*       o"^6»      6«r^ 
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ALQCBRA. 


[OUP. 


*17l.    Concider  the  expreauon 

(a-6)(a-c)+(6-(!)(6-a)+(7::^)fr:^ 

Here  in  finding  the  L.CM.  of  the  denomiuatora  it  nraat  be 

obwrved  that  there  are  not  nx  different  compound  factors  to  be 

considered  ;  for  three  of  them  differ  from  the  other  three  only 

tn  sign.  ' 

Thus  (a-c)--(«-aX 

(6-a)--(a-6), 

(c-6)--(6-c> 
Hence,  replacing  the  second  factor  in  each  denominator  by  its 
equivalent,  we  i9ay  write  the  expression  in  the  form 

1  1  .  1 

(a-6)(o-a)"(6-c)(a-6)"{?r5)^yr^ 0> 

Now  the  L.GM.  is  (6  -  e)(e  -  aXa  -  b) ; 
and  the  expression   , -(ft-c)-(c-a)-(a-t) 

^-b+c-e+a-a-i-b 
"  (A-c)(c-a)(o-6) 

-a 

*^7^- .  .'^*"  "  »  peculiarity  in  the  arrangement  of  this  ex- 
ample which  It  IS  desirable  to  notice.  In  the  expression  (1)  the 
letters  occur  in  what  is  known  as  Cyclic  Onftr:  that  is.  6 
follows  a,  o  foUows  e,  e  follows  b.  Thus  if  a,  6,  c  are  arranged 
round  the  circumference  of  a  circle,  as  in  the 
annexed  diagram,  if  wa  start  from  any  letter 
sad  move  round  in  the  direction  of  the  arrows, 
the  other  letters  follow  in  cyclic  order,  luunely. 
abc,boa,cab,  ' 

The  observance  of  this  principle  is  espe- 
cially important  in  a  large  class  of  examples 
in  which  the  differences  of  three  letters  are 
involved.  Thus  we  are  observing  cyclic  order 
when  we  write  b-e,c-a,a-b  ;  whereas  we  are  violatinir  cyclic 
order  by  the  use  of  arrangements  such  as  6-c,  a-c,  o-6  or 

l~^*ij"u  J*'-  ^\  ^'"  *'''»>'*  ^  'o«n<*  *h»t  the  work  u 
rendered  shorter  and  easier  by  following  cyclic  order  from  tl.e 
beginning,  and  adhering  to  it  throughout  the  question. 

In  the  present  chapter  we  shall  confine  our  attention  to  a 
rew  of  the  simpler  cases,  resuming  the  subject  in  Chapter  xxix. 


«.)    ^"wnoir  AKD  tuBnuoitoN  OF  monoNa 

'SXAHPLBB  2ZL  t. 

llnd  the  value  of 
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CHAPTER  XXn. 

MiSOILLANlOnS   FBAOnONS. 

[AMNNpto  mowhtd  mik  an  tuiUriak  mof  b*  Icubm  at  a  later  ttage.} 
173.    Wb  now  propoM  to  consider  some  miMelkneoua  qnes- 

tioHB  involying  fractions  of  a  more  complicated  kind  than  those 

alreadj  discussed. 

In  the  previous  chapters  on  Fractions,  the  numerator  and 
denominator  have  been  regarded  as  integers;  but  case*  fre- 
quently wxar  in  whidi  the  numerator'  or  denominator  of  a 
nraction  iu  itself  fractional 

174k    Dflflnition.    A  fraction  of  which  the  numerator  or 

denominator  is  itself  a  fraction  is  called  a  OomidflZ  TxittUOL 

a    a 

^  all 

Thus  P  ?   0  '"^  Complex  Fractions. 

e         3 
In  the  last  of  these  tjrpes,  the  outside  quantities,  a  and  d,  are 
sometimes  referred  to  as  the  extmiuM,  while  the  two  middle 
qutintities,  6  and  c,  are  called  the  meant. 

176.  Instead  of  using  the  horizontal  line  to  separate 
numerator  and  denominator,  it  is  sometimes  convenient  t<> 
write  complex  fractions  in  the  forms 


Ih    a  I      ale 

V?  s/'-  ih 


170.    Bjr  definition  (Art  169)  -  is  the  quotient  resulting 

from  the  division  of  t  by  ^ ;  and  this  by  Art  158  is  ^ ; 

a 

I    ad 

3 


■torttothm  or  OoBrt«  TwMau. 

M^tiply  tht  extrmn..  f  complex  fraction. 

Examfit. 


a  1 

1 

6 
"-"Six  taJtSi""'"*  '""P'"  '"""^f  «..  rimpMctioo  o» 

w  raof«  simply  thua  : 
Multiply  the  f ractioM  above  an  J  K-i      u 
of  their  denonua.to«.     ^""^  *"**  '^^o^  by  W  which  i.  the  LC.M. 
Then  the  irmction  becomes  ?it*c  .   u.. 


if" 


ALOniA. 


[OUA 


Xitumplt  2.     Siniplify 


'~P 


Here  hy  mnUiplyiag  above  and  bel'  nv  by  *•,  we  hmr>i 
the  f«otl<m=^^J-,£5^«:^ 

3 


Example  3.     Simplify 


a^5-' 


B'-J-S 


Heie  the  expre«ion= i^^ll^^? 
o«+3a-18 

_2(<i>-6a-H9)    2(a-8) 

BxampUi.    Simplify    «^-*'"a'-»-y 

a-6~a+6 
_(a«-»-y)»-(oi-j 

Similarly  the  doKHiujiators ■*"* 

(a+6)(a-6) 


The  namerator 


Hence  the  fraotim*. 


4a«y  4aft 

(a'+ft-)(a»-J^+(o+6)(a-":R 

-(«*+6»)(«*-ii)'* — ^  - 


ioT 


aft 


»n!!S"« J5^  f^  •oonraOT  and  neatnees,  when  the  nnmerator 
^il^^S*"**?*"  "•  «*«•»»»•'  complicated,  the  beginner  i.  SS^ 
to  dmplify  each  aeparately  aa  in  the  above  exampUT^ 


Sinpli/j 


TlMezpre«ioa 


J^d  the  Talae  of 
m    / 

a     6^ 


U 


b+: 


'*S*ii 
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ALGEBRA. 


[CHAP. 


Find  the  value  of 


16. 


18. 


2/1  1    \  1-7      (<^*-^    a'+y\  .    '4«* 


r^ 


( 


I'-ox+ai'    o'+ox+a? 


a-x 


a+x 


\        at? 


21. 


a 


i+b    a-b 


1- 


0''  + 


l?" 


(o+6)3 


22. 


a      x_ 


N 


23. 


3a;-2    3x+2 
1 

9-4 


a  — 


rrr 


a+ 


a-1 


27. 


*29. 


85  +  - 


m 


n 


y+- 


r-2 


x-2- 


«-■ 


r-1 


a- 


a 


-6      b-e 


*31. 


l+gfc     1  +  ftc 


1- 


(o-fc)(fe-c)  • 
(l+o6)(l+6c) 


21    l+- 


l+a;  + 


l-x 


26. 


28. 


*30. 


4x+  ■ 


■C 


2(x+y) 


6-x 


1- 


1+x 


X 


♦82. 


XXII.] 

*SS.    - 
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a'-ox- 


a-x 


*84.       2»»+2g  3(!r-l) 

~         5"      X         3 


1-? 

X 


X 

x-2    *  x-4    ^ 


+4 


♦8B. 


2-4x 


4x-2- 


^^ 


'3& 


x*-2 


1- 


-     1- 


1  + 


2a;-l 


1  + 


x2+ 


4x-l 


-i 


x»- 


X 

1 

X 

X 


181.  Sometimes  it  is  convenient  to  express  a  sinirle  fraction 
as  a  group  of  fractions. 

Example.    S^Lz^^+l^^  J^_i^%J^ 
^  lOxV  io^    lOxy^lOaV 

2y    x"^^ 

182.  Since  a  fraction  represents  the  quotient  of  the  numerator 
by  the  denominator,  we  mav  often  express  a  fraction  in  an  equi- 
valent form,  partly  integral  and  partly  fractional 

Exampleh    ^=l£±2>±S=i+_5_ 
■^  x+2        x+2        ^x+2 

Example2.    g^2-3(x+g)-I5-2    3(Xjj)-17    -      17 
'^        x+6  x+5  i:i:6      "      «+5" 

In  some  cases  actual  division  may  be  advisable. 
Example  3. 
By  division, 


ExampUZ.    Shew  that  ^^^^*=2x-l 1- 

«-8  x-3 


x-3)2x«-7x-l(2x-l 
2x'-6x 

-  x-1 

-  x-^3 

-4 
Thus  the  quotient  is  2x  - 1,  and  the  remabider  -  «. 
Therrfot*  2ai*-lx-l  4 

x-3    -'*'"^-jr3- 
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ALGEBRA. 


[OKAP. 


183.  If  the  numerator  be  of  lower  dimensiona  than  the 
denominator,  we  may  still  perform  the  division,  and  express  the 
result  in  a  form  which  is  partly  integral  and  partly  fractional 

Example.    Prove  that  y^^^='^ - 6x» + 18a^ -  j^j^^- 

By  division         l+3«»)2a:         (2a:-6.'e»+18a:» 

2x+ftE» 

-da? 
-«ai*-18a* 


18a^ 
18a!»+S4«^ 

-54a!' 
whence  the  result  follows. 

Here  the  division  may  be  carried  on  to  any  number  of  terms  in 
the  quotient,  and  we  can  stop  at  any  term  we  please  by  taking  for 
our  remainder  the  fraction  whose  numerator  is  the  remainder  last 
found,  and  whose  denominator  is  the  divisor. 

Thus,  if  we  carried  on  the  quotient  to  four  terms,  we  should  have 


2x 


5=2a;-6x»+18a*-64a?  + 


l«2a* 


The  terms  in  the  quotient  may  be  fractional ;  thus  if  a? 
is  divided  by  3T^-a\  the  first  four  terms  of  the  quotient  are 

i+^+^7+^  and  the  remainder  is  ^,. 

184.    Miscellaneous  examples  in  multiplication  and  division 

occur  which  can  be  dealt  with  by  the  preceding  rules  for  the 

reduction  of  fractions. 

a*  2a' 

ExampU.    Multiply  a;+2o-g^^q:^  by  2a!-o-^^^. 

The  product = (a; +2o-g^:g^)x(2x-o 1 


2a^+7cug+6o'-o', 
2x+3a 

2a^+7aa;+5o«, 


x+a) 
2a:»+ox-o«-2o« 


2x+3a 


x+a 

2a;'+oa;-3o' 

x+a 


(2a!+5o)(x+o)    (2x+3a)(x-a) 


2x+3a 
«(2»+6a)(«-o). 


x+a 


xxri.] 
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EXAMPLES  XXn.  b. 

fiSrjot^t  tS;J:"°^'"^  ^^^^^-"-^  -  ^  ^-p  of  simple 


5. 


2ab 

be+ca+ah 
abc 


2. 
4. 
6. 


g  +  fe  +  c 

6a6c 


7.    ^-(l+«).  8.     a-(a-6).  9.     (!+:,).(,  _^). 

10.     l-d-x+a:^).      11.    x«-(x  +  3).  12.     l-.(l-^)2. 


13.    Shewtaat    -^Z^=a+26  + 


a -ft' 


11     Shew  that    a^-xy  +  y'^-^^tsiyl 

x  +  y      x  +  y" 

15.  Shew  that    ^"^^^-^^•^J  =  l2x-254.   *» 

16.  Shew  that    1  ,  "'+^'-c'-("  +  ^'  +  f)(a  +  .^-c) 
2o6  2a6 


17.    Divide  x  + 


2ab 

16X-27 
a~»-16 


byar-l  +  Ji- 

a:  +  4 


18.    Multiply      a^-2ax  +  4x^-}^hyS--^^i?^*^) 


19.  Divide 

20.  Divide 

Multiply 
B.A. 


0  +  2* 
6^ 


a'«  +  2ax  +  4ar*' 


6«f36-2-^-ll^by3ft  +  6-^^. 


a«+96«+ 


65M 


bya  +  .%  + 


l.y>» 
0-36' 


21 


4a^+14x  +  ^^::27  bv  i-—i£±29 


2x-7 


6    12x»+l&r+27" 


u: 
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ALQKBRA. 


[CBAT. 


1 86.    The  f oUowing  exerdae  contains  miacel^eom  eMmplea 
which  iUuatrate  most  of  the  procewes  connected  with  fnotion. 


Simplify  the  following  fractions : 


4a  (a 


1} 


1*    W{?^^'^\J^+^^  «*-2car+a^. 
x(g+a)(g+2o)    g(x+o)(2!g+a) 


2. 


3a 


6a 


1/   1  1    \  2 

\»-y/    \*+y/ 

/a*   .  2«*  \ .  /a^+iy     - 


2 


2 


4:c 


l+a!» 


x-1    a;+l~a5*-*+l' 


2!e'-9a!*+27 


^     l+2!r+Za5*+x^ 

,«     o    (a*-y)a?,a(a'-^a^ 
10.    5 ^—+-}^{h+ax) 


*•    3z*-81»+lW 


IL 


12. 


13. 


{^ 


2ox+a*     *-a 


("I     Ti'-vM.lx    a\ 


i_a* 


a»+a« 


Ti? 


.(iJiBI 


TJrrP" 


ic*-2g'+l 
3*»-l(kB»+Ute-B* 


2 


14. 


o*-y» 


16-  i+ir+i+5+5'r3 


x+8 


^    Sj^+4»+^"'"2*2»-8" 


ll  I 


zzn.] 


XISOELLANEOUS  FRACnONa 
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17. 


2 


a^+a^+x+l~a^-ii*+x-l 


la 


2L 


2a!»-a*-2!r+l 
a:»-3»+2     ' 


2a 


_^-8a?+8 


4a!^-2H!»+lto+20' 


2a 


«-a 


(x  -  2o)a  "  ie«-6a«+8o«"'"ic^l85' 


a+x/ 


SB     l/g'+a^     1    o+x    / 

ZL    '(~    -L-\     »'-»*        1 


«+y  •  L2U+y  x-y/'^xv+xs^i 
a    (3«-.-|)(3...-|).(«-|). 

28.    I? — ?-+JLU/«±5   o-«\ 
U    a+x    a-xj  '{a-x'^THcJ' 


27. 


_1_    2x-^ 
2x-l"4a:i_l- 


28. 


('^3^)('-.^)» 


6+ 


0-6 
1+^ 


a- 


a-b 
l-ab 


l_{a-b)b-'    kta-h) 


l+ab 


l-ab 


<M> 


30. 


32: 


x'+y« 

y  « 


a+ 


6-< 


«+y 


i    "(ft-g)   ,.y 


l-fa6 


1  + 


fix 


SL 


83. 


^+1     ^2' 


1-a^ 


a+6    0-6 

t-b    a+b    t^-aH> 

a-b    a+b^  a*TW' 

a+b~a-b 


170 


ALOXBRA. 


(OBAP. 


Simplify  the  following  fractions : 


31 


(l-it«)(l-g»)      **'^x* 


x(i+xni-xrj^T-^' 


» {^-^-i'-l)hH)- 


i+-     ^ 


88. 


38. 


m        m 


tn 


?+?f-l    1  + 


m 


m"  +  —    TO-1  +  - 


*7      y    jg  X 


!f  1+si 


m 


m 


+j:+l 


y 


y  y 


/3x+a*y 


1  T- 


9     33-a* 


ar»"3a?+l 


1?^ 


+  1  3- 


3     2(x^+3)' 
x»~  (x»-x)» 


40. 


»«-2    f'-l    a«+l    ^+2 
1.1  3 


i-2n    3m+2»    6m+2n 


x-1 


*^    4{l-x)«'*'8(l-x)'''8(l+x)'*"4(l+a^ 


y~* 


I   T  I- 

I 


m 

■  "tft ':    - 

?N 

W''' 

•If 

),  ■ 

i 

42. 


9(x-2)^9(x+l)    3(x+l)'» 


X 


+2+i 


«.   (y  +  x)(i^:::^)-^+^+^P7" 


44. 


48. 


46. 


a^-(y-z)'  ■  y'-(g-«)* .  g«-(x-y)« 


(x+z)»-y»    (x+y)«-z«'^(y+2)«-x*' 
x*-(y-28)»  .  y»-(2z-x)«  .  4z»-(x- 


(2z+x)»-y»'^{x+^)«-4z«"^(y+2=)«-x«^ 

(x-y)(y-g)  +  (y-t)(a-x)  +  (z-x)(x-y) 
»(z-x)+y(x-y)+«(y-x) 


xxn.] 


MISCELLANEOUS  FRACTICNS. 


m 


47. 


48. 


a-b 


b-C-i 


e-a-b 


(a-fe)(o-c)'^(6-c)(6-a)  +  rc-a)(c-6)- 
£±£__.       g  +  fe      ^      6+c 

(a-6)(o-c)     (fc-c)(6-o)  +  (^-Sy(^rr)- 


49.     ^-(2y-3z)«    4yM^^)»    fe^^^,). 
(32  +  xf  -  4y«  ^  (ar  +  2y)4-9z«  "^  (2y  +  32)»-^- 

5Q_    jyM42-2g)'  .  162'-(2x-3y)«    4x'    (3y-4z)» 
(ic  +  3y)-^  -  162*  ^  (3y  +  4s)a-4*S-  +  (Ifa  h^^T^' 


51. 


52.     (a;  +  a)(^  +  6)-(v  +  a)(v  +  fej    (a;-a)(y-fc)- (a;-ft)f^_at 


y 


a  -6 


53. 


54. 


(„^ 


a  +  x 


a-x 


ax  +  xi*    a'  +  ux  +  x^ 


a?-l 


■  + 


x  +  i 


Ji    a;+3    ar+3 

ji-2.     7    ~x  +  4 
1 1  •  x-li    x-^' 


56. 


a;-2  + 


6       x+3    rS 


x+3 


x  +  l 


x-3 


x-l 


X-4  + 


x+3 


X 


-3    x-3 

7    "^i^ 


56.    (x+' 


.r-6 


Ul       5(x+l)   1 
i\      x«+3x  +  2J' 


57.    (l+o)-^ji+. 


[      l-a  + 


l+o  +  o« 


I- 


{aa:a+(0+e)x-/}='-{ox*+(6-e)x-/}' 


tOBOELLANEOUB  BXAMFLS8  lY. 

Tills  foUowina  FxampUa  for  revition  art  arranged  in  gro^ 

W  VuExampUt  preaent  mor*  tane^  and  dtffieultjf  than  tiMe 
VS«  tame  typewhteh  have  appeared  m  prenoue  exerctteeJ] 

Sabititatioiui  and  BnckeU. 

1.  !1«dth.vd«eo£5?i^ijwhena-4.6=-S. 

2.  When  o=l,  6=  - 1.  c=2  evaluate  the  exprewion 

^/35•(6^e)+36»(c-o)+3c»^a-o^ 

8.    Simplify 

a(6-c)»-o(6-c)(26»-6c+2e«)  +  (at+ac)(6»-c^; 

and  find  ite  valne  when  a=l,  6=2,  c=8. 

4.    Find  the  value  of 

•/{5(6»-e«)-o«}  +  i/Z{a{cfl-<?)-i\ 

when  o=4,  6=6,  c=3. 

6.    Find  the  value  of 

^/(x*+y»+8)(x-y-3a!)  -f  N/«yV 

when  «=  - 1,  y=  -3.  *=!' 


A     When  a 

(1) 
(2) 


=0,  6=2,  x=l,  y=  -3,  «=8,  find  the  numerioal  value 

(«-y)»-3o(«-y)«+36(a*-»»); 
(«-a)»-6«(«-y+«)+N/(6«'-a*y+l'*+«^ 


7.    If* 


=8,  y=7,  «=8,  find  the  value  of 


(1,  x{M(i+i)}-f{v('+i)4<''-^> 


7«\, 


(2)    « 


{»(-.-)}-?{'-<»-"')}-'"(-''('"*)^ 


Xi9 


when  o«2,  6«-l,  caj. 
9.    Fiad  the  Tklne  of 

when  as=-l,  6=6,  c=3. 
la    When  «=4.  6.  -2.  c=|.  d=  -,.  fi„d  the  value  of 

(1)  a»-6»-(a-6)t-ii(36+2c)^2c«-^'j. 

(2)  ;/4c*-o(o-26-rf)  -  i/5^rjTl6»5*. 
IL    Find  the  valae  of 

when  /=|,  m=— J. 
12.    When  o=l,  6=  -  »,  caO,  evaluate 

»-  ■'  -e-{2g-26-»(3c-6)M 


o- 


T 


c- 


13.    Simplify 


42 


,/l^Z^    3/      4 


I     6 


?('-l»)}-"0<3'-%)-i(^.-,)} 


and  find  its  value  when  a;=i,  y=  -  2 
It    If  «=6,  y=7,  8=8  find  the  value  of 


(1) 


(2)    3y 


{¥-(r-')}4['-{>o-i(.-7.}]. 
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BMolntioB  taito  FaeC  <•«. 
{On  Arts,  188-138.) 
BetolTe  into  two  or  more  faoton : 

IB.    ««+21x+108.      1&    a«+6a-91.         17.  a^-aOary +«•!>■. 

18,    aV-14a6-51.    19.    <!»+<^-ia6<!.        SO.  ii»%i-6mn«+9n^. 

8L   p'-i^'-Kg*.    22.    rf»-4<W-48<i«.   2S.  «V-«V-*2*1>*- 

91.    m«+28m+19B.     2S.    210-o-o«.          98.  5/  +  l^-pV. 

28.    o«  +  7o«-98.         29.  c«+64c  +  729. 

81.    o«+9o«a:»+14af*.   82.  p«  -  SiM  -  108fl«. 

84.    ««-2«»-63««.      86.  6M+66C-84. 

87.    o«-22«:+67c«.    38.  ^  +  6i/h-9\yn. 

40.    2o«6»+o6-16.      41.  fi!p»-24p+16. 

44.  6a:»-6ar*+aB». 

47.  6p«-13!M+2?« 

5a  12»*-30y+l2. 
52.    2(o*6»+6)-9o«6. 
54.    3(9m*-lM*)+nmn. 


n.  a!«+27«'+176. 

aa  72  +  asy-«V- 

88.  2a»H    a»-284. 

88.  s*+34z-r280. 

89.  2+a6»-3«». 


42.  36  +  12mn  +  mV.  43.    119-lOc-A 

46.  6m«+7m-3.        46.    4o«-8o6-«.«. 

4&  206B«-9w-20s«.  49.    8«*+2x*-15. 

51.  12(oV-l)+7o6. 

58.  21x»+2y(6«-8y). 


iOn  ArU.  133-137.) 
Besolve  into  two  or  more  factors : 
56_    c»-o«-6«+2o6.  66.    a^+26c-6»-A 

ff7.     125*»  +  27y».         5a    aV+343.  59.    8126»-a^. 

eo.    a'-4(x-»)'.  "^    2mn+m«-l+n«. 

62.    8c«-2c»(d+c)«.  63.    (aV-l)»-««+2*y-»». 

84.    l-64««.  66.    p»+1000p»9=.        66.    6661 -«*. 

87.    x'-2!«»-y»-^+2y»+l.        68.    a«-16(6-cj». 
69.    c-d-4(c-d)».  7a    p«-169»+p-4g. 

71.    2+128(a+6^.  72.     x+3y+a:»+27y». 
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(Misc$Uantous  Facton.) 
Betolve  into  two  or  more  factors : 
ra.    «»+«V  +  «y«+y«.  74    aaf^bex-ad»-bd. 

78.     l4-6a-o«  78.    9&r«-7xy-y«.  77.    61-Mi-a« 

78.    l-(m«+p»)-amp.  79.    o6(x«+l)-«{o»+6»). 

8a    96«-66c-16  +  f»  n,    «V-c»+««-l. 

82.    3x«-2a6-«(6-6a).  85.    »»•-«»-(,•-«,„)(«-„,. 

8i    o(6«+c«-o«)  +  6(o«+c«-6«).  8S.    x'-««+8a:«-8. 

86.  Expreu  in  fftCvora  the  eqiure  1 .  ■  t  of 

(«• + 8*  +  7)  (2x«  -  «  -  S)  (2x«  +  llx  -  21 ). 

87.  Find  the  expreMion  whow  ■qoare  is 

(2*»  -  a^r  - 1 V)  (**•  -  28y«)  (at«  -  1  lay  +  16y«). 

Highest  Oonunon  Factor  and  Loweit  Oommon  M ultipla. 

88.  Find  the  lowest  common  multiple  of 

13o6«(x»-3o«x+2o»),    66o»6(x«+ax-2o'),    26W(a*-o«)». 

89.  Find  the  higheat  oommon  factor  of 
2(x«+9)-5x«(x+l),    2a^2x-9)  +  8lf.x-l). 

Find  the  exprewion  of  lowest  dimensions  which  is  div*  b!s  by 
each  of  the  followug  expressions : 

(2x«+4a!»)(aa+2x-8),    (2x»-4x»)(a*    '>.  -8), 

(x»-4x)(z«+2a;-8). 

Find  the  H.C.F.  and  the  L.C.M.  of  the  three  expressions 

a{a  +  c)-b{b  +  c).    b(b+a)-c{e+a),    e{c  +  b)-a(a  +  b). 

92.    Find  the  divisor  of  highest  dimensions  of  the  expressions 

(a  +  b)(a-b)+e{e-2a),    {a  +  c){a-c)  +  b{b  +  2a). 

^'    ^rflt  «d  S^i1»'r''*  ^™*'^*''"  ^'^^'^  '^'^^  *1^«  L.C.M. 
2o*-3a»6-o«6»+3a6»-&*. 


90 


91. 


v.- 
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91.    Shew  that  x*  -  4y*  U  the  H.C.F.  of  the  expressimii 

and        «»+32y»-8aV+2«V  +  l«*y*-16*V- 

SB,    Find  the  lowest  common  mtdtiple  of 

(o_cJ«-(6-c)*,    CT«+6«-2oc-26c+2o6,   a*-6*. 

96.    Shew  that  the  lowest  common  multiple  of 

a(o-6)«-ac«,    o«6-6(6-c)«,    (a+c)\5-W! 
b  a6c(a*+6*+c«-2W:*-2A»«-2oV). 

87.    Prove  that         x*-16a!»+7Sa!*-148!r+84 
and  x*  -  17x»+ 101a? -247x+ 210 

have  the  aame  H.C.F  and  L.C.M.  ai 

a!«-13x»+63x*-83a;+42 
and  «*-19x»+131x»-38to+42a 


If    '' 


ii! 


96. 


Simpliflcation  of  FractioiiB. 

Simplify 

l+ar+a?  .   x-a?  o* 


104. 


106. 


1-X»  (I'Xf 


**     2 


101. 


2a! -7    2(x+2) 
(x+l)»-(x-l)' 


3z»+ 


X 


(x'-2x)«-(x«-2)' 


1^    (TTiji+IT^+nT^        ^"^-    (x-l)(x+l)(x*-2j* 


1 
6x-2 


-3x 


X         111    i^a^-ay+y*. 
J?3^"x-y    x+y    X    y      xy{x-y)' 


lOB.     Q+5+a._6    3    ^    e 

X 


m.  i'-v-M'^»-^H^^'*''-^y 


xxn.]  WSCELLANEOtrS  BXAMPLM.     IV. 

109.    (ac+M)'-(arf+6c>»    {ac  +  bd)»+(ad+be^ 
(o-6)(c-d)  (o  +  6)(c+dj 


irr 


112. 


lli 


USi 


1-x  iT^"^i-aJ"rr;.   ^  ^ 


'     J        9i    g    f 


«-~    2+1    2r-^ 


1+- 


l-«+ 


_ ,        1+g+a^ 
r+3i+33+a?* 


l+« 


(a+6)«+(a-6)«    ,      ^, 

ra+6)«-(a-6yr 


117. 


1    _    f 


118.     r      ^-*  c-a        .^l-a      1 

l(a-6)(o-c)    {6-c)(6-o)+(c-a)(e-»)f 


2(a'+y+c»-6c-Ctt-aft> 
(o-6)(6-c)(o-a) 


CHAPTER  XXm. 
Harder  Equations. 


il  I 


186.  Iv  this  chapter  we  propose  to  g^ve  a  miscellaneous  col- 
lection of  equations.  Some  of  these  will  serve  as  a  useful  exercise 
for  revision  of  the  methods  already  explained  in  previous  chap- 
ters ;  but  we  also  add  others  presenting  more  difficulty,  the 
solution  of  which  will  often  be  facilitated  by  some  special  artifice. 

The  following  examples  worked  in  full  will  sufficiently  illus* 
trate  the  most  useful  methods. 


ea;-3_3a;-2 

x+6' 


Example  1.    Solve  -^    _- 

Multiplying  np,  we  have 

((te-3)(ar+6)=(3a:-2)(2x+7), 
6a:» + 27a;  - 15 = 6ie« + 17x  - 14 ; 
.-.  10r=l; 
1 

..         X-jg. 

Note.  By  a  simple  reduction  many  equations  can  be  brought  to 
the  form  in  which  the  above  equation  is  given.  When  this  is  the 
case,  the  necessary  simplification  is  readily .  mpleted  by  multiplying 
up,  or  "  multiply mg  across,"  as  it  ia  somet     »  caJled. 


Example  2.    Solve 


8x+23    6x+2    2ar+3 


20        3x+4' 
Multiply  by  20,  and  we  have 


-1. 


8,+23-?^±?)=8x+12-2a 


By  transposition, 
Multiplying  across. 


,,     20(&+2) 
^*-    3*+4    • 

93af+124=20{6a;+2), 
84=7x; 
.'.     X- 12. 


x+3 


■«"•  ™1T.1  BARDBt  BJUATIONS.  ,y, 

ExampUS.    Solve  iin?*.  23a: +8^     ^ 
By  tranapoMtion,  we  have 

23    r8i          16-iar-18+2» 
4«+5      * x+^ 

••• —~     '  ^ 

,,  ,  4a:  +  5      a:  +  3' 

Multiplying  across,  we  have 

7a:»-^+2Ia:-36=12x+7a:»+15  +  3^. 

--i2-=«>; 

•     ,_     600 


-^Z?^«-7 
"a:-7^jr9- 


Example  4.     Solve  -^^  x  '^  "  * 

by  proceeding  as  follows :  solution  will  be  much  simplified 

Transposing,  "^-8  _«j^_a;-7    ar-4 

a:-IO    x-7~;^r9-^r6- 


Simplifying  each  side  «e;,a«,fe/y.  ^e  havl 


.-.     ; ^  6 

equair  "^^  '''^  ""^-^o"  "«  ^^ual.  the  denominator  must  be 

'^^'^'  <*-10)(x-7)=(a:-9)(a:-6). 

«'-17«+70=a:»-15a:  +  64; 
••    16=2x: 
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The  above  eqoatlw  may  alao  be  solved  very  neatly  by  the  follnw- 
ing  artifice. 
The  equation  may  be  written  in  the  form 

(»-10)+2    (x-6)+2^(g-7)+a    (x-9)+2. 
«-10  «-e  ar-7  x-9     ' 


whence  we  have 


i+ilro+^+^=*+A^'^^9' 


which  gives 
Transposing, 


_L_+J_— L+J-. 

x-10^a!-6    x-7    x-9 


1       1  ^  1   __L. 

x-10~x^    x^    x-6* 

8  3 

•*•     (x-10)(x-7)~(a;-9)(x-6)' 

smd  the  solution  may  be  completed  as  before. 

>«-64    2x-ll    4x-65    x-6 


Example  5.     Solve 


x-13  ~  x-6       x-14     x-7 


Wehave  5+^^-(2+^)=4^^^-[l  +  -]pj)l 


"    x-18    x-6    x-U    x-7 

The  solution  may  now  be  completed  as  before,  and  we  obtain 
x=10. 


BTAMW.TM    XXIM.   a. 


s. 

6. 
7. 
9. 


x+4  _  x+S 
3x-8~3x^' 

7-Sa;_ll-l&g 
1+x       l+3x* 

6x+13     3x+5    2x 
16     ■6x-25'°6* 

8x-l    4x-2_l 
2x-l~Sx^~g' 

1. 


X         4 

x+2'^x+d 


2. 

4. 

e. 
& 
la 


3x+l  _x-2 

3(x-2)~x-l' 

3(7+6x)_36+4x 
2+9x       9+2x* 


=1. 


6x+8    2X+38 
2x+l"  x+12 

x-r28_2x+75 
x-6~2x-16' 


6x+7 1      8x-B 

9x+6~12^12x+8' 


ZXIII.] 
2r-6 


IL 

12. 

la 

15. 
16. 
17. 

1& 

ao. 

22. 

2a 

25. 
26. 

27. 

29. 
30. 

31. 


x-:j 
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6     ^2ar-16       W 


'-»lV 


4(g+3)_8g+37    7a;-29 
9  18     "fe-W 

(2»-l)(3a;+8)    ,    ^ 
8ir(«+4)      "*""• 


14. 


2x  +  5_2x+j_ 
5a;  +  3    5x4  2"^' 


r=J-.-^ 


x+3~a;  +  l    2a!+Q~2x+2' 
7  60    _    lOj         8 


«-4~5x-30    3x-12' 


a:-6 


30 


4-2a;"^8(l  - x)~ 2 - x"^ 2^^' 


19. 
2L 


25-? 

^    3  .  16a;  t-41  23 

«+i  *"  3x  :2-^"^FrT- 

g      g^-l.T-g    x-9 
aT-2~x-l-i_6"^r^' 

3^-7     g-9_g-j3    ar-lS 

x-9  x-n  x-16  x^rr7- 

£+3_x+6_x+2_x+5        a- 
x+6    x  +  9    X4  5    x  +  8'       **• 

^?^xl^-l?    8x-30    5x-4 
jj_4   +--        = -L 


30+6x    80+8x  48 

x+1  ■*■  x+3  ~^*'^T+Y 

?— _?JL?_?ZJ*    ar-lo 
i+4    *-7~x-5~^^6 


x+2    x-7 

«      x-6    x-f  1 


x+3    x-6 
x-4' 


2x-3  "^^T'^'^^T 


5£z8^to-44    10x-8_a;-8 
x-7   ~  x-1  ~x-S' 


x-2 
2x-3 


•4x-  -6 

4~-0ex--07* 


2& 


x-2     x-4 


•08S{x-  -625)=  -iiix-  -69376). 

(2x+ 1 -SXSx  -  2-26)=(2a;  - 1  •126)(3x+ 1 -25) 


=66. 


•3x-l     •6+1'ag 


^     l-l-4x_-7(x-l) 
•**•      •2+x  ~l--6x' 


33^    (3x-2)(ax-l)    1 

"*  iS^Tj g(Sx-2)=*4»-2. 
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Literal  Eaiuktiimi. 

187.  In  the  equations  we  have  discussed  hitherto  the  co- 
efficients have  been  numencal  quantities,  but  equations  often 
involve  lUeral  coefficienta  [Art  6.J  These  are  supposed  to  be 
known,  and  will  appear  in  the  solution. 

ExampUl.    Solve  (x+o)(ar+6)-c(a+e)=(x-c)(;r+c)+a6. 

Multipljring  oat,  we  have 

a?+a»+te+o6  -  a*  -  c*=a5*  -  <?+a6 ; 
whence  ca!+bx=ac, 

(a+6)«=oc; 
ac 


a+b' 

Example  2.    Solve r= • 

■^  x-a    x-b    x-e 

Simplifyiiig  the  left  side,  we  have 

a{x-b)-b{x-a)_a-b 
{x-a)(x-b)     ~x-e 


Moltipl/ing  acroH, 


{a~b)x     _a-b  ^ 
{x-a){x-b)~x-c' 

X  ^    I 

{x-a){x-b)    x-c 

a^-ex=a?-ax-bx  +  ab, 
ax+bx-cx=ab, 
(a+b-e)x=ab; 

ab  ' 


x— 


a  .  b-c 


JgXAMFLES  XXm.  b. 


Solve  the  equations : 


L 

or  -26=56x-3a. 

2. 

o«(x  -  o) + 69(x  -  6) = abx. 

a 

x«+o«=(6-x)«. 

4. 

(x-o)(x+6)=(x-o+6)« 

6. 

a(x-2)+2x=8+o. 

6. 

m\m-x)-  mnx = n^n + x). 

7. 

(o+x)(6+x)=x(x-c). 

8. 

(a-6)(x-o)=(a-c)(x-6). 

ft 

2x+3o    2(3x+2o) 
x+a         3x+a 

10. 

2{x-b)     2x+b 
3x-c  ~3(«-e) 

xxm.] 


LITERAL  EQUATIONS. 
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11 


1    i^l_i 


a    X 


^  i(^')=l(f-')- 

Wx-a    {x-h^ 


13.    I    c(o-6)+^. 

IS     ^"g    «-^ 

^     b-x^a-x  "•    -2-=^r7; 

17.  >-«)-e-f7=i(-?> 

la    (o+6)«*-a(6x+o«)=6a:(x- 
19.    6(o+«)-(a+x;(6-x)=3:a+- 


la    (o+6)*»-a(6x+o«)=6a:(x-a)+aa:(x-6). 

a 
20.    6(a-a;)-|(6-fx)«+o6^^+lV=0. 

2L    *»+o(2a-x)-^=^x-|)"+„« 

2a    (2«-a)(x+f)=4x(°-x)-|(a-4x)(2a+3x). 

**       x-a       x-2b~x-b^x-a-h' 

«•  (i-')(7->)-?"-^i<'^'-)=(I-')'-'- 

25.     *<=^+«)+2x+3A-o_2(£^+t^_^2) 

Examples.    Solve  ax+by=c 

o'x+6'y=rc'. 


(1). 

(2). 


miS^vl??"""*.?^"  ^^  "!^i"  °°^  *•»**  *^«  st'^^ent  '^i"  frequently 
meet  with  m  the  course  of  his  reading.  In  the  first  eauation  w« 
choose  certain  letters  as  the  coefficients  of  x  and  Tand  we  choJ^J 
bTKl^^o"^  '««er«  «nVA  accents  to  denote  correspo^nding  quanS 

tl  vll^  ;? Jl^ST  lir  "  "^  Ti^-^^  cSnnectfon^  between 
ine  values  of  o  and  a ,  and  they  are  as  different  as  o  and  6 :  but  it  is 

ttl  onT"*'°*  *°  "^  ^^^'^^  ^«'*«''  tJ'"'  ""^htly  varied  to  mark 

ofT.  F'v  .  w"'  "  *'^''*  *  common  property  as  being  coefficients 
0^  a: ;  6,  6'  as  being  coeffio^-nts  of  v-  "'i-icuui 

Sometimes  instead  of  accent.  I.M.r«  ar-  ...r.-l  with  a  «yJSx,  snchaa 
*»»  «»  o» ;  »i.  o«  Oj,  etc.  •^ 

B.A.  ^ 


JSH* 


HI 
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To  return  to  the  eqnatiooi  cue+bifmc (l), 

a'x+b'jf =&....„ (9)b 

Mnltiply  (1)  by  &'  ud  (2)  by  b.    Thoe 

abrx+bb'y=b'e, 
a'6a:+66'y=6c'; 
by  rabtraotion,  {aV  -a'b)x=Ve-b&i 

••    *"5y-^ ^^>- 

As  previoualy  explained  in  Art.  104,  we  might  obtain  v  by  eubsti- 
toting  this  value  of  x  in  either  of  the  equations  (1)  or  (2) ;  bat  y  is 
more  conveniently  found  by  eliminating  x,  as  follows : 

Multiplying  (1)  by  a'  and  (2)  by  a,  we  have 
aa'x+o'6y=o'c, 
aa'x+ab'if=ae^; 
by  subtraction,  {a'b-ab')y=a'e-a&i 

_a'e-aef 
'•    ^~a'b-ab" 
or,  changing  signs  in  the  terms  o2  the  denominator  so  as  to  have  the 
same  denominator  as  in  (3), 

ad-a'e         ,  Vc-bd 

Example  4.    Solve       ^Zi?+yz|=i ...  /., 

x+a    v—a    a  _ 

^+^=j 2). 

e      a-o    c 

IVom  (I)  by  clearing  of  fractions,  we  have 

xle-b)-a{e-b)+y(e-a)-b{e-a)={e-a){e-b), 
x(e-b)+jf{e-a)=ae-ab+be-ab+<^-ac-be+ab, 

x(e-&)+y(c-a)=sc*-a6 (3), 

Again,  from  (2),  we  have 

x(a-b)+a{a-b)+e]f-ea=a(a-b) 

x(a-b)+ey=ae , „(4). 

Multiply  (3)  by  e  and  (4)  by  e  -  a  and  subtract, 

x{e(e-b)-{e-aUa-b)]=<^-ab€-ae(e-a)t 
x{<^-ae+a*-ab)=e(<^-ab-ae+a'); 
:.    x=c ; 
and  therefore  from  (4)  y=fr. 
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L    ax+bjfsl, 
bx+ay=m. 

«    y     1 
10.    qa!-rb=p{a-y), 

13.    (o-6)x=(o+6)y, 
x+y=sc 


2.    Ix+mysn, 
px+qy=r. 

6.      x+ay=a', 
ax+a'y=l. 

6a:+oy=4ai. 


S.    oxsby, 
6x+ay=e. 

6L    p*-qy=r, 
rx-py=q. 

12.    px+?y=0, 
lx+tny=n. 


11    (o-ft)x+(o+6)j^=:2o«-26«. 
(o+6)x-(o-6)y=4a5. 


15. 


16.   !^?=2. 


o'    6' 


6    o    6' 


(x+y)(m»+P)=2(TO»+i»)+»n/(x+y). 

19.  6x+cy=o+6, 

20.  (o-6)a:+{a  +  6)y=2(a«-6«),     ax-6y=o«+6-. 
2L    .(.-6.j^)=,(„.,___^J     „,^^, 


CHAPTER   XXIV. 
Harder  Problems. 

188.     In    previous  chapters   we    have  given   colleetit»n8  of 

{•robleins   which    lead   to   Miiniile   eciuationH.     We   add   heie  n 
ew  examples  of  Boniewhat  greater  difficulty. 

Ex<iin/t/e  1.  A  grocer  buys  15  llw.  of  figs  and  28  Ihs.  of  eurranth 
for  $'2.6():  by  selling  the  tigs  at  a  loss  of  10  per  cent.,  and  the 
currants  at  a  gain  of  IMt  per  cent.,  he  clears  HO  cents  on  his  outlay  ; 
how  much  per  pound  did  lie  joiy  for  each? 

Let  X,  y  denote  the  iuinil>er  of  cents  in  the  price  of  a  pound  of 
figs  and  currants  respectively  ;  then  the  outlay  is 

1  .■).»•  +  28y  cents. 

l.u-f  28^  =  260 (I). 


Therefore 


Fhe  loss  upon  the  figs  is  —  x  15j:  cents,  and  the  gain  upon  tlie 


currants  is  y-  \ 


1(1 
28y  cents  ;  therefore  the  total  gain  is 

42m    3t 

^^  — -  cents  ; 


42y 


3£ 


.30 


Fr»»ni  (1)  and  (2)  we  find  that  .r  =  S.  and  y  =  5;  that  is  the  Hun 
cost  8<.".  .a  pound,  and  the  currants  cost  ."k".  a  p)und. 

Exnmitlf   2.     At   what  time   l>etween  4  and  5  o'clock  will  the 
minute-hand  of  a  watch  Ite  13  minutes  in  advance  of  the  hour-hand ': 

Let  X  denote  the  required  numlwr  of  minutes  after  4  o'clock  ;  theii. 
as  the  minute-hand  travels  twelve  times  as  fast  as  the  hour-han<l, 

the  hour-hand  will  move  over  -    minute  divisions  in  x  minutes. 

At  4  o'clock  the  minute-hand  is  2(J  ilivisicjns  behinrl  the  hour-hand, 
and  finally  the  minute-hand  is  1.3  divisions  in  advance;  therefon' 
the  minute-hand  moves  over  20 -f  13,  or  33  divisions  more  than  tlif 
hour-hand. 
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••     x  =  36. 
ThuB  the  time  is  36  minutes  past  4. 

must  ai«o  Uke  "to  .^mSerat^.n  tt?.  '^''^T  *^t '^"  ♦'•"d"  '  "  *« 
13  divisions  6eA"J?  ^horEd  "hfTluf  :L'^"''""'"*'''!!^  '« 
gains  20-  13,  or  7  divisions  "**"  ^**®  nunute-hond 

Henoe 


which  gives 


^  =  12  +  7. 

x  =  7-^. 


Therefore  the  <,m««  are  T^l  past  4,  a..d  36'  past  4. 

twf~£:/™nIrpa?;Tnd  wllki'tif  «^'-*  -'"-Itaneously  f..m 
at  th«  "ite'of  ;,  miKCurrnd  i^\  ,^  ^.*™^*'^'' 

will  A  have  walked  J«fore  he  overtf ket  i  ?       '  °^  "^  ""'"'  '  ''"'^  ^'''■ 

Suppose  A  hw.  walked  x  miles,  then  B  has  walked  x  -  c  miles 
^  walking  at  the  rate  of  ;,  miles  an  hour  will  travel  x  mile«  in  "^ 
hours ;  and  B  will  travel  x-c  miles  in  *  "  *■  h„.,~     *i.       .         .     '' 
being  equal,  we  have  T~    "''"  =  ^'^''^  ^''^  ^""«'' 

X     X-r 


whence 


qx=px-pc; 
x=-P^. 


Therefore  A  has  travelled  -P^i-  miles. 
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On  the  first  rappotitiun  the  iipoed  per  hour  i«  x  +  6  mile*,  and  th.' 
time  tttktn  in  y-4  houm.  In  thin  c5ai»e  the  distance  traveraed  will 
be  itiurt't»ented  by  (x  +  6)(y  -  4)  aiilen. 

On  the  acoond  suppuaition  the  diiUnoe  traveraed  will  be  repre 
■Jiiiciiby  (x-8){y  +  B)  miles. 

All  these  expressions  for  the  distance  must  be  equal ; 
.•.  j-y  =  (x  +  6)(y-4)  =  (j:-6)(y  +  6). 

From  these  ei|uations  we  have 

ary  =  xy  +  8y  -4X-24, 

or  «y-4x  =  24 d): 

and  xy  =  uy-6y  +  «ir-36, 

or  «x-ey  =  :j«  C-i)- 

From  (I)  and  (2)  we  obuin  x  =  30,  y=24. 
Henoe  the  distance  is  720  miles. 

Example  5.  A  pei-son  invests  $3770,  partly  in  3  per  cent.  St<j<  k 
at  « 102,  and  partly  in  Railway  Stock  at  «84  which  jiays  a  divHkiid 
of  4J  per  cent.:  if  his  income  from  these  investments  is  3>13»>.J.» 
per  annum,  what  sum  does  he  invest  in  each  ? 

Let  X  denote  the  number  of  dollars  invested  in  3  per  cent.,  y  tlir 

number  of  dollars  investefl  in  Railway  Stock  ;  then 

x  +  y  =  .3770 ''i- 

3.r  x 

The  income  from  3  per  cent.  Stock  is  Sj^^^,  or  ^.^  ;  and 

that  from  Railway  Stock  is  t--^,  or  9^. 


"lurofore 


34    56 


136] 


(■-'). 


From  (2) 

therefore  by  subtracting  (1) 
23 


x  +  ^y=4632i; 


.|y  =  862i; 


whence  y-28x  37?7  =  m50 ; 

and  from  (1)  x  =  2720. 

Therefore  he  invests  $2720  in  3  per  cent.  Stock,  and  $10.>0  m 
Railway  Stock. 

EXAMPLES  ZXIV. 

1  A  sum  of  $100  is  divided  among  a  number  of  persons  ;  il  the 
numl>er  had  l)een  increased  by  one-fourth  each  would  have  recened 
a  half  dollar  less  :  find  the  numl)er  of  persons. 
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garne,!  a  o«nt :  how  ...any  didl  buy  '       '  **'  ""^'  '"'  *  «'"»•  ""'^ 


■urn  of  iu 
find  th* 


nSiir  ten-digit  exc«ed«  ita  unitdigit  by  1 : 

Atli*   ??•  "^  °i  *'!•  ^'8it«  o'  a  number  leM  than  100  ia  fl  •  If  th» 


&    A  man  being  aaked  hb  age  repUed.  ••  If  too  take  2  v«ar.  f 


om 

'ears 

What 


my  preaent  age  

«w,i'«ri;'rig™jsssr — •»«  •«  »'«"«k «.  th.  h«d,  .r . 

of  6"„d'n'°  '""»'»»''•»'•  dock  together  b.l^e,„  u.  w„„ 

would  have  paid  «2  m  moro  •  fiiln^h^         I     ^?^  '•*"""  ''  ''"'*  <^ach 
.Hoh  had  to  ^v"  •  *''''  ""'"^''  °^  P^"^""'  «n^  what 

much  of  eacAid  ileCy  ?  *    ^  P^'  ^'""^  '"^  «'"»«  ^  per  cent :  hoM 
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1&  Tan  yflftn  ago  the  ram  of  tho  tkgea  of  two  aoiu  wm  <»ie-third 
of  their  father*!  age :  one  ia  two  yeara  older  than  the  other,  and  the 
preaent  anm  of  their  agea  ia  fourteen  yeara  leaa  than  their  Other's 
age :  how  old  are  they  T 

17.  A  and  B  atart  from  the  same  place  walking  at  different 
ratea ;  when  A  haa  walked  IS  milea  B  doublea  lua  pace,  and  6  hours 
later  paaaea  A:  il  A  walka  at  the  rate  of  5  milea  an  hoar,  what  ia 
£"8  rate  at  first? 

18.  A  baaket  of  oranges  is  emptied  by  one  person  taking  half  of 
them  and  one  more,  a  aeoond  person  takine  half  of  the  remainder 
and  one  more,  and  a  third  person  taking  ha^  of  the  remainder  and 
aix  more.     How  many  did  the  basket  contain  at  first  T 

19.  A  person  swimming  in  a  stream  which  mns  1^  milea  per 
hour,  finds  that  it  takes  him  four  times  as  long  to  swim  a  mile  up 
the  stream  aa  it  doea  to  awim  the  same  distance  down :  at  what  rate 
does  he  swim  t 

20.  At  what  times  between  7  and  8  o'clock  will  the  hands  of  a 
watch  be  at  rieht  angles  to  each  other?  When  will  they  be  ia  the 
■ame  straight  line  ? 

21.^  The  denominator  of  a  fraction  exceeds  the  numerator  by  i ; 
and  if  5  ia  taken  from  each,  the  sum  of  the  reciprocal  of  the  new 
fraction  and  four  times  the  original  fraction  ia  6 :  find  the  original 
fraction. 

22.  Two  persons  start  at  noon  from  towns  60  miles  apart.  One 
walks  at  the  rate  of  four  miles  an  hour,  but  stops  2^  hours  on  the 
way ;  the  other  walks  at  the  rate  of  3  miles  an  hour  without  stop- 
ping :  when  and  where  will  they  meet  ? 

23.  A,  B,  and  C  travel  from  the  same  place  at  the  rates  of  4,  5, 
and  6  miles  an  hour  respectively ;  and  B  starts  2  hours  after  A. 
How  long  after  B  must  C  start  in  order  that  they  may  overtake  A 
at  the  same  instant  ? 

24.  A  dealer  bought  a  horse,  expecting  to  sell  it  again  at  a  price 
that  would  have  given  him  10  per  cent,  profit  on  his  purchase  ;  but 
he  had  to  sell  it  for  $50  leas  than  he  expected,  and  he  then  found 
that  he  had  lost  15  per  cent,  on  what  it  cost  him :  what  did  he  pay 
for  the  horse  ? 

25.  A  man  walking  from  a  town,  A,  to  another,  B,  at  the  rate  of 
4  miles  an  hour,  starta  one  hour  before  a  coach  travelling  12  miles  an 
hour,  and  is  picked  up  by  the  coach.  On  arriving  at  B,  he  finds 
that  his  ooach  journey  has  lasted  2  hours :  find  the  distance  between 
A  and  J?. 

28.  What  is  the  property  of  a  person  whose  income  is  $1140, 
when  (me-twelfth  of  it  is  invested  at  2  per  cent.,  one-half  at  3  per 
eent.,  one- third  at  4^  per  cent,  and  the  remainder  pays  him  no 
dividend  ? 
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27.  A  person  spends  one-third  of  hi.  ••„- 
and  pays  away  6  per  cent  nTlhl  u\  "''°"*'  «*^«'  one-fourth, 
on  deb^;  prevLsir.W;d  aLd  tief  h"  jf.'f ?"*  **  ^^  per  cent 
was  the  amount  of  Ls  deSs  »'  ^*°  J«8  « 1 10  remainlnV:  what 

the^eisJSee^SSrnSi^hSrw^^^^^^^^^  r "  '   ^  - 

as  much  water  as  wine      Fin rf  hn^     ^'^'  '"  *^«  °t''er,  five  times 

each  to  fiU  a  third  vSJ;i  whTch  tZ  ""''''  '"",f  ^  ^^^a^n  off  K 

contents  may  be  half'^irS  hai^iate?"  «*"°°''  ^  °^^'^'-  ^^at  iS 

tjS  tw^:rrcT  ™?iri-  winranrthT^r°«.K°'  ^'^^^'^  - 

much  wine  as  water.  How  muTh  muTt  th^  i^^""  ,*''''^«  *'"««»  »« 
-  filU  pu.t  cup.  in  Which  the  '^i^ZAZ'^:tSl  t^^Z^ 

A  l^e^S  'ftirl  L*  ^aZL^r  f'^  "*??'  -«  '«>-  ^  to 
walks  at  the  rate  of  p  miles  and  tK-  w*  ®  °^  ",  •""«"•  The  former 
hour :  at  what  distan^ce^fS  itm^tW^^i't^  "*^  ''^  '  ™"™- 

BiSi4^^^^^^^  fhot  rr'Sin'^n^HTclSLT^?  ^^^  I-'><ion  to 
15  miles  longer,  travelling  S  a  Led  wh?I  ^^*^1^'°«  ^*''«h  is 

I.J  filing  the  „,i«„rt.  at  :B  cent,  ,J.f  li!.'.'"  "^"^  "•"«•  "'«r  I-  t'«iil«l 
33.  A  man   Ims  one   kinrl  ,.f   „„«• 

-;."uc,l.  of  the  firsi  and  htlf  as  nm^h  LTh ''  ''"^■"  l^'."fe'''t  3  times 
""^^y  :  how  many  yards  of  each  Jid  he  buy  ■'    '""""^  ^^'^  »»>«  same 

offmntsrhot!?n?i*^^^^^^^^^ 

f'ave  ndden  from  ^  to  5  and TcWir^L tn  ?k'^'  *"  *'°"'-'  J^«  ^o^ld 
that  2  T   1^     '°  *''*  """e  t™e.     Prove 

-alk-  fr^^  1  te'Se*SS,S{t?>.^*"'^''«'«-  ^  ">«  ha,  to 
t"  hi3  starting  point.  He  <Sn  walk  ri-^^  ''"^'- '  *''*^  '^"^^  '^^  ^^ 
""nutes  respectively.  If  hTstTrtif.  it"*'  ''"^«  •  m-'e  in  a,  be 
he  starts  W^he  tokes  6+«  '?hi^°'"  ^  he  takesa-^c-ft  hoSrsVif 

^^•^-.-..-ahoursniLJthVle^XfSJl'u^r^ 
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189.  Suppose  the  following  problem  were  proposed  foi 
solution  : 

A  dealer  bought  a  number  of  r-beep  for  $280.  If  he  liiid 
bought  four  leas  each  would  have  coat  $8  more  :  how  many  did 
he  buy  ? 

We  should  proceed  thus  : 

280 
Let  ^=the  number  of   sheep;    then  —  =  the  number  of 

dollara  each  cost. 

If  he  had  bought  4  less  he  would  have  had  x-4  sheep,  and 


each  would  have  cost 


280 


dollars. 


.r-4 

280_  280  . 


whence 


x{x-4)+26(x-4)=36x; 
a*-4r+36:p- 140=35x ; 
.-.    ««-4jr=140. 


Here  we  have  an  equation  which  involves  the  square  of  the 
unknown  quantity;  and  in  order  to  complete  the  solution 
of  the  problem  we  must  discover  a  method  of  solving  such 
equationa 

190.  DEFiNiTioy.  An  equation  which  contains  the  square 
of  the  unknown  quantity,  but  no  higher  power,  is  called  a  qnad 
rati';  equation,  or  an  equation  of  tiie  second  degree. 

If  the  equation  contains  both  the  square  and  the  first  power 
of  the  unknown  it  is  called  an  adfected  quadratic ;  if  it  contains 
only  the  square  of  the  unknown  it  is  saia  to  be  a  pure  quadmtic. 

Thu82j;*-6x=3    is  an  adfected  quadratic, 
and  6«*=20  is  a  pure  quadratic. 
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Example.    Solve  9  25 

Multiplying  up,  9a;«-99=2Sa;«-676; 

.-.    18a:a=676; 

and  taking  the  square  root  of  these  equals,  we  have 

J.Z  th?.  Si^X'^trt"!?:!"  *^«  ""'"'-'  -  *^«  right-hand 

double  sign  to  the  quantitiero^WK    -T*  '"'^i''  ^  P^^^^  the 
But  an  eiaminatLrof  thi  -»"  "  ^^'*"**  ^"*®  ±x=±& 

+;r=+6,  +.r=-6    -X'=-\-^    _    _     « 

sides,  we  have  two  «mpl'equat£J;"^  '''"  '**"*""  "°°^  °f  both 

Taking  the  upper  sign,           s-Z=  +5,  whence  *-8  • 
taking  the  lower  sign,             *_ 3-     r  ZT  ' 

*!--„,  ,.      .    °^  *    " o.  Whence  j; SB —2 

•     the  solution  JS  -._o      nr         o 

^ow  the  given  equation,  (*-3)8=25 
^ybewritt,^„  ^_&,+(3j2^25. 

Hence,  by  retracing  our  steps,  we  lean,  that  the  equation 

^^^^^^tX^^t^^ii^F,^^  9  to  each  side,  and  then 

«*ch  side  is  that^tWroZtitJ^iif/nf  ^  ^^^  w^  add  9  to 
ix^fect  iquan,  <l""»tity  added  to  the  left  side  makes  it  s 
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Now  whatever  the  quantity  a  may  be, 
«a+2aj?+o«=(ar+a)«, 
and  a^-2ax-\-d?={x-af', 

80  that  if  a  trinomial  ia  a  jierfect  square,  and  its  Mghett  power, 
X*,  haa  unity  for  its.  coefficient,  we  must  always  have  the  term 
without  X  equal  to  the  square  of  half  the  coefficient  of  x.  If, 
therefore,  the  terms  in  3^  and  x  are  given,  the  square  may  be 
completed  by  adding  the  square  of  half  the  coefficient  of  x. 

Hote.  When  an  expression  is  a  perfect  square,  the  sqaart  terms 
are  always  positive.  [Art.  114,  Note.]  Hence,  if  necessary,  the  coeffi- 
cient of  x"  must  be  made  equal  to  + 1  before  completing  the  square. 

Example  I.     Solve        ar'  +  14x=32. 

The  square  of  half  14  is  (7)'. 

.-.    ir»+142r+(7)'»=32+49; 


that  is, 


(x  +  7)«=81 ; 
•.    x  +  7=±9; 

x=  -7  +  9,  or  -7-9; 

x=2,  or  -16. 


Example  2.     Solve  7x = x"  -  8. 

Transpose  so  as  to  have  thb  terms  involving  x  on  one  side,  and 
the  square  term  positive. 
Thus  x»-7x=8. 

Completing  the  square,  x'-7a;  +  (2)  =8  +  -|-; 

(7\'    81 
*~2/  ~T' 
7_     9. 
•'•    *~2~*2' 
_7,9. 
*~2    2' 


Note. 


x=8,   or  -1. 
We  do  not  work  out  [1]  on  the  left-hand  side. 


EXAMPLES  XXV.  a. 

1.     6{x«-)-6)=6r>.         2.     3xa=4(x»-4).  3.  x"+22x=75. 

4.    x"-^24x=25.  5.    x»=10x-21.  6.  (9+x)(9-x)  =  17. 

7.    x»-(-3x=18.  8.     x*-l-6x=14.  9,  x«-6x-36=0. 


XXV.] 

10.    «*=x+72, 
la     68-a:»=13x. 
16.    23a:=120+x« 


QUADRATIC  EQUilTIONS. 


195 


19. 


a^-^x=32. 


^  ¥-1-- 


U.    ««-341=20x. 
14.     a;+156  =  a:«. 
17.     42  +  x»=iar. 

10        o 


12.     9a:-x«+220=0. 
15.     187=a;"+6x. 
la     22a;  +  23-a;a=0. 


28.     f(.  +  6)(*-2)=|(62iV+'-|?). 


Example  1.     Solve  32-3x2=10a;. 

Transposing,  3x»  +  lOr  =  32. 

Divide  throughout  by  3.  so  as  to  make  the  coefficient  of  x»  unity. 

Thus  ■"       '" 


^^'1-? 


26 


completing  the  square,  «»+^a: +  ("-)'=??+?? 


:«=-|±y=2.or- 

^6\« 


5  J. 


(  6  )  ^"*  (i)'  *o  the  left-ha:  d  side. 
5«'+lla;=12. 


Note.     We  do  not  add 
Example  2.     Solve 
Dividing  by  5, 

completing  the  square.  x^+  ^a,  . /»  V_I2    121 . 

5        \10/      6''i(5(J' 
that  IS, 


^-^=^^ 


11 


19, 

'lo' 


a,_     ".19    4 
'"10*10=5'  "^  -3. 
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105.  We  see  then  that  the  following  are  the  itepe  required 
for  solving  an  adfected  quadratic  equation  : 

(1)  If  necessary,  simplify  the  equation  so  that  the  terms  in 
jfl  and  X  are  on  one  side  of  the  equation,  and  the  term  without 
a  on  the  other. 

(2)  Make  the  coefi  cnt  of  x*  unity  and  positive  hy  dividing 
throughout  by  the  coefficient  of  «*. 

(3)  Add  to  each  side  of  the  equation  the  square  of  half  the 
coefficient  of  x. 

(4)  Take  the  square  root  of  each  side. 

(5)  Solve  the  resulting  simple  equations. 

_  106.    In  the  examples  which  follow  some  preliminary  redac- 
tion and  simplification  may  be  necessary. 

ExampUl.    Solve  ?£z|=^_2. 


2a;-3 
3x-2 


x+4 
Sx-6. 


Simplifying.  2x^3"  x+4  ' 

multiplying  across,    3x*+10x-8=:6x*-2Sx+24; 
that  is,  -3x*+36x=32. 

Dividing  by  -3,  a^_^x=-f; 

completing  the  square.  ;..-|x  +  (^)'=l|5-f ; 
thati^  (x-^j=^; 


X- 


.-.     x=10f,  or  1. 

ShMmple2.    Solve   7(x+2a)*+3a*=5a(7x+23a). 
Simplifying,  7x> +28ax+ 28a* +3a3=3fiax+ 116a*, 
that  is,  7x*  -  7ax = 84o*. 

Whence  x*-ax=12o*; 


completing  the  square,  a!*-ox  +  (|)  =l2a'+~; 
that  is,  («-l7=*-?' 


«-^=±§i 


»=4a,  or  -3a. 


ZZT.] 
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107.    aometimes  there  IB  only  one  solution.    Thus  if 
*»-ar+l=o,   then  (ar-l)«-o, 

riSc^V"  Sd  ?t"^  "^'"^'^r-    Nevertheless,  in  thi.  and 
tZ^LS^   ^"**  '*  convenient  to  aay  that  thrquadratic  h2 

EXAMPLES  ZXV.  b. 

1    83^+x=30.  6.    3a:»+36=22r 

7.    15=17«+4x».         a    21+x=ac«. 
10.    iar«=2ftr-14.     a    20x»=12-x 

15.    ;«^-27-28=a  16.    ^^s.^,,""- 

17.     l^-a«:=a«  18,    21x.=2ax^3«« 


8.  ar  +  22-6a:«=0. 

9.  9x3-]43-ft,;-(x 

12L     lftr=I5-&E*. 


25. 


28. 


=3ar+2.      26. 


6x+7 

3x-l     ,        6 

4«+7         «+7' 


3ar-8    6x-2 


30. 


32. 


34. 


36. 


38. 


=0. 


x+3     2x-l 

_4 6       3 

£zg.3g-ll    4ar+13 

«-3^  «-4  -■ ^+r' 

3a:-2c^2a;-3c~2c" 


29. 
3L 

sa 

36. 
37. 


7x-6    2a: -13" 

_J l_-6 

!+«    3-x~36' 

J 4_     1 

3-x    6~9r^' 
5       4_    3 

«-2"i-^+B* 

-    1       ,     £        2 
a«6 


39.    ^.(l.i)a=25.j'. 


«uSe^Tctit',Sd*Sinsi:r^^^      ^'  "^PP?"  *^*  after 
ean  be  written  in  thVform     '^  ^""^^  quadratic  equation 

wh  h  *»*+&r+c=o, 
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Transposing,  cufl+bx^-ei 

dividing  by  a,  «•+-*=«--. 

a  a 

Completing  the  square  by  adding  to  each  side  (~  j  , 

^a   ^\2aJ      4a«    a' 
that  is,  fx- 

extracting  the  square  root, 


[OBAX 


_&\«_6»-4ac 
"'"2a/  ~     4a*    ' 


b  _±^(b^-4ac) 

*  2a 

too.  Instead  of  going  through  the  process  of  completing  the 
square  in  each  jjarticular  example,  we  may  now  make  use  of  thia 
general  formula,  adapting  it  to  the  case  in  question  by  sub- 
stituting the  values  of  a,  b,  e. 

Example.     Solve  Sx^+llx- 12=0. 

Here  o=5,   6=11,   c=-12. 

.     ^_  - lli:\/(lI)»-4.5(-12) 
..    X ^ 

_-llj:s/361      -11^:19     4 

10 lO      ~6'   °^  "^• 

which  agrees  with  the  solution  of  Example  2,  Art.  194. 


200.     In  the  result 


_-b  +  sW''4ac) 


2a 


it  must  be  remembered  that  the  expression  .J{b^-iac)  is  the 
square  root  of  the  compound  quantity  b*-Aac,  taken  as  a  whole. 
We  cannot  simplify  the  solution  unless  we  know  the  numerical 
values  of  a,  b,  c.  It  may  sometimes  happen  that  these  values 
do  not  make  6*-4ac  a  perfect  square.  In  auch  a  case  the  exact 
numerical  solution  of  the  equation  cannot  be  determined. 


m 
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ExampltL    Solve     5x«-I3ar+ll=o. 
We  have 


199 


2.5 


Now 


10    • 


n/5-.  2-236  approximately, 
-_I5±2-236     ,  , 
10 =  1-7236,  or  1-2764. 


•d) 


nejM^^^^^^^^^  place,  of  decimals,  and 

Unless  the  nMwer.co/  values  of  th^,  ^^''^^  **"«  equation, 
it  .s  usual  to  leave  the  rSlafn  the  L,n  (T"  **""*''^  "'  '""^"''•^'^ 


2 


Example  2.     Solve 
We  have 


ne^/fe.'l;j.'i'?;:i^^th.e  or  negative,  .hose  squar.  i, 

exactly  or  approximateirto  °  ^rfsent  Thr/''^''  '°  ^°^  any  Quantity 
there  is  no  real  value  of  x  wE  .  «  **',"*'"''  •"oo*  of  -  H.  Thus 
case  the  roots  are  said  to  £^Z  ■  ^^'^^^^  '*'«  equation.  In  such  f 
the  general  iormXTi^TlT^Hn"  T"^^!'"'  ^^^^^In^^ 
quadratic  c«:»  +  6x  +  c-=0  are  alwa^-  J  "^^-"^  ^^'^^  ^^e  roots  of  « 
negative.  ^  *™    '''ways   imaginary  when    t«-4oc  is 

N^ote.     If  the  equation  ic^-Xr-^n    n  •    . 
I'xpliiined  in  Art.  3.30  it  will  l^/^    ."  treated  graphicallv    aa 
^-■.  -i.s  of  .,..     In'Siet  wid"  S  i^,J  ''"  g^a?h  EovcJ  See" 

^^luch„,akes  the  expression  x'-^s;^Te;:Xor.'"■''  ^■"'"^'  "^  ^ 

•solution  wt*sretits''S^*?o';,d  l^rt '^"r'"»^  ^^^^^-^    ^^ 
'uethods  given.  "°**  shorter  than  either  of  the 


^+^x=2. 


Consider  the  equation 

Clearing  of  fractions,   3.r2+7a:-6=0 
b.v  resolving  the  left-hand  side  into  fact;*.;  we"  w;'" 
(3*-2)(x-|.3)=0. 


•0); 


II    ^ 
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Now  if  tither  of  the  factors  3x-2,  x+3  is  zero  their  oroduct  is 
lero.  Hence  the  quadratic  equation  is  satisfied  by  eitner  of  the 
suppositions 

3a- 2-0,  or  x+3-0. 


Thus  the  roots  are 


3' 


3. 


It  appears  from  this  that  when  a  quadratic  equation  hat  been 
aimplijud  and  brought  to  the  form  of  equation  (I),  its  solution 
can  always  be  readily  obtained,  if  the  expression  on  the  left-hand 
side  can  be  resolved  into  factors.  Each  of  these  factors  equated 
to  zero  ^ves  a  simple  equation,  and  a  corref<ponding  root  of  the 
quadratic. 

Example  1.     Solve      2x*-ax+2&r=a6. 

Transposing,  ao  aa  to  have  all  the  ttmu  on  one  tide  of  the  equation, 
we  have 

2x*  -  ox  +  26a;  -  o6 = 0. 

Now  2«»-ox  +  26x-o6=x(2x-o)  +  6(2a:-o) 

=  {2x-o)(x  +  6). 

Therefore  (2x-a)(x  +  b)=:0; 

whence  2x-a=0,  or  x+b=0. 


Example  2. 
We  have 
that  is, 
Transposing, 


Thus  the  roots  are  0, 


.•.    x=g,  or  -c. 

Solve      2(x"-6)=8(x-4). 
2x«-12=3x-12; 

2x»=:3x  

2x«-3x=0, 
x(2x-3)=0. 
.•.    x=0,  or  2x-3=0. 
3 


,(1). 


Hote.     In  equation  (1)  above  we  might  have  divided  both  sides 

Q 

by  X  and  obtained  the  simple  equation  2x=3,  whence  x=^,  which  is 

one  of  the  solutions  of  the  given  equation.  But  the  student  must  be 
particularly  careful  to  notice  that  whenever  an  x,  or  a  factor  contain- 
mg  X,  is  removed  by  division  from  every  term  of  an  equation  it  must 
not  be  neglected,  since  the  equation  is  satisfied  by  x=0,  which  is 
therefore  one  of  the  roots. 


XXV.] 
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thu  chapter.  *  *^®"  °^  ^o®  methods  explained  in 

^'ampiy.    Solve  «•- 13x.+86=0. 

By  rewlution  into  factort.  (^-9)(.r«-4)  =  o- 

Md  «"-B,  or  4, 

a:=±3,  or  ±2: 


Example  2.    Solves        ».     20 

■    Xs~n 


^+3x'- 


Write  y  for  x«  +  .lr,  then  we  have 


or 


From  this  quadratic 


y»-8y 


*-f=.. 


20=0. 

y=10,   or  -2; 

Tk.,.         u  ••    **+3«=I0,  or  -2 

ITius  we  have  two  auadraHn.  f^      i  , 

'=-6.  2;  or  _^'^^''^'*^^<>»  to  solve,  and  finally  we  obtain 

EXAMPLES  XXV.  c. 

<.    -'=ar  +  6.  5     Si!:  '•  n      ^    2^^7-9.=0. 

7.    8:r»=x+7.  «     S    f,      ^=^'     ®'    ^+"  =  7^- 

10.    3:^=xl  ,f    Srf^V^-         9-     3..-^9-2:r»=0. 

Solve  by  resolution  into  factors  • 
13.    6a:»=7  +  z. 

15.    28*-21  +  li«J=o. 


17.  4x»=*.x  +  'i 

19  7a:»=28-96.-. 

21.  26a:»=5x  +  6. 

23.  12a:3-Uax=36o«. 

25.  356»=9x8+6fex. 

27.  a:'-2flur+4a6=26x. 

29.  3x»-2ax-bx=0. 


14.     21+8ar»=26j:. 
16.    5x'+26x  +  2i=0. 
18.    «»-2=|x. 

20.    96x»=.4x+15. 
22.    35-4x=4a~». 
24.     12x»+36o»=43ox. 
26.    36«»-356a=l26x. 
28,    «»-2ox+8x=16a. 
30.    ox»+2!r=6x. 


!• 
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Solve  M  explained  io  Art.  202  : 
a.    4=6*«-«*.  82.    a:*  +  36  =  13jr'. 

Si    *«  +  7«»=8.  34.     ««-i9j:».218. 

36.  16(x»  +  ^)=287 

37.  a:»(19  +  a:»)=216. 

3a 


**-«+^!,=»8- 


36. 


40. 


(.r«+2)»+198=29(y''  +  2). 


x(x-2a)  =  -j^^-  +  7a', 


202^.  The  method  of  solution  by  factors  is  applicable  to 

equations  of  higher  degree  than  the  second. 

For  example,  if 

(x-2)(x+l)(x+2)-0, 

the  equation  must  be  satisfied  by  each  of  the  values  which 
satisfy  the  equations 

x-2-0,    x+l«0,    x  +  2=0. 

Thus  the  roots  are  x=2,  -1,  -2. 

Example.     Solve  the  equation  Sx"  +  5z' = 3*  +  5. 

Putting  the  equaticr  '"  the  form 

o.'  '-6a;»-3x-6=0, 
we  have  x^3x+5)-{3x+5)=0,* 

or  (a*-l)(3x+6)=0; 

that  is,  (x  +  l)(x-l)(3«  +  5)=0; 

whence  x  +  l=0,  or  «-l=0,  or  3x  +  6=0. 

Thus  the  roots  are   -  1,  1,  -  f . 

Note.  At  the  stage  marked  with  an  asterisk  we  might  have 
divided  throughout  by  3x  +  6,  but  in  so  doing  the  factor  must  be 
equated  to  zero  to  furnish  one  root  of  the  equation. 

202b.  If  one  root  of  an  equation  is  known,  or  can  be  obtained 
by  trial,  a  correapondine  factor  of  the  first  degree  can  be  re- 
moved. ^Vhen  this  is  done  we  have  left  an  equation  of  lower 
degree  than  the  original  equation. 

Examjile.     Solve  the  equation 

x»-ar»-6it  +  16=0. 
By  trial  it  will  be  found  that  the  left-hand  side  vanishes  wh(  n 
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''('-2)-«(x-2)-8(x-2)  =  0; 
(«'-*-8)(x-2)«0. 
Removing  the  factor  x  -  2.  we  have 

*'-x-8=:0; 
whence  ^^1*^33 

Thue  the  three  roots  are   "    l+v1S    1     v'33 

-   "a    •  - 

EXAMPLES  XXV.   d. 

Solve  the  following  equation*  by  the  method  of  factors 
1.     •r'  +  x»-x-l=o  o     -J    ^  . 

?     v3    ^        ,  ^    *'-2x*-x  +  2=0. 

o.     x*-4x=x'-4  A        .    _  „ 

0.^""  ""  '"""""e  "I-*"'  having  given  „o.  root  i„  ^^ 
«.    ^-3(te  +  7O=0.    C.=5.)    9.    ^-37,. 84=0.    [,=  -3, 

gi>^';th?^?i'»opT^'rd^j*t  -"""^  °'  ^"-  ^ 

1    ^  +  .=  l-<»5e.  ,4    ^-36«*3237.0. 

i't-xT'^l^to  f  .S""'  "°"'  "■•  '"""  »'  '  »W=1.  will  m.k. 
20.    Solve   the    equation    i^A^ny    -j    n       t* 

""""'"""-ArTuS.th'S.-atllip^LS'"'  «"•  «"• 


CHAPTER  XXVI. 
Simultaneous  Quadratic  Equations. 

203.  Wb  shall  now  consider  some  of  the  most  useful  methods 
of  solving  simultaneous  equations,  one  or  more  of  which  may  be 
of  a  degree  higher  than  the  first ;  but  no  fixed  rules  can  be  laid 
down  which  are  applicable  to  all  cases. 

Example  1.    Solve 


x+y=15  

xy=36  

P'om  (1)  by  squaring,  x'+2xy+y^=235 ; 
ft.         »  4ry=144; 

1  action,  x^-2xy+y  =Sl  ; 

by       iUg  the  square  root,  x-y=±9. 

Combining  this  with  (1)  we  have  to  consider  the  two  cases, 


..(1). 
..(2). 


i 


x+y=15,\ 

x-y=  9.J 

x=12,\ 

y=  3.J 

Examplt  2.    Solve 


from  which  we  find 


+y=    15,\ 
-y=-9.J 

x=  Z,\ 
y=12j 


x-y=12  (1), 

xy=86   (2). 

From(l)  x»-2xy+y»=144; 

fr(Mn(2)  4a^=340; 

by  addition,  x»+2xy+y»=484; 

by  taking  the  square  root,  x + y  =  ±  22. 

Combining  this  with  (1)  we  have  the  two  cases, 
x+y=22,"i        x+y=-22,' 


+y=22,\ 
-y=l2.j 


-v=     12. 


x-y 


} 


Whence  ^I'J'}  ^III?:}      ^^eeArt. 
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other  cases  is  dependent  up'7f>'-'  *  ^"^^  """"ber  of 

foregoing  examples  if  will  ...*'?„  ?Lt  t^"  JJn  f."^'  J'T^" 
Boon  as  we  have  obtained  ^.  "  '  L  r*^?  ^^^^^^^  do  this  as 
either  their  sum  or  their  difference"  unknowns,  and 

^awmirfe  1.    Solve  x«+y2=74 

xy=35      ^*'' 

Multiply  ,2,  by  a ;  .h,„  ky  „««..  ^^-.u--.^:- ;.  ^.-'^^ 

«»+2xy  +  ya=I44, 
Whence  ^-^J-f=     4; 

We  have  now  four  cases  to  con'sfdert  namely. 

:-.^=":}  ::^:?}  ::---.}  -.-.^.i 

From  which  the  values  of  X  are        Vs      i      T^r^  "   -'^ 
and  the  corresponding  values  of  y  are  5.'  7,  -7,   '-o!    ^^"^Hxi 
Example  2.    Solve  a:«+y2=i85 

By  subtracting  (1)  from  the  r,urrror(2i  we' have ^'^^' 

2xy=l04; 

ar=13,  or    4,) 
y=  4,  or  13./ 

EXAMPLES  XXVI.  a. 

Solve  the  following  equations; 

4.    x-j,=5  fi        ^~  a:y=iiia 

7.       *y=923,  «     -_-,_    «  „     *   y-^®- 
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Solve  the  following  equations  : 

10.  «y  =  -2193,    11.      X  -y  =  -  18,        12.         xy  =  -  1914, 

x+y  =  -S.  zy=1363.  z+y=: -65. 

13.      «»+y»=89,  14.      ar>+y«=170,  15.    ar!+y«=65, 

«y  =40.  ary=13.  zy  =28. 

16.      a:»+y»=178,  17.      « +y  =16,  18.    ar  -y  =4. 

X +y  =16.  x»+y*=125.  a:»+y»=106. 

19.      a:»  +  y»=180.  20.      x»  +  y»=185,  21.    r +y  =13, 

X  -y  =6.  X  -y  =3.  z='+y»=97. 

22.      X +y  =9,  23.      x-y=3,  24   x*-xy +y»=76, 

x»+xy+y»=6l.  x»-3xy+y»= -19.  x +y  =14. 

25.  l(x-y)=l,  26.       U\^2,  27.     ^+^=^. 

x»-4xy+y»=52.  *  x+y=2.  xy=.12, 

28.     ax+6y=2,  29.     x='+pxy+y«=p+2, 

a6xy=l.  5'X*  +  xy+g^y»=27  +  l. 

205.    Any  pair  of  equations  of  the  form 

ji^±pxy+y^=a^ (1), 

^±y  =  h  (2), 

where  p  is  any  numerical  quantity,  can  be  reduced  to  one  of 
the  cases  already  considered ;  for  by  squaring  (2)  and  combining 
with  (1),  an  equation  to  find  xy  is  ootained ;  the  solution  caii 
ihen  be  completed  by  the  aid  of  equation  (2). 

Exampkl.    Solve  x'-y'=999 (1), 

x-y=     3 (2), 

By  divisioD,  x»+xy+y»=333 (3); 

from  (2)  x»-2xy+y»=     9; 

by  subtraction,  3xy=324, 

xy=108 (4). 

From  (2)  and  (4)  *^*J  °^  ~  *'\ 

'  y=  9,  or  -12./ 

Example2,    Solve        x*+x'y»+y*=2613 (1), 

a^»+xy  +y»=    67 (2). 

Dividing  (1)  by  (2)         x»-xy+y«=     39 (3). 

From  (2)  and  (3)  by  addition,  x«+y»=    63; 
by  subtraction,  xy=     14 ; 

whence 


y=±2,  ±7. 


[Art.  204,  Ex.  1.] 


Example  3.    Solve 


^Tom  (1)  by  squaring, 
by  Bubtraction, 
adding  to  (2), 

Combining  with  (1), 


1      2 


«   y   3' 


206 

(2). 


3 


«y   9' 
Ij.2      1 

•      1     1 
••     -  +  -=±1 

J_2  1 

i-3'  *«•  -3' 

»_I  2 

y-3'  *«"-5-- 


'3' 


*=2'  °''  -3,  and  y=3,  ©r , 


3 


Solve  the  equations : 

1.    x*+tf*=407, 
«+y=ll. 

1    «»-y»=2l8,  c 

*  -y  =^2.  ^• 

7.    a!*+*V+y*=2l28, 
*'+*y+y»=76. 

9.    a^a:V'+y*=9211, 
ar'-ary+ys-ei. 


EXAMPLES  XXVI. 


b. 


y»=637. 
y  =13. 

«*-y'=988. 


8. 
10. 


11. 


11 


i  +  i     481 

=^.  y*~576' 

i  +  i-29 

«    y^24' 

'•-=21? 

«-y=4. 


12. 


I.l     61 

^  V"96o' 


3.      X  +y  -23, 

a:»+y»=347a 
6.       «»-y«=2197, 

«  -y  =13. 
a^«V+y*=2923, 

*|+«y+y«=7371 

a^-ay+y'sea. 


13. 


*y=30. 


■a:y+y»=63. 

-  +  a  — ol 

y    ar    '^J' 

*+y=6. 


15. 


17.      4{*»  +  y«)  =  ,7 

«-y=8. 


34        15 

*+y=8. 


16.      ar»-ya=5g^ 
*'-»-«y+y«=28. 

18.        «»  +  y»=ia8, 
«'-«y+y»=2l. 
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Solve  the  equations : 
19.    p+^=1t^  »•   ?-^=»l' 

x+y-*v  X    y 

206.    The  following  method  of  Bolutiofl  may  always  be  used 
when  the  equations  are  of  the  tame  degree  and  homogeneaiu. 

[See  Art  24.] 

Hxample.    Solve  a?+xy+2i^=7^ (1)» 

2a:«+2xy+y»=73 (2). 

Put  y=mx,  and  substitute  in  both  equal '     \    Thus 

«»(1  +  to+2kj«)=74 (3)- 

and  z»(2+2m+m»)=73 (*)• 

_     ,.  .  .  1  +  »i+2to«    74. 

Bydivuion.  2+2m+m«=73' 

.-.     73+73OT  +  146m«=148+148TO+74»»*; 
.-.     72m«- 76m -76=0, 
or  24»»»-26m-25=0; 

.-.     (8m+6)(3»i-6)=0; 

5        6 
•••     "»=-8'°''3' 

(i)    Take  «=  - 1,  and  substitute  in  either  (3)  or  (4). 

From  (3)  *"(^-i+^)='^*' 

-    64x74    -.. 
•••    a:»=-^^=64; 

.-.     «=±8; 

6  -rit 

/.     y=ma!= -g«=TO. 
(ii)    Take  »»=| ;  then  from  (3) 

.*.    x=±3; 

:.     y=mx=sx=±6- 
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find  thevalueof  one  ofX  untL^/  -^  *^®  *,""?'«  equation 
Bubatitute  in  the^ond  ^quatl  ""  ""  **""  "^  *^^  °''*«''  »»** 
Example.    Solve 


3a:-4y=6  , 
3a'-ay-3y«=21. 


From  (1)  we  have 

a 

and  tubrtituting  in  (2),  ^^^^^"^    y(6+*y)    ,  .    „, 

9  3 ojr=Zl ; 

•.    76  +  12()y+48y«-16y_isjy»_27y.=,89. 


.(1). 
.(2). 


and  by  robrtituting  in  (1), 


^+105y- 114=0, 
3i,«+35s-38=0; 
(y-l)(?y+38)=0; 

•••    y«l.  or  -^; 
-=3.  or  -1|Z; 


cases  specilil  artifices  are  nSS^  employed ;  but  in  some 

ExatnpU  I. 


or 
whence 


Solve  a;"+4xy+3a;=40-6y-4j» 

2a:y-x«=3 .' 

Prom  (1)  we  have  a;«+4ay  +  4y»+3x+6y=4o" 
th»t «,  (x+^+3(x+^-40=0, 

(«+2y+8)(x+2y-6)=0; 
ar+2y=-8,  or  5. 
(i)    Combining  a:+2y=5  with  (2)  we  obtain 

2j:»-6a:  +  3=0; 
whence  3 

«=!.  or  g} 

and  by  substituting  in  x+2y=5,      y=2.  or  I 

fii)    Combining  x  +  2y=™8  with  (2)  we  obtain 
2a:»+8a:  +  3=0; 
whence  »=^i|^.    ^^j  y= -^^t^O 


■■(1). 
.(2). 


!&;> 


I:t: 
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EuampU  2.    Solve 
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a!V-to=84-3y.... 
3xy+y=2(9+x)  . 

Froin(l)  *V-to+3y=34; 

from  (2)  9ajy-ea!+3y=64; 

by  sabtraotkni,  acV-9*y+20=0, 

(xy-6)(xy-4)=0; 

.•.    zy=5,  or  4. 

(i)    Substituting  «y=5  in  (2)  gives  y  -  2x=3. 
From  these  equations  we  obtain  x= ] 

y- 

(U)    Substituting  xy =4  in  (2)  givee  y  -  2!r=6. 
From  these  equations  we  obtain  x=:— — ^^t 
and  y- 


.(1). 
.(2). 


—  ^    —    — 
5=1,  or  -g,l 
1^=6,  or  -2.J 
eey- 237=6. 

^=3±v/17.     i 


EXAMPLES  XXVL  c. 


Solve  the  equationa : 

L       6a;-y=17.         2. 
a:y=12. 

4.     3x+2y=16,         5. 
xy=10. 

7.       x+2y=9,  a 

3y'-6a:»=43. 

11. 


x*+xy= 
y»+ary  = 

3x-y= 
3a:*-y"= 

x»+y*= 
2xy-y»= 

3x«-y«= 
2*»-«y= 


15, 
10. 

II, 
47. 


10.   3i«~6y«=28, 
3x7-^=8. 

13.    x«-3xy+y«+l=0, 
3x»-xy+3y«=13. 

15.    x*-2xy=21,        16.    x"+3xy= 
xy+|^=ia  xy+4y'= 

18.       x»-y»=127,      19.       x»-y»= 
x*y-xy«=42.  Ty(x-y)= 

8L    x*+4y*+80=16x+9Qy,        22. 
xy=6. 


6. 


x-y« 
x«-2xy-3y«= 

x-3y= 
x»-2xy+9y»s 


6,           9. 
3. 

5x+y 
2x«-3xy-y« 

23.        12. 
12. 

14. 

x*+xy+y* 

2x*-3xy+2y" 

7xy-8x» 

8j^-9xy 

54,        17. 
115. 

x»+y» 
a^+ay« 

208,    aa 

48. 

xV+6xy 
x+y 

9x»+y»-68x-2ly+128 

xy 

=  10, 

=84. 

=  1, 
=  17. 

=3, 
=  1. 

=3 

--2 

=  10, 
=  18. 

=  152, 
=  120. 

=84. 
=8. 

=0, 
=4. 


> 


CHAPTEf?  A  XVII. 

Problems  leading  to  Quadratic  Equations. 

to  q^tic'efulLr  ''"""  ^""^  P^"'^'^"-  -»^-t  give  rise 

ratfTSlen  stniKn^jSm'S?.";!'"-"*  *  °°«°™  ^"^  =  «  the 
two  hours  less :  l^d  the  rate  ofX  'tmi:  '°"™'^  ''°"''  ""''■'  "'^'^ 
Suppose  the  train  travels  at  the  rate  of  x  zniles  per  hour,  then  the 
time  occupied  is  ^  hours. 

On  the  other  supposition  the  time  is  ^  houm  • 

x  +  5  """"» 


whence 


300300 
x+5      X  ~^ 


or 


a^+ 5a; -750=0, 
(«  +  30)(a:-25)=0, 

^'=25,  or 


(Dj 


-30. 


beSfiSidmlS  '""''  ^  ■"""  t*'  "««•  "he  negative  v.I„. 

we  .re  di«;o,,i„g.     But  mch  liariS 2^„  SK^"' "»"<"•'  VMtm 
.  .uitaW.  modil,»iie„  of  the^idSrS  .r""  '~?'P''i»«'  ^y 


300       ^ 
x+5~  ~x~^ 


(2), 


Will  be  satisfied  by  the  values  .=  -25  and  30.     Now.  by  changing 
«.gns  throughout,  equation  (2)  becomes  i«^=3P9+ 2- 
and  this  is  the  algebraical  Statement  of  ?he  following  quertion  • 
I  -n-nStrth?trv""^r.'^t«  -'  ^'  thf  'ratTra^'been 
fi^d  the  rate  of  ^::t^ri^^^I-^t^-^^^:^iZ '"""  '^^ 
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Example  2.  .A 
per  cent,  is  one-i 
horse :  what  watt 


on  selling  a  liurse  for  #72  finds  that  his  loss 
11  of  the  ininilM^r  of  dollars  that  he  jmid  for  the 
cost  price  ? 

Suppose  that  tlie  cost  price  of  the  horse  is  x  dollars ;  then  the 
jr 


los.'ion  $100  is  9 


8" 


Hence  tne  loss  on  f  j-  is  x  x  ^r" -,  or  "      dollars  ; 
the  selling  price  in  x-  j— ■  dollars. 


Hence 

or 

that  is, 


800~     ' 
a:2-8(H».,-(- 57600  =  0; 
U-8<»)(.c-720)  =  (»; 

.-.  x  =  H{t,  or  720; 


and  each  of  these  values  will  be  found  to  satisfy  the  conditions  i)t 
the  problem.     Thus  the  cost  is  either  $80,  or  $720. 

Exam/ik  3.  A  cistern  can  be  filled  by  two  pipes  in  33  J  minutes  : 
if  the  larger  pipe  takes  15  minutes  less  than  the  smaller  to  fill  the 
cistern,  find  in  what  time  it  will  be  filled  by  each  pipe  singly. 

Suppose  that  the  two  pipes  running  singly  would  fill  the  cistern 
in  X  and  a; -15  minutes.      When  running  together  they  will  fill 

I -  + rs  I  o'  ^^^  ciatem  in  one  minute.     But  they  fill  _L_,  or  -~„ 

\x    x-lSj  '       331*       100 

of  the  cistern  in  one  minute. 


Hence 


X    x-15' 


3 

100' 


100(2a:-15)  =  3x(x-15), 
3x=«- 245a: +1600=0, 
(a;-76)(3x-20)=0; 

.-.    x=75,  or6|. 
Thus  the  smaller  pipe  takes  75  minutes,  the  larger  60  minutes. 
The  other  solution  6§  is  inadmissible. 

Example  4.  fiy  rowing  half  the  distance  and  walking  the  other 
half,  a  man  can  travel  24  miles  on  a  river  in  5  hours  with  the  stream, 
and  in  7  hours  against  the  stream.  If  there  were  no  current,  the 
journey  would  take  5^  hours :  find  the  rate  of  his  walking,  und 
rowing,  and  the  rate  of  the  stream. 
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With  the  current  the  man  row«  i/j.,  ».ji—        j         . 
current  y-zmilea  per  hour.         ""^  y  +  '  ">"".   «d  against  the 
Hence  we  have  the  foUowing  equations : 

x%+z-« (1), 

12      12  _» 

aT'^iT^-^ (2), 

x^y-^5  (3). 

From  (1)  and  (3)  by  subtraction,  i I 1 

Similarly,  from  (2)  and  (3)  111 

y-2    y   9 (o)- 

From  (4)  le        /        v 

and  from  (5)  a.       /        . 

From  (6)  and  (7)  by  division,  2  =  ^  ^  ^ 

y-  z ' 
whence 

y=32; 

■    ''■om  (4)  2  =  U  ;  and  hence  y=4»,  a:=4 
P^rhour.  ""'^'""'J'  •  ""i  th.  ilMwi  flow,  .t  th.  r.t.  of  4  mU<» 
SXJUtPLBS   XXV U. 
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6.  The  sam  of  a  number  and  iu  aquare  is  nine  times  the  next 
big)     t  number  :  find  .;. 

7.  If  a  train  travelled  5  miles  an  hour  faster  it  would  take  one 
hour  less  to  travel  210  miles  :  what  time  does  it  take? 

8.  Find  two  numbers  the  sum  of  whose  squares  is  74,  and  whoB3 
sum  is  12. 

9.  The  perimeter  of  a  rectangular  field  is  500  yards,  and  its 
area  is  14400  square  yards :  find  the  length  of  the  sides. 

10.  The  perimeter  of  one  square  exceeds  that  of  another  by  100 
feet ;  and  the  area  of  the  larger  square  exceeds  three  times  the  areu 
of  the  smaller  by  325  square  feet :  find  the  length  of  their  sides. 

11.  A  cistern  can  be  filled  by  two  pipes  running  together  in 
22i  minutes ;  the  larger  pipe  would  fill  the  cistern  in  24  minutes 
less  than  the  smaller  one  :  find  the  time  taken  by  each. 

12.  A  man  travels  108  miles,  and  finds  that  he  could  have  made 
the  jouniey  in  4  J  hours  less  had  he  travelled  2  miles  an  hour  faster  : 
at  what  rate  did'he  travel  ? 

13.  I  1>HV  a  numl.fr  (.f  foot-lMills  for  9UM);  had  they  wi.st  a  dollar 
apiwe  less,  I  sliould  liavt-  had  five  moiv  for  tl»e  inoney^  find  the  cost 
of  each. 

14.  A  "/oy  was  MCi,'    ■.)r  4(»  ceiitH"  wortli  of  eggs.      He  broke  4  . 
liis  way  homo,  and  the  cost  theiefore  was  at  the  rate  of  3  cents  nu>iv 
than  the  niaiket  price  for  6.     How  many  «licl  he  huv? 

15.  Wliat  are  eggs  a  dozen  when  two  more  i  i  24  cents'  wortli 
lowers  the  price  2  cents  per  dozen  ? 

16.  A  lawn  60  feet  long  and  34  feet  broad  has  a  path  of  uniform 
width  round  it ;  if  the  area  of  the  path  is  540  square  feet,  find  its 
width. 

17.  A  hall  can  be  paved  with  200  square  tiles  of  a  certain  size  ; 
if  each  tile  were  one  inch  longer  each  way  it  wpuld  take  128  tiles : 
find  the  length  of  each  tile. 

18.  In  the  centre  of  a  square  garden  is  a  square  lawn ;  outside 
this  18  a  gravel  walk  4  feet  wide,  and  then  a  flower  border  6  fc  t 
wide  It  the  flower  border  and  lawn  together  contain  721  square 
feet,  find  the  area  of  the  lawn. 

19 

dozen 

she  used  to  do  for  GO  cents. 

them  at  first '! 


}.  By  lowering  the  price  of  applA  and  selling  them 
311  cheaper,  an  applewf)man  finds  that  she  can  sell  »K 


one  cent  , 

»J0  more  tli;in 

At  wiiat  price  per  dozen  did  she  si  U 


20.  Twf)  rectangles  contain  the  same  area,  480  square  yard 
The  difference  of  their  lengths  is  10  yards,  and  of  their  lueadtl 
4  yards  :  find  their  sides. 
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22.  A  farmer  havinir  wilH   ■!»  a--        i    i 
"utluy:  find  .,■.  ""*'  '^•"'"•*'<l  J'  fH-r  M.„t.  ,„,,Ht  on  his 

keS-5  far^r  "^.a^r  teJtTiJr^  °t  ^•^."  °'  '''°^''  '^  ^«  ^  »- 
and  got  £1  more  th«  he  *  ^inal  v  .oJ^t  ?'h^  '"°''"  ''"^"  »"  ?"»'«. 
buy  ?  ^naiiy  .pent :  how  many  yards  did  he 

24.     If  a  carriasre  whi>ol  i^s  ct   • 
more  to  revolve,  the  rate  of  th«    '"  "'''"'"'«'•«"«  takes  one  second 
less  :  how  fast  is  the  r^age  tlZZ^^  ^'  ''^"^  "'"  »-  ^^^  -i'- 

he^sei^eS^ta.:?;^!:?  ^^SiSrSi^^o  "^  "^  "^'"  ^  ^^^  = 
on  the.r  cost  price.     How  manyTare,  dTd1,e  buy*^""""«  '''  "  ^'-"• 

si2,tanlTsly1^jr;\S*reacT  ^0"^^  ''P^^*'  '^^^  ^^'^  "^-t 
tram  from  ^  reaches  B  nine  hdu«  th^M  ^P""',^^  "^"^tion.  The 
hours  aner  they  meet :  .nilLT^.i:::  S^SfrSt^tels^^"' 

apari   and  SLvefs  Sorm^"  iTho^.r*  1  ?'  *"°  1^^'°""  '"^^^  ""'^s 

'om  /-,  a^  ^f^^  travelling  for  "    ,"  'i***' ^""t''^'-  train  fi  starts 

.a.i  passed  45  n.inutes  previu.L"    Th^  ;«."'?  A"-''  P*"'"'  »hat  ^ 

by  o  miles  an  hour,  and  it  rertakes  5   T?  ''^  ^  "  ""^  increased 

the  rates  at  which  they  started.  ^""  "''  *°*^""S  V-     Find 

40?dlons"o;\rCndy ""'  SfL"?  «''""?^  "^  "?*«'••  ''"^  a  cask  Q  ^vith 
-a  replaced;  and ^the  sfm^rperation'u  ^'"^  ^^^  «^'«'k.  "'ixcd 
--  are  S|  „.,  ,  ^rand^T ^^Xr^ SS  reprem^en^- 
at  differtrt°pSs"b„1  '^^h^  ^*"'  ^  ?^''«  »-*^^«°  them  ;  they  sell 
;;-t  ^-s  prEH;  tulTharr'ecXd  8^^'V^  ^"."^v  il^  ^-^  - '" 
-^  s  Pnce.  he  would  have  re.:^:^^'^)^::^^^^^ 

meet  him.     He  sets  n^. 7  ^  ''"^  ordered  his  carriage  to 

h"ur    and,  n,eeting  ^s  carrTa'I  whl'' Vl^li«  "^^^  "^  *  milS  a„ 
reaches  home  exactly  IhourTarffer^Sinll'   •"*?   T^^'e'Ie'l  8  miles. 
HoH-  far  is  his  houL  from  the  sLinn    ''««ad  originally  expected 
carnage  driven?  *^®  station,  and  at  what  rate  wu  hU 

K   A. 

p 
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n.  P  ia  a  point  in  »  line  AB  ot  length  a.  Find  il/*  when 
AB.BP=AP*.    ExpUin  both  aolutiona. 

S2.  I'  1^  itraight  line  6  cm*,  in  lenoth  ia  divided  internally  to  that 
the  .rectangle  opptained  "by  the  whow  and  one  part  ia  equal  to  the 
•quare  on  the  other  part,  find  the  Mgmenta  of  the  line  to  the  nearest 
millimetre. 

33.  A  line  AB  is  produced  to  />  ao  that  AB.AP=BP*  If 
Ati=S  cm.,  find  the  lengths  ot  AP  and  BP  to  the  nearest  milli- 
metre. 

34.  If  a  line  AB  ol  any  length  is  divided  externally  as  in  th< 
last  Example,  shew  that 

(i)    AB^^AP^=ZBP*',  (ii)    {AB  +  AP)*=&BP*. 

36.  A  line  ^fi  is  produced  to  P  so  that  BP*  =  2Ali^.  It 
AB=Z'b  cm.,  find  AP  io  the  nearest  millimetre. 

36.  Find  a  point  /*  in  a  straight  line  AB  to  that 

AP(AP-BP)  =  BP*. 

If  AB  =  4-2  cm.,  find  AP  and  BP  to  the  nearest  millimetre.     By 
substituting  these  values  verify  the  truth  of  the  given  relation. 

37.  Divide  a  straight  line  13  centimetres  long  into  two  parts  so 
that  the  rectangle  contained  by  them  may  be  equal  to  36  square 
centimetres. 

38.  Justify  the  following  graphical  solution  of  the  previous 
Example : 

On  AB,  tL  line  13  cm.  in  length,  describe  a  semicircle.  At  A 
draw  AP  perpendicular  to  AB  and  6  cm.  in  length  ;  through  /' 
draw  a  line  PQB  to  cut  the  semicircle  in  Q  and  S ;  draw  QX,  R  > 
perpendicular  to  AB.  Then  AB  u  divided  as  required  either  at  A' 
or  Y.  Verify  the  algebraical  solution  of  Example  37  by  actual 
measurement. 

38.  Solve  the  following  equations  graphically,  taking  a  centimetre 
as  unit  and  giving  the  roots  to  the  nearest  millimetre. 


(I)    «(7-x)  =  12; 
(iti)    «*-6«+4=0i 


(U)    a:»-llx  +  30=0; 
(iv)    x*+13=8«. 


CHA 


Hardbr  FAi 


admit  of 


^iam/j/e  1 .     Revive  into  factors  x*  +  x^i+y*. 

**  +  «V' +  y* = (x*  +  2arV' +  y*)  -  iV' 
=  (x»  +  y»)»-(a:y)3 

=  {a:»  +  ary  +  ya)(a:a_ay  +  ya). 
£'aww;rfe  2.     Resolve  into  factors  ««  -  I5x^i  +  gyi 

=  (*»  -  3y» + Siy )  (xa  -  3y«  -  ary). 
212.    Expresaions  which  can  be  put  into  the  form  ^3^1  may 

i^mp/e2.    Resolve  aV-^'-^,8i,eofo«rf«tor. 


V 
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ExampU  a    Resolve  a*  -  64a*  -  o« + 64  into  lix  factor* 
The  expreasion = a'(a*  -  64)  -  (a*  -  64) 

=(a«-64)(o»-l) 

=(a»+8)(a»-8)(a«-l) 

=(a+2Ko«-2o+4)(4-2){o«+2a+4){a-lKo«+o  +  l). 
JBxampU'L 

a(a-l)a*-{a-b-l)xy-b(b  +  l)y*={ax-{b  +  l)y}{(a-l)x+by}. 

..*'**•• ,  ^°  examples  of  this  kind  the  coefficients  of  x  and  y  in  the 
binomial  factors  can  usually  be  guessed  at  once,  and  it  only  remains 
to  venfy  the  coefficient  of  the  nuddle  term. 

213.     From  Example  2,  Art  62,  we  see  that  the  quotient  of 
a»+63+c»-3aic  by  a+b+e  is  a^+lf+e»-bc-ca-ab. 
Thus   a'  +  6'+cS-3a6c=(a+6+c)(a«+62+c»-6c-co-a6)...(l). 

This  result  is  important  and  should  be  carefully  remembered 
We  may  note  that  the  expression  on  the  left  consists  of  the  sum 
♦k  *°®5*°«8  o/  *J»ree  quantities  a,  b,  c,  diminished  by  3  times 
the  product  cUh:.  Whenever  an  expression  admits  of  a  similar 
arrangement,  the  above  formula  will  enable  us  to  resolve  it 
mto  factors. 

• 

Example  1 .    Resolve  into  factors  a*  -  6» + c* + 3abe, 

a»-6»+c»+3o6c=o»+(-6)»+c»-3o(-6)c 

={a-6  +  c)(o»+6»+c«+6c-<»+a6), 
-  6  taking  the  place  of  b  in  formula  (1). 

Example  2. 

a:»-8y«-27-18ay=a*+(-2y)»+(-3)»-3x(-2y)(-3) 

=(»-2y-3)(x«+4y«+9-6y+3a:+2«y>. 


EXAMPLES  XZVm.  a. 


Resolve  into  factors ; 
1.    ar«+16a?+256. 
3.    ar*+y«-7xV. 
S.    3e*-6xY+y*. 
7.    4»»*+9n*-24in«»«. 
9.    «*-19!eV+26y*. 


2.  SloHSo'fts+fc*. 

4.  m*+n*-lftmhfl. 

6.  4«*+%*-93xV. 

8.  9a*+4i^+nxhf^ 

10.  16a«4-6«-28a»6«. 


xxvm,] 
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14. 


729 


-1. 


la    2l6tfl-^ 
16.    J25  + 1000. 


Besolve  into  two  or  more  factors 

17.  3fljf+3xi/>-S!e»-y>. 

19.  aA(a*+l)+x(a«+6»). 

2L  o'+(o+6)o»+6a!». 

23.  6&j:(o«+l)-a{4x«+96*). 

25.  {2x«-3o«)y+(2o»-3y»)ar. 

26.  o(o-l)a:*+(2a«-l)x+a(a+l). 

27.  3x»-(4a+26)x+o«+2o6. 

28.  2oV-2(36-4c)(6-c)y«+o&ty, 


13.     ^  +  y». 
^"^    612  "S?" 


1&    4»in«-20n»+46ni»'-9m». 

22.    pn(«'»+l)-m(^+„a). 
21    (2(»»+gy«)«+(2«»+3o»)y. 


(a«-3a+2)««+(2o«-4a  +  l)x+o(o-l). 
o(o+l)a!«+(o  +  6)a3^-6(6-l)ya. 

«^+c»-l  +  36c.  32.    a»+8c»+l-6ac 

«'+6'+8c«-6a6c.  34.    a3-276»+c«+9a6c. 

a-&»-c»-3a6c.  35.    8a»+2763+c»-18a6c 

Resolve  x«+81x«+6S61  into  three  factors. 

Sa    Resolve  (a*  -  2a'b»  -  &«)»  _  ^,j^  j^^o  four  factors. 

39.    R««>l^e4(a6  +  cd)«-(a«+6»-c«-d.).intofourfacto«. 


29. 
30. 
31. 

sa 

35. 
37. 


40. 


R«oJve  a* -^  into  four  factors. 


4L    Resolve  aJ«-yi«  into  five  factors. 

42.  Resolve  aJ»-yW  into  six  factors. 
Resolve  into  fotir  factors  • 

43.  ^-6x-a*+Sx*. 

45.    «»+a!«+64«»+64. 

47.    3^-*^     1  ^y» 
72    ^--^+4- 

Resolve  into  five  factors  : 
49.    t'+a:«-l(k»-16. 


41  «"+arV-8aV-8y». 

48.  4a-96+^-^*. 

4a  a«-26a»+6J-lz«. 

sa  18«'-81«»-16««+81. 
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.214.    The  actaal  prooeMes  of  multiplication  and  division  can 
often  be  partially  or  wholly  avoided  by  a  skilful  use  of  factors. 

It  should  be  obeerred  that  the  fbrmulae  which  the  student 
has  seen  exemplified  in  the  preceding  pa^  arejust  as  useful  in 
their  converse  as  in  their  direct  appUcation.  Thus  the  formula 
for  resolving  into  factors  the  difference  of  two  squares  is  equally 
useful  as  enabling  us  to  write  down  at  once  th«  product  of  the 
sum  and  the  difference  of  two  quantities. 

Example  1.    Multiply  2a+Zb-e  by  2a-36+e. 
These  expressions  may  be  arranged  thus : 

2a+{3b-e)  and  2a-(3&-c). 
Hence  the  prodnct={2a+(36-e)}{2a-(36-c)} 

=(2o)»-(36-c)«  [Art.  133.] 

=4a«-(9ft«-66c+c«) 

=4c»«-96«+66c-c«. 

S!xampk2.    Multiply  {a*+a+l)x-a-l  by  (a-l)x-a*+a~l. 
Theproduct={(a«+o+l)«-(a+l)}{(a-l)x-(a«-o  +  l)} 

=(o«-l)««-{(o«+a»;-l)  +  (o«-l)}x+(o»+l) 

=(o»-l)a?-(a*+2a«)x+o»+l 

=(o»- l)a:«-o«(o«+2)x+o»+l. 

Hote.    The  product  of  a'+a+l  and  a*-a+l  is  a*4-a*+l  and 
should  be  written  down  without  actual  multiplication. 


ExampleZ.     Multiply  (3+«-2a!*y«-(3-x+2a:«)» 

by  (3  +  x+2x»)«-(3-x-2x«)» 

The  expression  (1) 

=(3+x-2x»+3-x+2x*)(3+x-2a!*-3+«-2a!^ 

=8(2x-4«*) 

=  12x(l-2x). 
The  expression  (2) 

=  (3+x+2x«+3-x-2*»)(3+x+2x»-3+«+2**) 

=  6(2x+4x*) 

=  12x(l+2x). 
Therefore  the  product= 12x(l  -  2x)  x  12x(l  +2x) 
=144x>(l-4x*). 


...(1), 
...(2). 


zxym.] 
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D«oting  the  diviaion  by  mean,  of  a  fnu^tion.  the  required  quotient 
_(2»»+g-6)faaJ-ito4.i) 

_(2a;-3)(a;+2)(atc-l)(2r- 1) 
(a«-l)(«+2) 

=(2»-3)(ac-l). 
by'^T^,'-     ^'•"  *•"*  (2*+8y-z)'+(3«+7y+z).  I.  divUible 
^^jUT^e'lS^Vl ''  *'•  '''™  ^•^^'  «d  therefore  hM  . 


Therefore 
b  divisible  by 
that  in,  by 
or  by 


(2r+3y-*)»+(3a:+7y+2)» 
<2«+3y-»)+(3a;+7y+«), 

5ir+10y, 

S(«+ay). 


The  expreMion=o»+8  -  1256»+30a6 

=a»+(-66)»+(2)»-3.a(-56)(2) 
=(a-66+2)(a«+256«+4  +  106-2o+5aff). 
.-.  the  quotient  ia     o»+256»+4  +  106-2o+a«J.  ^"^^  ^^^^ 

^a»mpfe  7.    If  x+y=a,  and  x-„=b  shew  that 
4(ar«  -  ex«y'+y*) =6oW  -  o<  -  6« 
««-6aV+y*=(a--2xV+y«) -4a^« 

={(«+y)(x-y)}»-l{(a:+y)«_(^_yj8|, 

•••    4(a!*-6aV+y«)=4aW-(o»-6a)« 
=6oV-o*-6«. 
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EXAMPLES  XXVm.  b. 

Find  the  product  of 


[OKAP. 


L 

2. 

a 

4. 
5. 
6. 
7. 
8. 
9. 
10. 

U. 

12 


2a:-7y+38  and  2x  +  7y-3a. 

3x»-4ary+7y»  and  ar>+4a;y  +  7y*. 

6x»+5ay-9y«  and  6x»-6xy-9y». 

7«*-8a:y  +  3y"  and  7a:«+8xy-3y9. 

x»  +  2iV  +  2xy«+y»  and  x»-ac*yw-2ay9-y». 

(«+y)»+2(x+y)  +  4  and  (a:+y)»-2(x+y)  +  4. 

{l+x+2x»)»-(l-  ar-2a:»)»  and  (1 +x-2x«)»-(l -a:+2««)«. 

(a«+3o-l)«-(o«-3o-l)'»  and  (o»  +  o  +  l)»-(oa-o  +  l)«. 

a:»-4a!»+8x-8  and  x»+4x*  +  8x+8. 

z»  -  6ox»  +  18o«x  -  27a»  and  x^  +  6ax^  +  ISo^x  +  27o». 

X-0-  — -—  and  x  +  o+     --. 
a     *  ox 

{2x»+3x+l)»-(2x«-3x-l)»  and  (xa+6x-2)»-(x»-6«+2)» 


Find  the  continued  product  of 

13.  a?+ox+o»,  x»-ox+o»,  x«-a*x»  +  o«. 

14.  l-x+x»,  l+x+x»,  l-x"+x«,  l-x*+x». 

15.  (a-x)»,  (o+x)»,  {o«+x»)». 
18.  (!-«)«,  (l+x)>,  (l+x»)«,  (l+x«)«. 

17.  x»+4x+3,  x»+x-2,  x»-5x  hfi, 

18.  x»+2x-3,  xa-6x  +  6,  x*+3x+2. 

19.  x+2,  x»+2x+4,  x-2,  x»-2x+4. 

20.  Multiply  the  square  of  o  +  36  by  o'  -  6^  S + 96a. 

21.  Multiply  i(o-6)«+l(6-c)»  +  l(c-o)'»  by  a  +  b+c 


22. 
23. 
21. 
26. 
26. 
27. 


Divide  (4x  +  3y-22)«-(3x-2y  +  32)»  by  x+5y-5z. 
Divide  x8+16oV+266o»  by  x»+2ox+4a« 
Divide  (.^B  +  4y-22)«-(2x  +  3y-42)»  by  x  +  y  +  22. 
Divide  the  product  of  x»+7x+ 10  and  x  +  3 
Divide  2x(x»- l)(x+2)  by  x»+x-2. 
Divide  6x(x-ll)(x»-x-156)  by  x»+x»-I.S2x. 


x*+5x+a 


xxvm.2 
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28. 

29. 

30. 
31. 
32. 
33. 
34. 


Divide  ai«+19x»-216  by  (x»-3a:+9)(x-2), 


221 


fl)*-(ac«-7x+9)»  by  the  product  of  3x-S 


Divide  (5a:»-3a: 
and  x+3. 

Divide  a»-6.  by  the  product  of  a'+oi  +  fc"  and  aUaV^+^fi 
Divide  (x»  -  arV)"  -  (3xy«  -  y3,j  ^y  (^  -  y).. 
Divide  (a^-yz)»+8y»23  by  ^^^^^ 

Divide  l&ey+l+27a:»-8y»  by  l+3a:-2y 

Divide  (2x«+3»:-l)«-(^+4^^6)«  by  the  product  of  ar+4 


35. 
36. 


and  x+2. 
''SSt^%r'"'''  °'  ««'-23a  +  20  and  22a«-8Ia  +  14  by 


37. 
3& 
39. 
40. 

41. 

42: 

43. 

44. 

45. 
46. 

47. 
48. 

49. 
50. 


"^yl^H-t  C:i°'  -'+(a-6).-a6  and  ^-(a-„._^ 

Divide  a»-8y>-9x{3x>  +  2ay)  by  a-3x-2y 

Divide  27-8x3-64y3_7a^  by  3_2(a,  +  2y) 

Shew  that  (2r-3y  +  l)»-(l_3a:+2y)3  ia  divisible  by  5(z-y) 

Shew  that  the  square  of  x  + 1  exactly  divides 

(a:»+r»+4)3-(x»,2r+3)». 
Shew  that  26  + 2d  is  a  factor  of  the  expression 
(o  +  6  +  c  +  rf)S-(a-5  +  c-rf)» 

'i^Jbylnlf -'"+'^'-<^-«-+«)^  »  divisible  by  2.-3 

'Sb^yit^^-^^'+^^-^-S)'  «  divisible  by  4X-3 

Shew  that  the  sum  of  the  cubes  of  ac^  _  5^  _  g      ,    „ 

18  divisible  by  the  product  of  ac+7  aTd  x-2.  ^+6a:-6 

If  x+y=;„  and  x-y=„,  express  ^  +  r^  in  terms  of  m  and  n 
If  a;+y=m  and  x-y=n,  shew  that 

16(aj«  -  7aV+y*)  =  (5in»  -  n»)  (5n«  -  rn»). 
Fmd  the  value  of  x*+:^2^y*  ^hen  x+y=2a.  x-y=26 
If  x+y=2a  and  «-y=26  prove  that 

**  -  23xV+ y«= (7a«  -  36«)  {76»  -  3o») 
^-.=;  »d"*x°4i;*'^'^^^  -  *«'■-  of  P  and  ,  when 
Find^the  value  of  a--2xV  +  2^-y-    when    x=a  +  6    and 


I<l 
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CHAPTER  XXIX. 
Miscellaneous  Theorems  and  Examples. 

215.  Examples  upon  the  simple  rules,  e.y.  Division,  Highest 
Common  Factor,  Evolution,  etc.,  frequently  occur  which  cannot 
be  neatly  and  concisely  worked  without  a  ready  use  of  factors 
and  compound  expressions.  These  we  have  hitherto  excluded 
as  unsuitable  for  the  student  until  he  has  gained  confidence  and 
power  by  practice.  We  propose  in  the  present  chapter  to  bring 
together  a  miscellaneous  collection  of  examples,  for  the  most 
pa,rt  not  new  m  principle,  but  requiring  some  skill  for  their 
solution.  The  chapter  will  be  found  useful  as  a  revision  of  the 
earlier  chapters. 

Example.     Divide 

ax*-{ap-b)x^  +  {aq-bp-c)3i^+{bq+cp)x-cq  by  aai*+bz-c. 


ax'+bx-c 


a^-{<^-b)f  +  {aq-bp-c)x^  +  (bq  +  cp)x-cq\x*-px-i-q 
ax*+bx^  -ex'  I       ^      ^ 


-apx'  +  {aq-bp)x'+{bq  +  ep)x 
-apa?-bp3?  +cpx 


aqa? 
aq3? 


+  bqx  -  cq 
+  bqx  -  eg 


Note.  When  the  coefficients  in  divisor  or  dividend  are  compound 
quantities  it  is  best  to  retain  them  in  brackets  throughout  the  work. 

216.  In  the  process  of  finding  the  highest  common  factor, 
by  the  rules  explained  in  Chap,  xviii,,  every  remainder  that 
occurs  in  the  course  of  the  work  contains  the  factor  we  are 
seeking.  Hence  when  any  one  of  the  remainders  admits  of 
being  resolved  into  factors,  we  may  often  shorten  the  work. 

Example  I.  Find  the  H.C.F.  of  2x^-{4a-3c)3c'+6(b-ae)x  +  9hc 
and  2jfi+{2a+3c)x'+{3ac~4b)x-6bc. 


2x»  -  (4a  -  3c)ar« + 6(6  -  oc)x + 96c 


2a:» + (2o + 3c)** + (3oc - 46)a; - 6'.  ) 
2iC»-(4o-3c)a!«+(66-6oc)a;-t-9/» 


6ax'+(9ac-l(a>)x-l5bc 
Now  the  remainder = 60a:* + 9acx  -lObx-lSbe 
=3ax{2x+3e)-5b{2x+3e) 
= (2*+ 3c)  (Soar- 66). 
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Hence  the  H.C.P.  ia  2«+3e. 

^xowip^e  2.     Find  the  H.C.F.  of  ra»-2oi»»»j.o/o-    i»         .    . 
and  (a«-a-2)x«+(4a+l)r-o»-a  -2«»)«'+2(2«-l)x-a»+l 

in^^Slt^TlSr  ^  *"  ""°'^«*  '-^o  factor. « explained 
{a»-2a)a--H2(2a-l,a:-„»+,=„(,_2)^^2(2.-l,x-(a  +  l,(a-l, 

HencethettCF.  i.       (ar^^jLVflt^""'^^^^""*^'--^- 

EXAMPLES  TTTX   a. 

Divide 


2.  «*-(8+a)*»+(4  +  6o  +  6)«»- 

3.  a:»-(a-6)a:a-(o6+26»)x+2oo 


^«  +  56)x+46  by  x»-6a:+4. 
•  by  a: -6, 


4.  x»-(;>»+V)x  +  2;,ag-2g»  by  a:+p+9. 

5.  «»-(3mn+n»)x+m(TO«-n«)  by  x+m+n. 

6.  a(a-l)ar»+(2a»-l)x+a(a+l)  by  {a-l)x+a 

7.  a?*+(o+6)it»+(aa+a6+6'')a:»+ 


(a»+6»)ar+a»6»  by  x»+ax+V. 


8.  2^x>-2(3«-4«)(m-«)y»+/;„xy  by  te+2(m-„w 

9.  (aH«-2)x»-(2a+l)zy-(a'+a)y»  by  (a-l)a:-ay. 

a;-2o6  by  (z-o)(x  +  2). 
(x+l)»+l  by  a:»+2x+2. 


10.  ^-(a-b-2)a^~{ab  +  2a-2b)x- 

11.  («+l)'+4(z+l)«+e(x+i)4+4 


12.  (»»+l){6a:+on)6»x»-(n  +  l)(m6ar+a)oa  by  bx 
Find  the  H.C.F.  of 

13.  ("»'-^+2)^+(2m»-4«  +  l)x  +  «(„-i)and 

max»-(mc  +  na)x»-(«6_„c)x+n6. 
15.    2a;^  +  (3a-26)p^,  +  (a-36)pg»-6^and 

««'2Hfe+j^x»+(M+ac)«+6e  and 
a«a»+ (26c  -  od)««  -  (3a«+ W)x  -  36& 
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{CBAr, 


Find  the  H.C.F.  of 

17.  2oV-(46  +  3)aar»+2(3A-«<-)jr  +  3c  and 

2oV  +  (2/>-3)aa:»-(4ac  +  36)x  +  6c. 

18.  2oa:»+(4o«-l)'..r'-(2a/>«+3c)a!-6a6c  and 

ax^-{3-  2tt«)  6z«  +  (2c  -  6ai»)z + 4a6c. 

Find  the  L.C.M.  of 


19. 
20. 
21. 


ar<-pa:«+(g-l)a:a+par-gr  and  x*-qx^+{p-l)3-*+gx-p. 
p{p+l)a!*+x-p{p-l)  and  p(p  +  2)a:»+2a:-o»+l. 
(o'-5o  +  6)a:*+2fa-l)ar-a(o  +  l)  and 
o(a-3)a:»+12a:-(o  +  l)(a+4). 

2t7.    We  add  some  miacellr  neous  questions  in  Evolution. 

The  fourth  root  of  an  expression  is  obtained  by  extracting  the 
square  root  of  the  square  root  of  the  expression. 

Similarly  by  successive  applications  of  the  rule  for  findine 
the  square  root,  we  may  find  the  eighth,  nxteenth  ...  root  Tl.e 
nxth  root  of  an  expression  is  found  by  taking  the  cube  root  of 
the  square  root,  or  the  square  root  of  the  cube  root. 

Similarly  by  combining  the  two  processes  for  extraction  of 
cube  and  square  roots,  certain  other  higher  roots  may  be 
obtained.  ■^ 

Example  1.     Find  the  fourth  root  of 

Six-*  -  216x»y  +  21&rV' -  96ay»+ 16y*. 

Extracting  the  souare  root  by  the  rule  we  obtain  Qx*-  12xv+4v-- 
and  by  tnypectum,  the  square  root  of  this  is  3x  -  2y, 
which  is  the  required  fourth  root, 

ExamrUe  2.     Find  the  sixth  root  of 
By  inspection,  the  square  root  of  this  is 

('■-J.)-('-i> 

waich  may  be  written 


X    a? 


and  the  cube  root  of  this  is 


1 

X 

which  is  the  required  sixth  root. 


218.     In  Chap.  vi.  we  have  given  examples  of  inexact  division. 
in  a  similar  manner  when  an  expression  is  not  an  exact  square 
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i:x««pfe.     Tofindfo«rtenn.ofthe«,ua«rootofl+2r-ae.. 
2+«  ""'      " 


2+2ar-?aJ 


. 4 


2+2a:-3*«+L» 


Thns  the  required  result  ia  l+x-?ie«+§a4 


arithmetical  atdalSb™ia'"^th.S,'^*  «'-'nilarity  between  the 
cube  roots.  We  B}Sl^^\^^^^.tT?^'^^  •«^"*'-«  *"d 
-^luare  or  the  cube  root  of  any7umir  t^^"'''''"^  ."''''«••  ^»>« 
of  figures  have  been  obtained^  the^'nl^*"  *  ?^'^'"  ""™b«r 
™ay  be  nearly  doubled  hy^^Zii'dSn!'  '^^''  ''**'  °"'°'^'" 

-ei,;Ld'r?ord';zri;  tr^ttv^f  ^r  ?  ^^«  .«^-- 

-n.n  rule,  with  n  ciphe.  ann?,l,rASfSa^S,'  ^t 

A'=a»+2ar+x»; 


«.    (iX 


ss« 


ALOl^RA. 


D 


MOM  Stage  of  the  work.    We  aee  from (1)  t.iat  N-«fi divided  bv 

fa  gires  x,  the  rest  of  the  quotient  required,  increMed  by  ^. 

We  ahall  shew  that  j^  i«  »  proper  fraction,  ao  that  by  neglecting 

the  remainder  arising  from  the  division,  we  obtain  x,  the  rest  of 
the  root 

For  X  contains  n  figures,  and  therefore  «•  contains  in  figures 
at  most ;  also  a  is  a  number  of  2ii+ 1  figures  (the  last  n  of  which 
are  ciphers^  and  thus  2a  contains  8n+ 1  figures  at  least ;  and 

therefore  jj  "  *  proper  fraction. 

Prom  the  above  investigation,  by  putting  n-l,  we  see  that 
tvn  at  least  of  the  figures  of  a  square  root  must  have  been  ob- 
tuned  in  order  that  the  method  of  division,  which  is  employed  to 
obtain  the  next  figure  of  the  square  root,  may  give  that  fiirure 
correctly.  * 

Example.    Find  the  square  root  of  290  to  five  places  of  decimals. 

i96(  17-02 
1 


27 
3402 


190 
189 


lOOOO 
6804 


3196 
Here  we  have  obtained  four  figures  in  the  square  root  by  v  •< 
orduary  method.     Three  more  may  be  obtained  by  division  'J 
using  2  X 1702,  that  is  3404,  for  divisor,  and  3196  as  remainder.        ua 

3404)31960(938 
80686 

13240 
10212 

.   80280 
27232 

3048 

And  therefore  to  five  places  of  decimals  N/Sb= 17-02938. 

When  the  divisor  c  aiflts  of  several  digits,  the  method  of  con- 
tracted division  may  b    :.mployed  with  advantage. 

Again,  it  may  be  noticed  that  in  obtaintngtiie  second  figure  d 
the  root,  the  division  of  190  by  20  gives  9  for  the  next  figure ;  this  is 
too  great,  and  the  figure  7  has  to  be  obtained  tenUtively.  This  is 
one  of  the  modifications  of  the  alsebraical  rule  to  which  we  referred 
in  Art.  124. 
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k^^h    y i^  cvht  root  of  a  number  eontists  of  2ii  +  2  fiaurta 

nxtthod,  tKe  rtmaming  n  may  be  obtained  by  diviewn.  ""'3' 

Let  iV"  denote  the  given  number  ;  a  the  part  of  the  mh-  i««» 

already  found,  that  ia  the  fir.t  n +  2  figured  Cd  by  the  c^Z, 

rule,  with  n  cipher,  annexed  j  x  the  Remaining  ^rClill^Zl 
Then  4^iV=a+a:; 

.      N-a^ 
3a»    ' 


•«  +  —  +  : 
a 


'So* 


(1) 


ov  jo^  gives  X,  the  rest  of  the  quotient  required,  increased  by 
a  +3^'    "^^  ■'«'»  "hew  that  this  expression  is  a  proper  fraction 

;Vobti^^.rfcM^^^      '"""^ '--  ^^«  <»^--.' 

By  supposition,  x  is  <  lO",  and  a  is  >  lO*-*' ; 


a  "<i^STi;  thatis,  <— ; 


10' 


and 


-£L  •  ^      10*"  1 


hence  -+^i8<— +^-L_ 

o^3?'"^10+3xl0-*»' 
and  is  therefore  a  proper  fraction. 


EXAMPLES  XXIX.  h. 


Find  the  fourth  roots  of  the  following  expressions  : 
1.    a^-2&c»+294a:a-1372ar  +  2401. 


18-32+24     8     _!_ 
tn     m'    vt?    m* 


2. 

3.  o*  +  8a'x+16a:«  +  32oa:»i-24«V. 

4.  l+4a;+2a:«-8a:»-5r*  +  8a^+2x«-4x^  +  x«. 
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'chap 


Find  th«  sijith  roota  of  ihe  Snllowing  «zpreMiom : 

8.  o*  -  18a»x  +  I38oV  -  .  ''War"  ^  1216aV  -  14Max* + 729««. 
Find  the  eighth  r<H  t^        ijn  <  llowing  ezprewton*  : 

9.  a^ -8«'y  +  28«!«y« -.'•.,>>-*-•  7t'V-M*V+ 2»aV-8'y^  + y"- 

Find  to  four  terms  t  je  >  ;%.  •  •     '» 
11.     l+».  11     1     .-x.  :;        ^zr.  14.     !-«-«■. 

16.    o'-x.  18.    «*+».         y,      j^-Si*.       la    So'+ianr. 

Find  to  tiiree  terms  th-  cube  r.j  ^  ..f 

1 


19.    «•-«•. 

22.    l-6x+21x*. 


99.    8-t-x. 

2S.    27x«-27x»-18jr*.    21    64-4&c+9x«. 


21.    j^+9x. 


Identities  and  Tnnsformation8. 

♦222.    DBFiiriTioir.    An  identity  is  an  algebraical  8taten.ent 
which  u  true  for  all  values  of  the  letters  involved  in  it. 

Exampha,  a»+6»  =  (a+6)(a«-afc  +  6«). 

x»+y*  +  2»-aryz=(ar+y+«)(a!*+y»  +  2»-yz-2x-a:y). 

♦223.  An  identity  asserts  that  two  expressions  are  always 
equal;  and  the  proof  of  this  equality  is  called  "proving  the 
identitjr."  The  method  of  procedure  is  to  choose  one  of  the 
expressions  givei^  and  to  shew  by  successive  transformatious 
that  it  can  be  made  to  assume  the  form  of  the  other. 
Example  1.     To  prove  that 

ft«(6-c)  +  co(c-o)+o6(o-6)=  -(6-c)(c-o)(a-6j. 
The  first  side = 6c  (6  -  c)  +  <Ai  -  CO* + a^  -  ai» 
=6c(6  -  c)  +  o«(6  -  c)  -  o(6»  -  c«) 
={6-c){6c  +  o»-a(6  +  c)} 

=(6-c)[o(a-6)-c(o-6)} 
=(fe_c)(a-*)(a-c) 
=  -(6-c)(c-o)(a-6), 
rhanging  the  s^;n8  of  the  factor  a  -  e,  so  as  to  preserve  cyclic  ordtr, 

-  [Compare  Art  229,  Example  o.] 


xxnc] 


n>»mnra  avd  TiuNsroiiMATioNs. 


329 


^a«»p/e2.     1/ 2.=.+6+c  p^v  that 

^  '  I     A abc 


•  -a'*"«-fc+,-T^- 


""•«"' ■'■^-(.-^any*(.-i-i) 


=  rf«l?z£)±(f -«){•- 6)) 
(  •(«-o)(,-6)(jr^/ 

^ abe 

l^ot*.     Here  2«  {■  » 
reduction  is  muth  .iVjjE'bv*  **'\'?^'»««°  <>'  «  +  &  +  « ;  and  th. 
Bul«t.tuting  ita  value  at  on^  V^Jilf «,  '"  ?'r'  *»'  '  *^^*d     ' 
the  student  should  avoid  s^i-t?*  ♦•"'P'?  °^  *^"  kind,  as     ^  .3 
--do.  in  tamsof  t°h1,5r.^^*3'Sb;:JS:°fon^  ^''^  «-^     '^  ^ 

By  transposing,  we  ha^e 

^^  ^'-y>'+(y-*)»+(z-t.)«=o. 

Q 
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V    i 


Now  since  the  square  of  any  quantity  is  always  positive,  each  of 
the  expressions  {x  -  y)',  (y  -  z)*,  (z  -  u)'  is  positive.  Hence  their  sum 
cannot  be  zero  unless  each  of  them  be  separately  equal  to  zero. 

.•.     x-y=0,   y-z=0,  2-a=0; 
or  x=y=2=u. 

Note.  The  student  should  be  careful  to  notice  the  difference 
between  the  conclusions  to  be  drawn  from  the  two  statements 

{x-o)»+(y-6)»=0 (1), 

and  (x-o)(y-6)=0 (2). 

From  (1)  we  infer  that  both  x-o=0  and  y  -b=Q  nmvltanemuly, 
while  from  (2)  we  infer  that  either  x-a=0 or  y-b=0. 

*  EXAMPLES  TTTY   c. 

Prove  the  following  identities  : 

1.  6{a^+o»)+ax(a!*-o»)  +  o*(a;+o)  =  (a  +  6)(x  +  a){x«-ox  +  aa). 

2.  (ax+6y)«+(oy-M'+c«a:r«+cy=(x«+y«)(o«+6»+c«). 

3.  (x+y)»+3(x+y)a5+3(ar+y)?»+2» 

=  (3r+z)»  +  3(x  +  2)»y  +  3(x  +  2)y»+y3. 

4.  {a  +  b+c){ab  +  be  +  ea)-abc={a+b){b+e){c  +  a). 

6.  (o+6  +  c)»-a(&+c-o)-6(o+c-6)-c(o+6-c)=2(a«  +  6»  +  c«). 
8.  (x-y)'+(af+y)»  +  3{x-y)«(x+y)  +  3(x+y)»(x-y)  =  8x». 

7.  a:'(y-2)+y*(2-x)+2«(x-y)  +  (y-2)(2-x)(x-y)=0. 

8.  o>(6-c)  +  6»(c-o)+c»(o-6)=-(6-c)(c-o)(o-6)(o  +  6+c). 

9.  If  x+y+2=0,  prove  that  x»+y»+2»=3xy2. 

10.  Provethat(6-c)»+(c-a)»+(o-6)»=3(6-c)(c-a)(o-6). 
U2a=a  +  b+c,  shew  that 

11.  (»-a)«+(«-6)»+(«-c)«+««=o«+6»+c». 

12.  (<*-a)»+(«-6)»  +  («-c)»+3o6c=«». 

13.  16«(«-o)(«-6)(«-c)=26V  +  2(Ai«+2a«6»-o«-5*-c*. 

14.  2(«-o)(«-fe)(«-c)  +  o(«-6)(«-c)  +  6(«-c)(«-o) 

+  e{»-a){s-b)=abc. 
If  o  +  6+c=0,  shew  that 

16.  (2a-6)»  +  (26-c)»  +  (2c-o)»=3(2o-6)(26-c)(2c-o). 
18  a'  ft*  e»      _, 

2o«+6c'*"2?/»+co'''2c»+o6~ 

17.  Prove  that 

(x  +  y  +  2)»  +  («+y-2)»+(x-y  +  2)»  +  (x-y-2)»=4x(xa+3y«  +  3:2). 


XXIX.J  IDKNTIXnCS  AND  TlUNSIORMATIONa 

1&    If  a+b+ems,  prove  th»t 


Ml 


X'+Y^iAxTZ^""^'  '^=«+*-2c.  find  the  value  of 

aO.    Jlnd  the  value  of  a(a«+6ci+fc/»j.-,»      /.•      . 

6= -08,  c=78.  +**^+ft(*"+«c)-c(c«-aJ)  when  o«7. 

2L    Prove  that  (a-6«+(ft_e)«+(c_«)i 

22.    P^vethata.(6.-c.)+5.(e.-a.,+e.(a.-i.,  ^ 

-(a-6)(6-c)(c-a)(o6+6c+ca) 
=«'<*-«)'+W(c-«)»+c«(a-6)» 

^    "^ 'X.tfir '^''' *=''-^''' P~- that 

25.    If  a+6+eaO,  prove  that 

1  1  . 

28.    If  o+6+c=o,  simplify 

27.    iVove  that  the  equation 

>*  equivalent  to  the  equation  ^    ^~°* 

h«oe d.ew  that  the  only  poedbl.  valuee'of  x^y^ 
.  »_        ft 

andthe«foret:r^l-T-/te-r=^' 

u»t  «_a.  y_6  are  the  only  poe^^y.  .olution.. 

224,      W«  ah    11 

JO  "Iu.t«te  thfSlSig^f'SZSi;;^"'  "'•"•P^^  °^  ^''on- 
to cyclic  oitier.    [iU?!^!    ^*"^°«"P'"*^<»»'^'»»Mg»nl 
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Example.    Und  the  value  of 

____» ,  fc  ,  e 

{a-h)(a-c){x-ay(b-c)(b-a)(x-by(c-a){e-h){x-c)' 

Changing  the  aign  of  one  factor  in  eaob  denominator,  ao  as  to 
preserve  cyclic  order,  we  get  for  the  lowest  common  denominator, 

(a-h)(h-c)(<i-a)(x-a){x-b){x-c). 
The  whole  expression  has  for  its  numerator 

-[a(b-e)(x-h)(x-e)  + + ] 

or  -[o{ft-c)<«"-(6+e)fc+6cK +  .....]. 

Arrange  it  according  to  powers  of  x ;  thus 
coefficient  of  z's  -{a(6-e)+&(e-a)+e(a-6)} 

=0; 
coefficient  of  x  ={!»(6»-c^+6(e^-o')+e(a«-6*)J 

=(b-e)(e-a){a-b)i       [Art  223.] 
terms  which  do  not  cootidn  x 

=  -  {abe[b  -  e)+abc'e-a)+abe(a-b)) 
=  -abe^-c+e-a+a-b] 

Hence  the  expression =,-t — r; — ■-  7;    '  ^r'     1,      i.w ^. 

*^  {b-e)(e-a){a-b){x-a)(x-b){x-e) 


'  lx-a){x-b){x-e)' 

Not*.  In  examples  of  this  kind  the  work  will  be  much  facihtated 
if  the  student  accustoms  himself  to  readily  writing  down  the  follow- 
ing equiv..  snts : 

{b-e)+(e-a)+{a-b)=0. 
a{b-e)+b{e-a)+e{a-b)3sO. 
a'{b-e)+b^{e-a)+<*{a-b)=-(a-b){b-e){e-a). 
be{b-e)-'ea{e-a)+ab(a'-b)=-(a-b'lb-c){e-a). 
a(6«-«^)+6(««-o«)+c(o«-6»)=(o-6)(u-c){c-o). 

Some  of  the  identities  in  xxix.  c.  may  also  be  remembered  with 
advantage. 


(a-b)(a-cy{b-e){b-ar{e-a)(e-by 


be 


oa 


ab 


(a-b){a-e)*l!r^c)^-a)'*'le-a)(e-h)' 
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tt4 


I 


*22B.     ro>MlvA«i  x»  +  px'+qx+r 

w  divirible  by  x*+ax+b 

Div;ie  (1)  by  (2)  in  the  ordinary  way  ;  thu» 

^+aa:+b\a^+px*+QX+r  |«+(f>-o) 

\x^+ax*+ox 


..ax 

..(2) 


(p-a)ai*+   (q-b)  x+r 
(p-a)x*+a(j>-a)  x+b{p-a 


)_ 

{(q-b)-a(p-a))x+r~b(j>—a) ~....(3) 

Now  if  the  remainder  is  zero  the  division  is  exact.     This  is 
the  case  when 

{(y  -  6)  -  a(p  -  a)>4?+ r- 6(p  -  a)-0, 


or 


b(r>-a)-r 
i-b-a(p-d') 


q-O-aJp- 
Hence  when  x  has  this  value,  (1)  is  divisible  by  (2) 

But  if  in  (3X  q-b-a{p-a)=0, 

and  also  r-6(p-a)=0, 

the  remainder  is  equal  to  zero  whatever  value  x  may  have.  Thus 
^+px»+qx+b  is  divisible  by  «*  +  ax+6  for  all  values  of  x, 
provided  that 

q-b-a(ja-a)'=0, 

and  r-b(p-a)=0. 

*  226.     To  find  the  condition  that  x» + px  +  q  may  be  a  perfect 
aquare. 
Using  the  ordinary  rule  for  square  root,  we  have 

a^+px+q  (*+f 


2*+| 


px+q 


,-^ 


«- 


If  therefore  jfi+px+q  be  a  perfect  square,  the  remainder, 
must  be  zera 


Hence  q-^^O,  crf^^iq,  is  the  condition  required. 


lomcj 


"^'^^M'l'Al^OUS  THlORBia 


2^30 


Th«  aquare  root  must  cImfIt  bo  ».  ♦«««-.•  i 
orm  s*+ls+m  ;  if  tharrfow  ie  pJt  "^  exprewion  of  the 

w.  We,  on  .xpanding  the  right-hand  ride 
Thus  we  have 


i  necessary 


4  -2m-2V*, 

thf tt  J^ofTelrltf  aSfcI™^^  '•^  »-•»  ^^^  here.    AI«, 
re«ult8of  Arts.  225  a£<S    "''^^  ""'y  be  used  to  establish  tS 

#228      Tlia 
£v.„  ^  ilSL'S'rSJS  L".&  "^'"5  ••«'*  k"  been 


2S6 


iXOKBRA. 


[CHAP. 


I? 

t4 


The  Remainder  Theorem. 
'*220.    //  a  rationed  integral  algebraieal  expression 
x»+p,x-'+p,x"-«+p,x-»+...+pw_»x+p^ 
be  divided  by  x-sl,  the  remainder  will  be 

a"  +  p,a-» + p^-" + p*a-»  + . . .  +  p,_,a + p.. 

Divide  the  given  expression  by  j;-a  till  a  remainder  is  ob- 
tained which  does  not  involve  x.  Let  Q  be  the  quotient,  and  R 
the  remainder ;  then 

X-  +/>iJ?^*  +p»«"-'+ ...  +/>— i*+p»=  $(«-  a)+  R. 

Since  R  does  not  contain  «,  it  will  remain  unaltered  whatever 
value  we  give  to  x. 

Put  x=a,  then 

a"+j»ia"-»+/)^"-»+ ...  +Pn-\a-\-Pn='Q  x  0+  /.', 

.-.     A=o"+j>ia""*+iOaa"~'  +  — +P»-i«+i»n  5 

which  proves  the  proposition. 

From  this  it  appears  that  when  an  algebraical  expression  is 
divided  by  x-a,  the  remainder  can  be  obtained  at  once  by 
writing  a  in  the  place  of  x  in  the  given  expression. 

Again,  the  remainder  is  zero  when  the  given  expression  is 
exactly  divisible  by  x  -  a  ;  hence  we  deduce  another  important 
proposition,  known  as  the  Factor  Theorem. 

If  a  rational  integral  expression  involving  x  become  equal  to  0 
vhen  a  w  written  for  x,nt  will  contain  x-taua  /actor. 

Example  1.     Resolve  into  factors  a^ + 3x*  -  ISx  - 16. 

By  trial  we  find  that  this  expression  vanishes  when  x=3  ;  hence 
X  -  3  is  a  factor. 

..     x»+3x»-13»-16=««(x-3)  +  ex(x-3)+6(«-J) 

=(«-3)(x*+8x+5) 

=(x-3)(x+l)(x+8). 

Hote.  The  only  numerical  values  that  need  be  substituted  for  x 
are  the  factors  of  the  last  term  of  the  expression.  Thus,  in  the 
present  case,  by  making  trial  of  -  6,  we  should  have  detected  the 
motor  x+6. 
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(-2)«.2{-2)»+(-2)-7; 
16+16-2-7,  or  28. 


that  if, 


"'  "+I8-2-7.  ar28. 

w  the  remainder  mav  Iw  *,^^a 
'--2ia[{(»-2)x},Tf]x-7!*^**  more  diortly  by  .uUtitntiag 

^a»m/>/«3.    PindthefactoMofftrrt    -»-l     / 

and  dnce  the  left.h«,d  mrblr  of  r.f  L"*^^"""^^"'*^ »>' 

dm,en«on.  in  «.  6,  c^he  SSr  i  mniJt"''""*^'  *'  °°Iy  <"  three 
independent  of  «,'  J  c ;  iS^  vine  ^^f  i*  "J™*  numerical  quanti^ 
particular  value,  to  a  he  ^k  ^^  ">e»fore  be  found  byrfvinJ 
term,  on  each  rideT    '    '  '*  **  ^^  •^'«'»«  the  coefficienuT*?  iSf 

Let  «=0,  6=1,  c=2,  then  (1)  become 
whence  2(-l,+o+0=ir(-l,.2x(-l); 

T     /K,  .  '^P°*' "  ■"  "•  poMtiire  and  intanml 

i  ^.T*  ?^'  ^'-'' "  '^'"^  *^W,  J.  x-v 


I' 
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Bjr  going  through  a  few  iteps  of  tii«  dividon,  the  fonn  of  the 
quotient  in  each  oaie  is  eMily  determined.  The  results  of  the 
present  article  maj  be  oonyenientlj  stated  as  follows : 


For  all  values  of  «, 

«--y--(jr-y)(jt— »+4r^+«*y+...+y"-»)t 
When  n  is  odd, 

When  n  is  even, 


(i) 


(U) 


m 


Ilnd  the  values  of  x  which  will  make  each  of  the  following 
expressions  a  perfect  square  : 

L    x*+6x»+13aj«+13«-l.  2.    a5«+8a:»+lLt«+Sa;+Sl. 

««  -  ao«»+(a«+26)x«  -  3o6«+26«. 

4pV  -  4pgaB» + (g« + ^)  SB*  -  Apg* + ^• 
"9 


4 

6.    -ft o~ 


gfcg* .  2ac»»  .  96V    66cx    ^ 
2         3         16   ~    2   "•■ 


6.  ae^-i^ias^+iaV+ex+d. 

7.  Find  the  conditions  that  x*  -  oa5*+ ftj^  -cx+l  may  be  a  perfect 

square  for  all  values  of  x. 

f*ind  the  values  of  x  which  will  make  each  of  the  following 
expressions  a  perfect  cube  : 

8*»-38*«+6«x-39.  9.    ^-^+iah*-28efi. 

mhfi  -  9»»*na;* + 39m»V  -  61n*. 


8. 
10. 
11. 


Find  the  relation  between  6  and  c  in  order  that 
a:'  +  3ax»+6ar+c 
may  be  a  perfect  cube  for  all  values  of  x. 

12.  Find  the  conditions  that 

«• + 3ax» + 3fca:* + o  (66  -  5a»)  x» + 36  (6  -  a*)«« + 3c« + d 
may  be  a  perfect  cube  for  all  values  of  x. 

13.  What  number  must  be  added  to  z'+2x*  in  order  that  tkt 

expression  may  be  divisible  by  z+4T 

14.  If  x-^a  be  a  c<.uimon  factor  of  x*+p«+  q  and  z'+fo+m,  shew 
m-q 


that  a= 


R««>lv«»ntofactoi»: 
I&   «»-fl««+ll«-8,  1«    rf   M   ^ 

17.  ^+9*.+ato+ai      if  !^"!:^:f  *"*• 

Wntodown  th.  q^otiwt  in  th, following om«, . 

I     ^^nd  ^e  ■qnare  root  of  *"*' 

29.   Find  wUt  value,  of  mt^!^J!f''^^**^ +••-«•+«■ 

Without  .ctual  divirion  Aew  that 
a.   32r»-8a«»+i  i.^,  ..' 

37.  If  „  b.  -'-oi^'^-o^''  '"^''  '^- 

I         divisible'bjdr'**''*  *"***«*•  P«'^«  th*t  6*.-l  i,  ^^y, 

1%   Shew  that  1 -x_a-«x,-i+i  • 

V^  !•      ^''^  *^<^*"'  Pro'^e  that 

Shew  that  if  o-'+jw-j.^^  , 

^+«r+9«-  b  exactly  divUible  by 

then  p      a 


\4 


CHAPTER  XXX. 
The  Thbory  of  Indices. 

231.  HiTHmTO  all  the  definitions  and  rales  with  regard  to 
indices  have  been  based  upon  the  supposition  that  they  wen 
positive  integers ;  for  instance 

(1)  a*«-ia.a.a...  to  fourteen  facUn& 

(8)  «>*xa»-a»«*»-o". 

(8)  a"-J-a»-a»«-»-a". 

(4)  (a")»-a»«^-a««. 

The  object  of  the  present  chapter  is  twofold :  first,  to  giti 
general  proofs  which  shall  establish  the  laws  of  combination  ii 
the  case  of  all  poticive  integral  indices ;  secondlv,  to  expliii 
how,  in  strict  accotdance  with  these  laws,  iuteUigible  meaninp 
may  be  given  to  f ymbols  whose  indices  are  fractional,  zen^  or 
negative. 

We  shall  begin  by  proving,  directly  from  the  definition  <A  i 
positive  integral  index,  three  important  propositions. 

232.  DKriNiTioN.  When  m  is  a  poeittve  integer,  o"  staui 
for  the  product  of  m  factors  each  equal  to  a. 

233.  Prop.  1.  To  prove  that  a"xa"=a"*%  when  m  anJi 
or*  poeitive  integen. 

By  definition,  a'^=a .a. a...  to  m  factors  ; 
a"=a. a. a...  to  n  factors; 
.•.   oT  X  a's'ia  .a. a. ..torn  factors)  x  (a .  a .  a ...  to  n  fsctoaij 

a  a. a. a...  to  m+n  factors 

— o"**",  by  definition. 

Gob.    If  f>  is  also  a  positive  integer,  then 
a*  X  ^  X  a*— flT*"**} 
and  so  for  any  number  of  focton. 
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234*    FlRop.  II     To  provt  that  &"j.&*_.a-.     i 

a"»+a"-?^-ii?_ifL:—  to  m  h^ra 
«      a. a. a to  n  fitctora 


""•"•^ tom-nfacton 

238.    Prop.  III.    To  prom  that  ra-^-*-  «* 
(a'")--a-  a",  a- to  »  factow 

■'"•''  • « CO  win  facton 

|.ndi?S;anl'X'7„,'Jjov'Stef;','*""  «' combination  of 

intelligible  onlj^'on  theTuptoSiS  t^hf ^1?  *  •*^!?."'''°"  ^^'''^  » 

Itnd  int^raL  "uppoaition  that  the  indices  are  potifvt 

But  it  i.  ,o„„u  co.,.„„„t  to  „..  „«tio„.l  „d  ..g.tiv. 

(or  na7a<j-4     '^      ^       °  '°"*^"  applicable  when  m  in/ractiJnal 

jl^ws.    We  therefore  determine  nieani„/?o7™  mttch'L* 

?he.preni:r'Lw;"/^:S:^  ^^^t  they  conform  to 

hhich  this  assumption  W«  us  'l?  inrtL'S''"  5'"*"*"'^  *« 
frymbols  80  interprSxjd  wifuL  Jb»v  th^n  >,  .'"""^  **■*»  '^^ 
|>"  Props.  II.  and  ,iL  ^  "'*  °**'"  'a'^'  enunciated 

Int^L   ^"  ^  **  "^«»«^  for  af,   p  a«rf  q  i«„^  ^-^-^ 

fc"""r"*"  "  "^  "^  '"^  ^^^  '^^  -»-  o'  -  and  n. 
r  "^'^'"8  «»<''>  o^  the  indices  m  and  n  by  £  we  have 


m 

I- 


MS 


(CHAT. 


«  »  ,        ff     t     t     k     X     ft^     9e 

Bimflarly,    a«xatxa«>«at  x«tsat  f«a«. 

ProoMding  in  thb  w«j  for  4,  A, 9  iMCony  w%  hmf 

a«xatxat toqhaUam—a*i 

that  ii,  (aty-o^. 

Therefore,  by  taking  the  9^  root, 

or,  In  words,  at  is  equal  to  "the  9*  root  of  oF.* 

BxativtUs.      (1)  x^-;^«*, 

(2)  a^ml/a. 

(8)  4*-s/4*«^«& 

(4)  a*xa*-a***»o*. 

(6)  i^x**-**^-*"^. 

(6)  3oH*x4oM»12o***6***=12oM. 

288.    To  find  a  mtamng  for  tfi. 

Since  a"xa"*<^*"  ia  to  be  tme  for  all  Tallies  of  m  and  n, 
by  replacing  the  index  m  by  0,  we  have 

«^xa"-a«*" 
-a-; 

of 

-1. 

Hence  ONf  fwcm^  with  aero  index  is  eqniTalent  to  1. 

330.    To  find  a  iMommg  fur  a"". 

Since  tf"xtf"-«a"*^"  ia  to  be  tme  for  aH  Taloes  of  m  and  n,  by 
replacing  the  index  m  by  — n,  we  have 


Bat 


0-"  X  o*-a-"**«a'. 


h«BO» 

and 
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by  mereljr  dunging  the ^^iZ^^dST^    ' "^ vice-verO, 


(2)    4=y«.^y. 

(8)  ar*=-L= 


I     1    1 


27l~4'(27)»"<'.7*=32"9 

24a    Toprovt  that  a- u-a*..--.  y„  ,^;  ,    .         . 

'^  •  •  — «      /or  ate  valui  <  <>/  lu  ana  n. 

a"-».a"-a"x4: 
a" 

— o^xa-" 

-a"—,  by  tlie  fundamental  law. 

(2)  e^c-Kc'^i^e'^, 

(3)  x*^TX*-«=sa!«-»-.--«)_j(«_» 

pl^idin'^h^^^L'^JinliSlgr^; -^j,^^       •  -ymbol.  aa  ex- 
"sual  algebnu«l  proceiTS!!:.w    17^  **?*'"'  attention.    The 

meanin^aSdlhen^e  Jh^SiV**?^''"''^"**^'"' «'''«  'hem 
the  pnS.  i.  iw«£d  ^  th«  rllL?'  '^'••'.conibination.    Here 

whicS  they  iJiX^irSTaS  f^i  T'  ^^^ '  •"^  '^"^  '»''  »<> 
•vmbola  a^  determined^  °*  **"•  *•*•  meaning,  of  the 

pri'SJfple.^e'it'iaiShS^^  "^  "^"•'"**  '»»*  <»'ff«^"t 


Bxamplu. 


(1)   -*»!!-.  a« 


(2) 


^-^J.»H-i.-........^. 


i 


\    ) 


r  i  ^ 


SU 


ALOBnU. 


(S) 


i^-.^-*^"-*-' 


y  'xx' 


(4)    2V«+-3i+«*"*»*+*»*+*»* 


B8a*+a*»a*(6+<^ 


Express  with  podtive  indices : 


L    i'«" 


2.    8a 


.-I 


& 


0x' 


:^* 


S.    iarV. 


4.    3+a-« 


& 


^- 


9.    2r*x3a;->.  Itt    l+2o"*       IL    ayxx-».     12.    o-«ar»+8«. 


UL 


11 


4^^ 


•/^-» 


'X 


15. 


2 


s/y- 


1& 


17.    a-«»-*+a-*.       18.    i'a->4-^«.  19.    i/a-»+^a'. 


Express  with  radical  signs  and  positive  indices : 


20.    * 


i 


2L    a 


r* 


22.   6cB 


.-* 


23.   2a-l 


I  •'9^' 


2a* 


J.  t 


28.    a"*x2a"*. 


SL 


2a 


-• 


.-* 


82. 


a-* 
So" 


26. 


x"*+2a" 


S3. 


27. 


Tl 


r4. 


30.    7a~*x3a-» 


4«-» 


•/ « 


31    -^ 


^ 


3B.    4/«^x^a». 
SSL    yx+^x». 


•/«-«  4.  •/«-•». 


36.    i'a-«+> 
39.  ^a^+>« 


87.  ^xx^x*. 


40.    >-x>--5-7oi 


»/«»• 
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Find  th*  Talae  of 
IL  1«*.     48.  4-*.     4S.  11»».        41  8-»         IB.   ar* 

^  s^.  47.  ««i.  4a  {^y\  4a  (S)*   5a  («)-». 

o/^I"'^  "^^  ^*'^-*~  "  "^^--^y  *ry./araa  value, 

Giffll.    Letubea/wilrtiwinfcyw. 
Now,  vkatever  be  the  value  of  m 

(-»")"-«"• «".  a" to  «  factors 

^  (!■»+•■♦"»♦  —  to  a  t«nu 

•■a"". 
Casi  IL    Let  m  be  unrestricted  as  before,  and  let  n  be  a 
poeitivejractian.    Replacing  «  by  £,  where /,  and  g  are  po«hw 
integen,  we  have  (a")»=(a")f. 

Now  the  3«  power  of  fa'»)f-{(a")f  J* 


.«"». 


[CaseL] 
tCase  I.] 

[Art  237.] 


Hence  by  taking  the  7*  root  of  these  eqoala, 


sa«, 


"(^' 


[Art  239.] 
[Case  ILj 


(a")--(a«)- 
1 

I.A.  ^ 


=*i-= 
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ALOnRA. 


[OKAT. 


i 


i 


n:. 


ExampU$.    (1)    (6*)*-»6*'**»6*. 

(2)    {(ar«)«}-*»(ar«)-*»a^. 

(8)    (x.-i^r--*.-^'"--'-*^. 

244.    To  prow  that  (ab)'-a'b',  wAcKww  6«  <A«  »a/tt«  o/  n ; 
a  and  b  being  any  quantities  whtUever. 

Cask  I.    hit  n  he  •■  poeitive  integer. 
Now  (aby-ab.ab.ab to  n  foctora 

-(c.a.a...  tonfacton)(6.6.6...  ton  factors) 

-a"6". 
Casi  II.    Let  n  be  a  po«th«0  fraction.    Replacing  n  by  ^ , 
where  p  and  g  are  potitive  integers,  we  have  (a6)"-(a6)t. 


[Art  243.] 
[Case  I] 


Now  the  ^  power  of  (ab)i  ={(a6)t  }f 

=(ai)», 

-■(o«6«)». 

Taking  the  j*  root,     (a6)«  -  a«  ?•« . 

Cass  IIL    Let  n  have  any  negative  value.    Replacing  n  by 
-r,  where  r  is  positive, 


1 


r/ 


Henoc  the  proposition  is  proved  universally. 

The  result  we  have  just  proved  may  be  expressed  in  a  verbal 
form  by  saying  that  the  indei;  of  a  product  may  be  dittributed 
over  its /aetor«. 

Vols.  An  index  is  not  distributive  over  the  terns  of  an  exprfi- 
slon.  Thus  (a^ + h^f  is  not  equal  to  a  -t-  6.  Again  (o^ + ft*)*  is  equal 
to  <Jff+V,  and  oaaaot  be  forthsr  siapUfied. 
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<1)    (»«)— («t)»{ay)-.«y.-.^-.jj.j^jp.,y^ 

(2)    «-*)'}-x{(«+6)-.>.=(a-6)-x(.+6,-« 

■{(«-6)(a+6)}-»i 

involve  indioM.  ''^  unrmncted,  and  may  tbemselve* 


EXAMPLES  XXX  h. 
Simplify  and  exprew  with  positive  indices  : 

».    (NX  V)  »        a    (a!V*>»x(xV)-' 


Mr.)'    M^V- 


-m^: 


If,  ' 


S48 


ALOnKA. 


(OHAP. 


Simplify  and  expreM  with  potitiye  iodioN : 
17.    (o-*y»)-»xV«-Vo-'. 


18,    5/55+5^=5 +(o"6"-)». 


19. 


90.    {(»-F)-*}"+{(ar+fr}". 

91   4^(s:+ly»K{a«-6^-i 


^     t'(t<-alft>)-» 
32.    («^ir>)»^(j^') 


.^ 


-I      /«V,-.vf 


2-x(2-M-      1 
**•     ?F«  X  2-1     4--' 

_     3.2»-4.2-» 


2"+> 


4it-«-] 


38*       J2"f^'^(2ii=IjiH:i' 


38. 


"~3-*«  X  7  ~' 


246.  Since  the  index-laws  are  universally  true,  all  the 
ordinary  operations  of  multiplication,  division,  involution  and 
evolution  are  applicable  to  expressions  which  contain  fractional 
and  negative  inoices. 

247.  In  Art  121,  we  pointed  out  that  the  descending  powers 
of  i?  are 

A  reason  for  this  may  be  seen  if  we  write  these  terms  in  the  form 
«»,  J5«,  *»,  A  r\  x-\  -r«, 
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^xowpfal.    MnltfpIja»-*+»+ftr*by«*-2. 
Arrwige  in  deMebding  power*  of  A 
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*'+2!e  +3 


-2r  -4a:*-8*~* 


«*-4x'+3     -8*-* 
^5»m/ife  2.     Divide  16o-«-  6o-«+8o->  +  6  by  l+Sa-i. 

2«-»+l)i6o-«-  6o-«+  fia->  +  6(8a-«-7a-'+6 
16o-»+  Soj* 

- l4a-«-   7a-' 

iai-«+6 
12b-' -t.  6 

^WMitpfea    Find  the  square  root  of 


-  +  ^^  -  2x + 1 + x»  -  V(afy-'). 


powti'3xfwe°hat  ^'^  '^^^  "**  '^^^  ^  <»•««'«»« 


2a!*-2a!f"* 


^_4r»y-*+4aV-'+xV-2ir+|(x*-2xy-*+^ 


_4e*y-*+4«V-» 


arV*-2ar+| 


..5S«.l-LS^r£tt:?o&.£^iSf^'ssa" 


:  i 


If  KTAMPT.EB  ZZZ.  «. 

L  Multiply  S»*-6+8»"*  by  4«*+8«"*. 

2.  Multiply  Sa*-4a*-o"*  by  8o*+a"*-eo"*. 

S.  Find  th«  product  of  C+2e-*-7  and  S-Se-'+Se". 

4.  Find  the  prodaot  of  S-f  2c^+Sar**  and  4s*-3ic-«. 

5.  Divide  21»+x*+**  +  l  by  8x*  +  l. 

6.  Divide  lSa-8a'-2a~'-i-8a->  by  5a^+i. 

7.  Divide  16o-»+6o-«+8o-»-6  by  a»-»-L 

&  Divide  66* -66* -46"* -46"* -6  by  6*-»~* 

9.  Divide  21a*>+ 20  -  27a'  -  26a*'  by  Sa«  -  6.. 

10.  Divide  8c-"-8c"+ac»"-3c-*'  by  fic"-8c-». 
Find  the  aqoare  root  of 

IL  9tB-12a:*  +  10-4*"*+x->. 

IS.  25a*+l6-S0a-24a*+49o* 

IS.  4r"+9«-"+28-24x~*-16x'. 

14.  l2a«-(>4-6a*'+a«'+5o*>. 

15.  Multiply  a*  -  8a~  * + 4a"  *  -  2a*  by  4a"*+a*+4a"*. 
18.    Multiply  1  -  2  ^«  -  2**  by  1  -  ^». 
17.    Multiply  2  ^-  o*  -  -  by  2 


'<ll 


IS. 
19. 


2a 


Divide  4/5»+2r*-16«~*-—  by  ar*+4x~*H 

Divide  l-^a-  -n+2o"  by  1  -o*. 

Divide  4<5^-8x*-6+i^  +  3a:"*  by  2x^- 


V* 


]!fx- 


W 
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Find  the  square  root  of 

and  negatiVe  in<W  ^^  "Pressioiui  involving  frmctionS 

=  1-0  **'+a*6~t_i 

=a*6  f-a  *6t. 
i?«i».pfc  2.     Multiply  ac*-x>.  +  3  by  2x*+xi..a 
Theproduct    =<2x*'-(a:i'-3)Hac*.+(xi.-8)» 
=  (2a:*)«-(;c''-3)« 

&o«p/e  3.    The  square  of  3x*-2-x-* 

=ft«+4+^-i-2.3x*.2-2.ar*.x-*+2.2.*-* 
=9x  +  4  +  a;-i-l2ar*_6  +  4a:-* 

=9a:-12x*-2+4x-*  +  x-'. 
by  collecting  like  terms  and  rearran^ng. 

Examples.     Divide  a^+a-^  by  a»+o-» 
The  quotient        =(a^+a-^)^ („«+«-«)  ' 

=(a')«-o'.o-?+(a-f)« 

ssO"-l+o— . 


S5S 


■  '    I 

If  1    I 


'•     if 


*i 


1 1 
■  I 


1^ 


Writt  dotm  the  ylv  of 
t    (**-7)(»*+8). 

IL    (o--J-a-y. 
ML    {(a+ft)*+(a-J)*}». 


ft    (4v  ■iigri)(4<v-|-agr4|^ 

&    {fc8V-*»-Y-»)(4«V+&r^-*). 
la    {aa!V-*+aarV)(4»V-»«-V*) 
12.    (a:i-»"*+«J^ 
11    {(o+ft)*-(«-6r*J». 


TTrtito  cfoim  the  quotient  of 
15.    x-0a  by  ar^+Sai  18.    a»*-27  oy  «♦-* 


17.  o»»-16by  «*»-4. 

19.  c*-e-«  by  <f-c~*. 

2L  eif'-afi  by  o^+a^. 

23.  x*-l  by  *♦-!. 
Fiiid  the  value  of 

26.  (ar+z*     I  {«+«*+4^  91    (2a;*+4+S»"*)(2r*+4-Sx"*), 

27.  (2-«*+«)(2+«*+x).        28,    (o'+7  +  3o-»)(a«-7-8o-«). 


UL  a^+8  by  a8*+2L 

2a  l-8o-»by  l-2»-». 

22.  x-*-l  by  «-»+!. 

21  «^+82byx"+2. 


28. 


SL 


«*_ 


J^ J. 

i/««+4+4«"* 


9a 


92. 


g-7g' 
o'-fo6       ^c 


•(-^.)- 


CHAPTER  XXXL 

ELMttNTAJlY  SURM. 

tisHF^'''*^KiSln5^^^^^^^  ^  -  that 

ues  might  be  written  "laioes ,  for  the  above  quantj. 

"  other  aJgebntiil  symQT      '^*  "^^  ^*«  ^^  ooiubiViat^n 
26a    A  quantity  mnv  h- ,  . 


ithout 
surd, 


r .-  .u  i^e  equivalent  form  x*:      •^•^'"•"v  »  ■"«!, 

termed  rational  qSiStl^"'^  "'''  '"'^  '''*  «''«  ^^  Sho?;; 
»ltho?ih  'the^'SaTvah..'"""*""*'  """^^  ^"«h  «  ^2    1/5 

th.?-"",...  ^'«  =  2•236068 

P'rth?«^"  aPPro.in.at^7tm  neU^Tth  "r^*-  .°^  ^««^"«' 
.    "  thus  appears  thaf  if  t„;ii  "'^*'^®^«>  the  true  value. 


S64 


[OBAT. 


I   1 
f 


i*i 


fi<d  and  ahoitentd  bj  <^Mnting  with  turd  lymboli,  and  after- 
ward* Mbatitating  Dum«ri(ml  TtUaflt,  if  Qec«tsary. 

268.  Tilt  order  of  a  surd  is  iiidioat«d  by  the  root  ■yrabol,  or 
■ard  index.  Thus  i/s,  If/a  are  respectively  aurdi  of  the  third 
and  A**  orders. 

The  aurrie  of  the  moet  frequent  oocUi  renoe  are  thow  of  the 
Momd  oirder;  they  are  aometiniea  called  qnjMlratte  fTUrdf.  Thus 
iji,  n/a,  <Ja-¥y  are  quadratic  earda 

254.  It  will  frequently  be  found  convenient  to  express  a 
rational  quantity  in  a  «urd  form. 

A  rational  quantity  may  be  expressed  in  the  form  of  a  surd  of 
any  r«quirtd  orcUr  by  raising  it  to  the  power  whose  root  the  surd 
expresses,  and  prefixing  the  radical  sign.    Thus 

o-^25»  {^125-  ^626- 1(^5"  ; 

266.  A  surd  of  any  order  may  be  transformed  into  a  surd  of 
a  differ  dnt  order. 

Exan^les.    (1)     4/2s2^a2i^.^. 

1        X 

266.  Surds  of  different  orders  may  be  transformed  into  surds 
of  the  same  order.  This  order  may  be  any  common  multiple  of 
each  of  the  given  orders,  but  it  is  usually  moet  convenient  to 
choose  the  least  common  multiple. 

Example.  Express  4/o»,  Jffb^,  •/a'  as  surds  of  the  same  lowest 
order. 

The  least  common  multiple  of  4,  3,  6  is  12;  and  expressing'  the 
given  surds  as  surds  of  the  twelfth  order  they  become  '^'o»,  ^6',  V'  ""'■ 

257.  Surds  of  different  orders  may  be  arranged  accordiiii;  to 
magnitude  by  transforming  them  into  surds  of  the  same  onKr. 

Example.    Arrange  s/3,  4^6,  i^O  according  to  magnitude. 
The  least  common  multiple  of  2,  3,  4  is  12 ;  and,  expressinu  the 
given  surds  as  surds  of  the  twelfth  order,  we  have 

^  =»/3«  =15/729. 
^6  =iy6*  ='4/1296. 
4/10 =»»/10»=>y  1000. 
Hence  arranged  in  ascending  order  of  magnitude  the  surds  aru 

V3>  4^10,  4^ 
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1 


a    a-«+«-* 


a   • 


1 


Eipre-  „  .urd.  of  the  n-  order  with  poeitiv,  indice. : 


'a-5^. 


"•  <Cpi.    i»  .4,.       u  '^».       u  ^. 

«^v..^..^.    a.^v.t      ^&f 

For 


'!''aA-(a6)i 


1.1 


[Art.  244 


and  so  for  any  number  of  factoiu 

(2)  V^=»/o«.^=o«^. 

(3)  ^80  =v'25.^=6^ 

the  «urd  ui  said  to  be  in  ii  ^X^/oZ         '  ''***'*  "^  •^"'^^^ 
i  hus  the  fiimpleat  form  of  ^128  is  8^2 

tlHsn  multiplying  the  .un^TtogSr  °'  *  '""*'  *°<J 
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ALOKBRA.  [CHAT. 

EitampUa.    (1)  7^/6=^/49.^/6=^/346. 
(2)  a!i/b=!^a*.l^=i/c?b. 
When  80  reduced  a  burd  is  said  to  be  an  entire  turd. 

2B9.  When  surds  have,  or  can  be  reduced  to  have,  the  same 
irrational  factor,  thev  are  said  to  be  like ;  otherwise,  they  are 
said  to  be  unlite.    Thus 

6^3,  2^3,  =n/3  are  like  surds. 

But  3  J2  and  2^3  are  unlike  surda 

Again,  3s/20,  4^6,  y]^  are  like  surds ; 

for  3v'20=3s/4V6=3. 2^6=6^6; 


UV6. 


260.  In  finding  the  sum  of  a  number  of  like  surds  we  r»iuce 
them  to  tlieir  simplest  form,  and  prefix  to  their  common  irrational 
part  the  sum  of  the  coefficienta 

Example  I.    The  sum  of  3^/20,  4^5,  jg 

Example  2.    The  sum  of  x>/&a+yy/ -i^a-t\li?a 
=x .  2x^a+y(-y)^a-t . z^a 

261.  Unlike  surds  cannot  be  collected. 

Thus  the  sura  of  5^'2,  -2^3  and  ^6  ia  6V2-2v3+^'6 
and  cannot  be  further  simplified. 

EXAMPLES  XXXT,  h. 

Express  in  the  simplest  form  : 
L    n/288.  2.    s/147.  a    -J'S.W.  4.    5^432. 

6.    S^SO.  6.    2^/720.  7.    6^/245.  8.    ^1029 

9.    4/3126.  la    'J' -2187.      U.    s/38a».  12.    n/27^»6' 
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14.    ^"'.riv^n  ^     K'J^^^l^. 


17.      \'^  -  '2^jtY  +  24^--y-'  -  8jy: 


16.     -Ja*  +  '2a-b  +  ubi 
Express  as  entire  surds 

.8.  ■U'^_       IS.  iv..        aa  0...        a.  5.. 

25.    5^. 


28.     a 


<i-a" 


32.  -^-^  a/?!---^* 

a  -  .r  V   d'x^  ■ 

34.  4^/63  +  5v7-8^/28. 

36.  2^/363 -5^/24.3 +  ^'192. 

38.  5  3/8i-7^,92  +  4^3/tJ48. 

40.  5^^r54_24rri6  +  4  3/ej86. 

42.  5v'24- 2^/54-^/6. 


31.     (x  +  y)J^, 

Find  the  a  alue  of 

33.  3V45-,/20+7V5. 

35.  n/44- 5^176 +  2^/99. 

37.  2^/189  +  3^/875-7^/56. 

39.  3^/162-7^32+4/1250. 

41.  4N/128  + 4^/75 -5^162. 

43.  v/252-^294-48J^. 

1  1 
1 

=ccb  >lxy. 
Emmplu.    (1)    6^3x3^=15^21. 
(2)    2Vxx3Va:=6*. 
(3,»     ^'^+^>c.J^^=4/(^7fty(^Tftj_^irrp: 


■  -a 
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r:f 


263.  If  the  surds  are  not  in  their  simplest  form,  it  will  save 
labour  to  reduce  them  to  this  form  before  multiplication. 

Example.    The  product  of  6s/32,  ^48,  2^64 

=6 .  4^/2 X  4 ^  X 2 .  3^6=480 .  s/2 .  ^/3 .  ^/6=480  X  6=2880. 

264.  To  multiply  turcU  which  art  not  of  the  tame  order: 
reduce  them  to  equivalent  eurds  of  the  tame  order,  avd  proceed  at 
before. 

Example.     Multiply  5^2  by  2  ^/S. 

The  product=6  ^  X  2y6»= 104/2fx^=  10^600. 

266.  Suppose  it  is  required  to  find  the  numerical  value  of 
the  quotient  when  ^6  is  divided  by  ^. 

At  first  sight  it  would  seem  that  we  must  find  the  square 
root  of  6,  which  is  2-236  ....and  then  the  square  root  of  7,  which 
is  2-646 ...,  and  finally  divide  2-236 ...  by  2-646 ... ;  three  trouble, 
some  operations. 

But  we  may  avoid  much  of  this  labour  by  multiplying;  both 
nu-^erator  and  denominator  by  V^,  so  as  to  make  the  de:iomi- 
nator  a  rational  quantity.    Thus 

5/6    V?    s/7    s/6x7_V35 
^"s/T'^T?"     7  7^ 

Now  ^/36 =6-916... 

J6    6-916...      ..- 

.-.      T== = ="040..,. 

,J7         7 

266.  The  great  utility  of  this  artifice  in  calculating  the 
numerical  value  of  surd  fractions  suggests  its  convenience  in  the 
case  of  aU  surd  fractions,  eve:^  where  numerical  values  are  not 

required.    Thus  it  is  usual  to  simplify  — j-  as  follows  ; 

ajb    a^jhy.sjc_a>f^ 
Jc       ^CXiJc  ~~     c 

The  process  by  which  surds  are  ''  oved  from  the  denomi- 
nator 01  any  fraction  is  known  as  ratio  ising  the  denominator. 
It  is  effected  by  multiplying  both  numerator  and  denomin-iMr 
by  any  factor  which  renders  the  denominator  rational  We  shall 
return  to  this  point  in  Art.  270. 
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267.    The  quotient  of  one  surd  by  another  may  be  found 
denomu!^r°^  "*"     "  *  fraction,  and  rationalising  the 

Example  1.     Divide  4^5  by  25^66. 

The  quotient=,ii^=-i^v^  -1^ 
25^66     25x2^14  "5^/14 

_  2^x^14     ij42    J42 
6^/14x^14    6x14"  36* 

ExampU2.      ^-V^^Vc    jg    |/g? 


Find  the  value  of 
1.    2^/14x^1.  2. 

1    2^15x3^6.  S. 

7.    21^/384-^8^/98.      & 

10.     t/168x»/147.        11. 

13.    o^x6»Va.         14. 


EXAMPLES  ygTT   a 


3^  X  ^6. 

8Vl2x3v'24. 

6^/27 -r  3^/24. 

5^128x24/432. 
3^11        6 
2v/98  •  7v^* 


3.    5^ax2J3. 

6.     \/x+2x4'i^ 

-  13^125^6^/65. 
6^14^2^/21. 

3v^_^  6^/84 


9. 
12. 

15. 


16. 


6v'112  •  v/392 


n^-iSJji: V^i*.^^'* ^'^",^ -73205  V5 = 2-23607,  ^6  =  244949, 
V7  -  2  64676 :  find  to  four  places  of  decimals  the  numerical  value 


18. 
22. 
26. 


14 

;'2- 

60 
v5' 
_l 
v'SOO" 


19. 
23. 


25 
l44-fv/6. 


27     -* 


21 
28. 


10 

^' 

v/2-f^. 

26_ 
:j252' 


2L 
25. 
29. 


48 

1 

1256 
Vl576" 


c«^^^°'    ^''^®!;*°  '^^  have  confined  our  attention  to  simple 
surds,  sHch  aa  ^5,  »'«.  v/J+],.     An  expression  involvinir  two  or 


11 


># 
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260.    The  moltiplioation  oi  oomponnd  raTds  ii  performed 
like  the  mnltiplicstion  of  compound  algebraicftl  ezpreeuouii 

BxampU  1.    Multiply  2^x-6  by  Z^x. 
The  i»odaot  s  3  ,Jx(2^x  -  6) 
-8x-16^/x. 

Example  2.    Multiply  2x/6+3^/x  by  iJ5-,Jx. 
The  product = (2 s/6  +  3 ,/«)  (^/6  -  s/') 

=2yJ5 .  ^6 -'-3^6 .  ^/x-2^6 .  ^x-S^x.^x 

=  10-3a:  +  ^/5x. 
Example  3.     Find  the  square  of  2,Jx  +  s/l-^. 

(2V«+V7-4«)»={2s/«)»+(\/T^z)''+4vx.v''r'te. 
=4x  +  7  -  4x  4- 4  V7z  -  4x* 
=7  +  4V7x-4a::*. 


ii 


I     3^4 


EXAMPT.E8  XZXL  d. 

Find  the  value  of 
L    (3Vx-6)x2v'x. 

8.  {Aja+^)x>/aB. 
6.    (2^+3^/2)'. 

7.         {Z^-4y/2H2y/6  +  ^^2\. 

9.  (>/x + \/x^)  X  sj'x~-  1 . 
IL    (>/cr+x-2^/a)». 
13.    (Vo+x-\/a^x)». 

15.  (N/2+^/.3-.y5)(s/2  +  ^3  +  v/5). 

16.  (>/5  + 3^/2  +  ^)  (^5 +  3^/2-^/7). 
Write  down  the  square  of 

17.  »J2x+a-s/2x-a.  18.     v'x»-2y»+\^?T^. 
19.    N/m+n+Vm-n. 


2.  {n/x-Vo)x2Vx. 

4.  (\/i+y  -  1)  X  v'x+y. 

6.  (v7  +  6v'3)(2v7-4v'3) 

8.  (3^/o-2^/x)(2^o  +  3v'xl 

10.  (N/x  +  o-\/x-o)xv'x+a. 

12.  (2v'a-v'r+'4a)«. 

14.  (va+x  -  2)  (v'a+x  - 1  >. 


at    8x^/2- 3 vT^^. 


20.  3v'5:5+6»-2V?^r^. 

22.     s/4r»4.|-s/4x»-l. 
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and  the  difference  of  My?wo  aa«d«^l™"ii'P'^  ^*'^^^  ^^^  ••""> 
product  '  ^  "*  qaadratic  surds  we  obtain  a  rational 

(2)    (V«+4^)(3^-4^,=(s^,5),_(4^^^^_^^  _^ 
Similarly.  (*-v'5+i)(4+ vi+6)=(4).-(Vrap-18-a-6. 

onf/in  the^'^rwLh'IJn'n^eJrs^^^^^^^^^     quadratic  sunis  differ 
conjugate.  connects  their  terms  they  are  said  to  be 

Thus  3V7+6^/ll  is  conjugate  t«  3^7-6^11 
Sunilarly,    «  -  >/S^:^  is  con juga*^  to  a  W^^^^ 
The  product  of  two  conjugate  surfs  is  rational    [Art  270.1 
Example.    (SVa+N^Tg^jfa^/a-viTIftr, 

=(3>/a)'-{s/x-ga)*=9a-(x-9a)  =  l9a~x. 

we'sKll  h?r:  ^"iJidTislha't  if  w'Sl^'.^P^""^.  """^^  "^ich 
quac'.ratic  surd.  Uweex^llth^J^^-^  ^t'^"^''  "  *  ^•""'"ia^ 
tion,  we  can  aJwavs  7^U^Zlf^li  9'''^''*^  ^^  ™«*»8  of  a  fnic- 
num^ratora^d  dSom  rtJr^^^^^^^  by  multiplying 

the  divisor.  »"»wr  oy  tne  surd  which  is  conjugate  to 

Example  1.     Divide  4+3^  by  6-3^ 

The  quotieni=lL3v^_4  +  3v'2^6+3v'2 
6-3v^    6-3-^  **  6 +3^/2 

_20jvl8  +  12^+16^    38  +  27J2 
25-18  =        7       • 


Exavg,Uz    Rationalise  the  denominator  of 


The  expressions ^ j^  v^f+S^-c, 
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-.  ,,     .     ^+J2    ^3-^  (v/3)'-(s/2)« 

Th.  q«otient=^^xN'-^  =  j;p>2^^:^3 

=2-^/3,  on  rationalising. 


■2  +  v'3 


87 


Example  A.    Given  ,/5= 2  •238068,  find  the  value  of  =-f^^ 
Rationalising  the  denominator, 

7^='4d^-ls^=3<^ +2V6)=34-416408. 

It  will  be  seen  that  by  rationalising  the  denominator  we  have 
avoided  the  use  of  a  divisor  consisting  of  7  figures. 


11 


EXAHPLES  XXXL  e. 

Find  the  value  of 
1.    (9^-7)(9^'2  +  7). 
a    (5V8-2v/7)(5^'8  +  2V7). 
5.     {Ja+2^){Ja-2^b). 

7.  i-Ja +x-^a){'<Ja  +  x+Ja). 

8.  {•j2j+3^-2^q)(-J^+3^  +  2y,fqy 

9.  {•>/a+x+»Ja-x)(-Ja  +  x->Ja-x). 
(Sv^a^^^H-  7o)(5V?^^'«  -  7a). 


2.    (3  +  6V7)(3-5V7). 

4.    (2^/11 +  6^)(2v/ll-6v'2). 

6.     (3c-2Va;)(3c  +  2Va;). 


10. 

11. 

13. 
15. 

17. 


29^(11  +  3^). 

(3^/2- l)-f  (3^/2  +  1). 

(2x-s/^)-i-(2'J^-y). 

Ja      ,  Ja+isjx 
s/x 


12. 
14. 
16. 

18. 


174-(3v'7+2^). 
(2V3  +  7v'2)^(6»     - 
(3  +  V5)(v/5-2)^(«-vo). 
2^/15  +  8  .  8,^3-6^5 


19. 


25. 


^a  -  ,^x 

Rationalise  the  denominator  of 

25^/3-4^/2  ^      lOs/6-2^/7 

7v'3-5^'  3^/6+2^7 

23.    --)i— V 


5  +  ^13   ■5v/3-3v/5 


21. 


9  +  2v'14" 


20     2^  +  3^/2 
6  +  2^6 


■— ..  24. 


2\'a  +  b  +  5'Ja-b 


v/l+x«+N/l-at» 


2\/o+6-N/a-* 


XXXI.] 


KLEMXNTART  SURDS. 


363 


27. 


v9  +  z»  +  3 


28.  3  +  >^/6 


p£rof^^L^afJt?:V^„;i7'''^'  ^*  =  ^-^^^-  «"<^  to  four 


"•    2.K;/g' 


M     3  +  v/5 


S3.     Vg+l5^^5-2 


32. 


».'5-2 


9  -  4^/6' 
S4.    (2-v/3){7-V3)  +  (V3-6). 


If  possible  let 
then  by  squaring, 


sfn^a  +  y/m; 
Sw^"  ■""*  '•  °^""  "»  «  """""I  q«..tity;  which  «  i„. 


^y'^J^''iii,n:atka!%iSu'.7J:'  tc"  "^ 


For  ,f  X  18  not  equal  to  a,  let  x=a^.m  ;  then 

^b  =  m  +  ^y; 


that  is, 

which  is  impossible, 

Therefore 
and  consequently, 

If  therefore 
we  must  also  have 


««a. 


[Art.  27a] 


eqSn  5  theCm  ^^"^  *^'  Preceding  article  that  in  any 


^+>/r=A+^B. 


(IX 


irr,uSr?a"rt;tth"a?rr?-  ^^n?^"^  ^'^^'  -'^  «^-  the 
J;^o  independent  ^uatXni  ii"?^^^'^"^"^  equivalent  to 


't 


■     f 


i', 
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276.  //  v/a+Tt - ^/»  +  s/y  <*«»  w»^  n/» -^V^-^/x - ^y. 
For  by  squaring,  we  obtain 

.-.     a-jr+y,  ^6-S^.  [Art  t7B.] 

Hence  o- v'ft-x-a^/j^+y* 

and  y/a-Jb^^x-^jf. 

277.  7*0  ^Tirf  /A«  tquart  root  of  tk-\-  Jh. 

Suppose  ^/o  +  s/6>-V*+Vy » 

then  as  in  the  last  article, 

x+y-a ^ (I), 

2^'^b (2). 

-a*- 6,  from(l)and(S) 

Combining  this  with  (1)  w  ^  find 

...  ji^.^jiME^^^iFS^. 

278.  From  the  values  just  found  for  »  and  y,  it  appears  that 
each  of  them  is  itself  a  compound  sui  '^nletu  cfl—b  is  a  perfect 
square.  Hence  the  method  oi  Art  277  for  unding  the  square  root  oi 
a+^^&isof  no  practical  utility  except  when  a*  -  6  ua  penectsquare. 

Example.    Fmd  the  square  root  of  16+2^/56. 
Assume  iJl6+2^6 = ^/*  +  ^'y. 

Then  16+2^/56=s+2yxy4-y. 

x+y=\6 (I). 

2s/ry=2V68 (2) 

A    («-y)*={*+y)*-4xy 

=  16*-4x»,  by  (1)  and  (i*. 

=4x9. 

x-y=±6 «....« (3>. 

Frwa  (1)  and  (3)  we  obtain 

x=ll,  or  6,  and  y=S,  or  11. 
That  is,  the  required  square  root  is  i^l-l-^ 
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In  tlM  MOM  wfty  ws  m»y  ihaw  that 

th«  •quM.  root  of  ld  +  2vM=  ±(^11+^6), 
„  ;••■ »8-2V5«=± (VI  1-^/8). 

corjponding  to  ^^S^%^S  tt  S''::S?le"  '''  "'«*  "'  "°^ 


co^-'t;  oTJlS  ^ulIiTiruX^r.  -^"fL ^«>t  .«  a,,  seeking 
following  exlmptl  ^  ''*  P"**'**^  "  explained  in  thi 

^«imArf€.     Fiiidthetqu«*rootof^/178-^47 
8ii.ce    N/175-V147=^/7(V25-^l)=^(fi_^,j, 

And,  proceeding  u  in  the  la«t  article, 

/o 'n?V?ntpSff  ""'  ^  '  ^'^^"^  -«»  -y  often  b. 
^«Mnpfe  1.    Find  tl>e  square  root  of  11  +  2^/30 

pit'^SOM^hS  ^"'^  *^^  ^'^"*^-  ""^^  •'«»  "  ».  and  who«. 

ll+2V30=6+8  +  2^/6ir6 

_        =(^«J+V8)«. 

.-.  N/n+2;^=^+^8. 

^wmpfe  a  Find  the  square  root  of  68-12^0 
^  -ite  the  »>-«nial- that  the  «x«l  part  ha,  a  coefficient  2 ; 

W.I.  53 -12>/10=63- 2^360. 

prod;ri:''8SoT SeSri:  «  SJsf  '^^  •-»  »  «  and  who- 


if 
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5S- 13^10-45 -t-S  -  3^/3^1 


:  |i 


Find  the  square  i-oot  of  each  of  the  following  binomial 
•ards: 


t  7-2V10. 

4.  5+2^6. 

7.  41-24^2. 

IS.  ^  +  2^6. 


2.  13+2^/80. 

6.  76  +  12^1. 

8.  83+12^35. 

U.  4^-5^/3. 


a  8-2^. 

e.  18-8VS- 

a  47-4>^ 

12.  18  +  6^/7. 

16.  3V5+s/40. 


14.    ^-v'24. 

Find  the  fourth  roots  of  the  following  binomial  surds  : 

3 


16.    17  +  12^/2.  17.    86+24s/6. 

19.    14  +  8^/3.  20.    49-20^/8. 

Find,  by  inspection,  the  value  of 
22.    J^^^  23.    ^/4+2^/3. 

as.  Ji9+w^.       26.  >/is+2:;/r5. 

2B.   >Al+4^-  29.    Jl6-*Ji*. 


1&  3^b+8|. 

2L  248+32^/ea 

24.  »J€^^f6. 

27.  ^/J^:^^;7i4. 

30.  V29+T^ 


Equations  involving  Surds. 

»8I.  Sometimes  equations  are  proposed  in  which  the  un- 
known quantity  appears  under  the  radical  sign.  Such  equati'  iis 
are  very  varied  in  character  and  often  require  ppecial  artifice.-'  i<>r 
their  solution.  Here  we  shall  only  consider  a  few  of  the  sinijlt  i 
canes,  which  can  generally  be  solved  by  the  following  nietli.d. 
Brin»»  to  one  side  of  the  equation  a  single  radical  t«rni  by  itself : 
on  squaring  both  sides  this  radical  will  disappear.  By  repeat  i:ig 
this  process  any  remaining  radicals  can  in  turn  be  removed. 


«KI.J  ■QUATIONS  IinrOLVINO  SURDfJ. 

ExampUl.    Solva  9V»-^q;:rii.i. 

Truwpodng  j^*  - 1  -  v'iFm. 

SquM*  both  tidM;  then        4r-4V*+l-4x- U, 


Mf 


.'.  ««e. 


(1). 


Ammp'*  2.    Solve 
TraiupMing 

Hew  w«  mofct  e«&<  both  sidM ;  thua  x  -  5. 1331  . 

''''~'*  .-1336.' 

MUmpus.  soiT,      vj:r6+x'3:rr4»v'i27:rr 

Squaring  both  aidea, 

Tmiapoaing  and  dividing  by  2, 

•>/ix+6){dx  +  i)s4x-  4 ..  .. 
Squaring,  (x + 5){3x + 4)  ^  16^  -  32x +  16, 

*  13x»    81x-4=0, 

(«-4)(13a:  +  i)«0; 

not  by  x=:  -_.     But  this  Lu.er  value  will  be  found  on  trial  to 
jat^«fy  the  given  ..ution^if  w<  .;^r  the  aign  of  the  «,cond  radical ; 
.  X + 5  -  x/Sx  +  4 = \^12x  + 1. 
On  aquaring  thia  and  reducing,  we  obuin 

-V(x+6)(3a:+4)=4x-4 ,2)- 

of  which  are  4  and  -  ±  a.  already  found. 

without  triJw^ichofV«v»L^*'Tf^'  T"  **°°°»  bel;ertain 
wil.  aatiafy  the  oA^  '^J^T  '°"°^  '°'  '*"*  '^''°°^  ^""'^'y 


■  H 
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In  order  that  all  the  values  found  by  the  aolDtion  of  the  equation 
may  be  applicable  it  will  be  neceaear^  to  take  into  account  both 
•igns  of  the  radicals  in  the  given  equation. 

EXAMPLES  XXXL  g. 

Solve  the  equations : 

6.  v'to^=2N/«+3. 

7.  2^6a:-35=6<^x^. 
9.    'i/2a:+ll=V6. 

U.    \/x+25=l+>/«. 

13.    xJx+3+^x=5. 

15. 

17. 

19. 

21. 

23. 


2.  */iarT=6. 

4.  IS-'l'&c^s?. 

a  2n^^^-  3 V8a:  - 12=0, 

8.  >/9a:«-lla:-6=3«-2. 

10.  v'4a:»-7x+l=2*-lf 

12.  ^/8x+33-3=2>/to. 

14.  10-^/26+9x=3^/ae. 

16.  N/to^=3N/Jc+i-2. 

la  v'25«-29-N/4a:-ll=3^/«. 

20.  N/3a:-ll  +  >/3*=V12x-23. 


Va!-4+3=>/x+ll. 

s/te+S  -  >/x = n/x+3. 

n/Sb+I?  -  >/5x=>/2i+9. 

N^12x-6-\/3x^=\'27x-2.     22.    >/«+3+^^+8-V4a:+21=a 

is/x+2+\/4«+l  -  V9x+  7  =0.    21    n/x+4o6=2o+^/x. 
25.     V^+N/4a  +  x=2>/6  +  x.  26.     ^a-x+'Jb+x=^a+Jb. 

27.     6  y7to +29 = 9  Vl4x  -  16,       28.    4^a!«-3x«+7x-ll=x-l. 
29,     45'8x»+iar»+12a:-ll=2a;+l.  30.     Vr+x+ *T^=4'2. 

282.  When  radicals  appear  in  a  fractional  form  in  an  equa- 
tion, we  must  clear  of  fractions  in  the  ordinary  way,  combining 
the  irrational  factors  by  the  rules  already  ezpluned  in  this 
chapter. 

ExampUl.    Solve         fi^'-njjx+l 

Multiplying  across,  we  have 

6x + 25^»  -  66 =6x + 3  s^, 


that  is. 


25V«-3>/x=66, 
22^x=66, 
sfx=3, 
x=9. 


XZZI.] 
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Exawplt  2.    Solve  \/97S  -  ^^= _*^ 
Cleanng  of  fraction.,  9+2*  -  ^^(9+2^)=5, 

Squanng,         16+ie:c+4c«=18a:+4*«, 

18=2a;, 

PAMPLTM  XXXL  h. 


Solve  the  equations 
L    ^yg-21_8Va;-ii 


7     12%/^- 11    6^,^j^ 

*»     2VX+3 
9.    \'5^+^«=  2 

11.    v'^^  +  V«=i?. 


o     Va?-23    6^^17 

3v/x-8-2V»-6"* 

4.    g_^/g±_3_Va;+9 
\/'a:  +  2    v^x  +  r 

6.    5^7        Z^^^ 
vl+x 


13.    3Vx=- 


8 


=  +  V9a:-32. 


\/9x-32 
15.    (Va?+ll)(s/x- 11)+ 110=0. 

"•  '^'-^=3-;^7-«- 


10.  v/x-V^r8=-2 

Vx-8 
12.    2Vx-x/^r3=_^4^ 

V4x-3 

14.    ^/x-7=-^. 
v/x  +  7 

1&    2Vx=i?r6^ 
V«-3 

Vx-1     *^     2 

20    Q_v^+x+v^r^ 

2a  ?_^     3       4 
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^   j. 


1. 


o  +  x 


+  -p^ 


'Ja+'Jx-a    n/o  +  Vx - o 


EXAMPLES  XXXI.  i. 


Sn/o  +  x+n/o-x 
.         ■ j=  =  C. 

vo  +  X  -  V a  -  X 


\^x-l 
x-1 


=  1- 


v^ 


2n/S-5 


5.     .  .     .  + r:r-;=4x(x-I). 


x-\/x»-l     x  +  ^'x"^' 


g^     \/3x»  +  4  +  2^g 


10. 


>/3x»+4-2 
5 


—  X. 


X  +  s/2  -3^    X-  \'2  -  X- 


7. 

9. 

11. 


\/l  +  x+\/x-7 


Vl+x  -  v'x  -  7 
1  1 


=2. 


—  + 


+  N^x=-50    x-s'x^-5l)    -•'>' 


14.    \'4  +  x+\/6-x='v'6  +  2x.     15.    x-\/x*-l  = 


1 

2(x  +  l)" 


CHAPTER  XXXII. 
The  Theory  of  Quadratic  Equations. 

and  that  the  solution  of  the  e^^ttont <'>> 

inJh^hSliote  Vd^^ff^^S^'  connected 

the  type.  w^mcientB  of  aU  equations  of  which  (ijij 

diierm  r£teT;ff  V   1?,»^"^'**'°  a*»+&r+,«0  have  three 
Batisfy  the  eqoatio^  te  h^v^  ""^  "^^'^  °^  '^^^^  values  S 

aa»+6a+6=0 ... 

«l8»+6;8+c=0 l"!!ZZZ."''2i 

«7*+iy  +  c=0  

From  (1)  and  (2),  by  subtraction,      ^^^ 

div.de  out  by  a  -  ^  which,  by  hypothJs/s.  i«  L. 

,  I//  ii/pocnesis,  is  not  zero ;  then 

«.    .,    ,  «(«+/?)+6=0. 

Similarly  from  (2)  and  (3) 

•by  subtraction  aCa-y)=o. 
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286.  The  terms  '  unreal ',  '  iniagitiiirv ',  and  *  iiupfwaible'  are 
all  used  in  the  same  sense  :  namely,  to  denote  expressions  which 
involve  the  square  root  of  a  negative  quantity.  It  is  important 
that  the  student  should  clearly  distinguish  between  the  terms 
real  and  rational,  imaginary  and  irrational.  Thus  i^25  or  5, 
3A,  -|  are  rational  and  real;  ^1  is  irrational  but  real ;  while 
V  -  7  is  irrational  and  also  imaginary. 

286.  In  Art.  283  if  the  two  roots  in  (2)  are  denoted  by 
o  and  ^,  we  have        

-h-trs/bl^-Aac          ^     -  h-slhf^-Aac 
"  = 2^ '         ^  = 2^ • 

(1)  If  6*-4ac,  the  quantity  under  the  radical,  is  positive, 
a  and  /8  are  real  and  unequal. 

(2)  If  6''-4oc  is  zero,  a  and  fi  are  real  and  equal,  each 

reducing  in  this  case  to  -  ^. 

(3)  If  b^  -  Aac  is  negative,  a  and  /3  are  imaginary  and  unequal. 

(4)  If  b^  -  4ac  is  a  perfect  square,  o  and  fi  are  rational  and 
unequal. 

By  applying  these  tests  the  nature  of  the  roots  of  any 
quadratic  may  oe  determined  without  solving  the  equation. 

Example  1.  Shew  that  the  equation  2r*-&r  +  7  =  0  cannot  be 
satisfied  by  any  real  values  of  x. 

Here  a=2,  6=  -6,  c  =  7  ;  so  that 

6»-4ac  =  (-6)«-4.2.7=-20. 
Ther'ifore  the  roots  are  imaginary. 

Note.  If  the  equation  is  solved  graphically  as  in  Art.  330,  it  will 
be  found  that  the  graph  does  not  cut  the  axis  of  x.  Thus  there  are 
no  real  values  of  x  which  make  2x*  -  6j;  +  7  equal  to  zero. 

Example  2.  For  what  value  of  k  will  the  equation  3x*  -  6a;  +  i=0 
have  equal  roots  ? 

The  condition  for  equal  roots  gives 

(-6)2-4. 3. /t=0, 
whence  it =3. 

Example  3.     Shew  that  the  roots  of  the  equation 
x^-2px  +  p'^-q^  +  2qr-r^=0 
are  rational. 

The  roots  will  be  rational  provided  (-2/))*-4(p'-g'+2gr-r^)  is 
a  perfect  square.  But  this  expression  reduces  to  ^q^-'Hqr+r'),  or 
A{q  -  r)*.     Hence  the  roots  are  rational. 
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287.    Since  a^^^±J^E^     o     -b-^f^Z:^ 
2a  »     AJ= 2^ , 

we  have  bj  add  , ion 

2a  ' 

2a        a • (1); 

and  by  multiplication  we  have 

4a'''  

4a« 
_4ac_c 

~4(^~a (2). 

By  writing  tlie  equation  in  the  form 

q     ,      ^  C 

these  results  may  aino  be  exposed  as  follows  • 

jn^a  quadratic  equation  v:here  the  coefficient  of  the  first  tenn  U 

its^fchrgeS?''  "°'^  '^  ^^"^^  ^  *^«  ^^^'^fficient  of  .  with 
(ii)  the  product  of  the  roots  is  equal  to  the  th-Vd  tern. 

288.     Since  A  =  ,^^^    ,„,£^^^ 

the  equation  ^  + 1+^  may  be  written 

^-{a  +  l3)x+afi  =  0 ,jj 

Hence  any  quadratic  may  also  be  expressed  in  the  form"" 

Acr.;„  f "    ,'?  °^  '■""^-''^  ^+product  of  rooi«=0 (2) 

Again,  from  (l)  we  hcva  ^^ 

'T-a){x-P)  =  0 (gv 

We  may  now  easily  form  an  equation  with  given  roots. 
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BxampU  1.    Form  th«  equation  whaw  roote  are  8  aod  -  2. 
The  eqoation  i»  (x- 3)(x+2)=0, 

3  4 

Example  2.    Form  the  equation  whose  roots  are  =  and  -  g> 

The  equation  is  (*  ~  7)  (* "*" g)  "^ ' 

thatie,  (7«-3)(6ar+4)»0, 

or  35a:»+13«-12=a 

When  the  roota  are  irrational  it  is  easier  to  use  the  following 
method  : 

Example  3.    Form  the  equation  whose  roots  are  2 + ^3  and  2  -  .^'3. 

We  have  sum  of  roots =4, 

product  of  roots = 1 ; 
.'.  the  equation  is  x*-4*  +  l=0, 

by  using  formula  (2)  of  the  pr<Ment  article.  « 

289.  The  results  of  Art  287  are  most  important,  and  they 
are  generally  safficient  to  solve  problems  connected  with  the 
roots  of  quadratics.  In  such  questions  the  roots  should  never  he 
conndered  singly,  but  use  should  be  made  of  the  relations  ob- 
tained by  writing  down  the  sum  of  the  roots,  and  their  product, 
in  terms  of  the  ooefficients  of  the  equation. 

Example  1.    if  a  and  /3  are  the  roots  of  ^-px+g=0,  fiad  the 
▼alue  of  (1)  o«+/J«,  (2)  a*+ffi. 
We  hare  «+^=P. 

:.    ««+/5«=(a+/9)«-2a^ 
=p«-2g. 
Again,  «»+^=(«+/S){a»+/9«-o/9) 

=p{(a+/9)«-3a/S} 
=p(p"-3g). 

Example  2.    If  a,  /3  are  the  roots  of  the  equation  &*+»n«+n=0, 

a    B 
find  the  equation  whose  roots  are  ^t  ^. 

a     S    a^+fi 
We  have  sumof  roots=5+^=— ^^ 


product  of  roots =2 


-l?-l! 


XXXII.]       THE  THEORY  OF  QUADRATIC  EQUATIONS. 
.'.  l>y  Art.  288  the  required  equation  is 

CP  **»*- (o«+/9«)x+o/S=0. 

As  in  the  last  exampl-j  tt»+/y='"'~^  »,.d  a/9=?. 
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7*^-   -?— ^  +  7=0, 


•'.  the  equation  is 

f^mj^e  3.     Find  the  condition  that  the  roots  of  thr  equation 

The  roots  will  be  eq  al  In  magnitude  and  opposite  in  sign  if  their 
sum  is  zero ;  therefore  --  =  0,  or  6=0. 

Again,  the  roots  will  be  reciprocals  when  their  product  is  unity ; 
therefore -  =  1,  or  c=o. 


We  have 
but  since  a =3/9,  we  obtain  by  substitution 


a^fi=.?,    „^=.r; 


p  p 


From  the  first  of  these  equations  /9^=^,  and  from  the  second 


"     3p 


■  16p»-3p* 


°'  3^=16iDr, 

which  is  the  required  condition. 
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EXAMPLES  ZXXIl. 

Find  (without  actual  solution)  the  nature  of  the  roots  of  the 
following  equations : 


L    «•+»- 870=0.         2.    8+(kt»8a*. 

& 

Ja*=14-3x» 

4    a*+7=*«.                6.    2x=3fl+6. 

0. 

(«+2)>-4x+l& 

Form  the  equations  whose  roots  are 

7.    5,  -a                     a    -9.  -11. 

9. 

a+b,  a -6. 

,«     8    6                      ,,2          4 
10.    g.   g.                      IL    ga.    -ga. 

12. 

^'i- 

13.  If  the  equAtion       z*+2(l+t)«+P=0 

has  ec  i^i   roots,  what  is  the  value  of  i? 

14.  Prove  thrtt  the  equation 

.3>nx»- (2»i  +  3n)x+2n-0 

has  rational  roots. 

16.    Without  solving  the  equation  3a:»-4a:-l=0,  find  the  sum, 
the  difference,  and  the  sum  of  the  squares  of  the  roots. 

16.  Shaw  that  the  roots  of  a (x*-  l)=(fc- c)z  are  always  real 
Form  the  equations  whose  roots  are 

17.  3  +  V5.  3->/5.       18.     -2  +  >/3,   -2-V3.        19. 


J(4±v/7), 


21. 


a+b    a-h 


a    t) 
5'  6* 


oo     j5.    — 
^    26*  2a' 


0-6*  a  +  b' 

II  tt,  /3  are  the  roots  of  the  equation  p3fi-\-qx+r=Q,  find  the 
values  of 

24.     (a-/S)«.  25.     o'^  +  a^'. 


26. 
29. 

90. 


27.     a»^  +  aW 


28. 


z^"- 


^n 


If  a,/3  are  the  roots  of  ar»-px  +  g=0,  and  a»,  ^  the  roots  of 
ar"-  Px+Q=0,  find  P  and  Q  in  terms  of  p  and  q. 

If  a,  /S  are  the  roots  of  x»- ox +6=0,  find  the  equation  whoae 
roots  are  g,,    ^• 


31.    Find  the  condition  that  one  root  of  the  equation 

ax»+6x+c=0 
may  be  double  the  other, 
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32.  Ff)rni  ail  t(iimtiun  wliotk;  ro..t«  shall  be  the  cubes  of  the  rootd 

fit  the  i'<|iiati(m  ±c {x  -  a)  =  a:*. 

33.  Piovc  that  tlie  roots  i)f  the  equation 

ail"  iilways  ii-al. 

34.  Show  tliat  (11^  I,  h  <■).,-  -  '2(n  +  h)j-  +  {a  +  h  -  c)  =  0 

iias  ratiiiiial  r<M>t.s. 

35.  In  tlif  <'(|iiatioii  />.»•-• +  7J- +  »•  =  (»  the  nnits  are  in  tiie  ratio  of 

'  til  ///.  pruvf  that 

(/'•^  +  III-)  pr  +  /m{2//r  -  7*)  -0. 

36.  It  '.1,1.  i-,„,t  of  .V-  -  ytL'»ia  +  1.3(5724(W  is  7S»4,  fin.l  tiio  otlior 

r(H)t. 

37.  If  ..n.'  HK.t  of  x--2rta:f(i2-4//^-!»,-2+|2/,c^OiH  a  +  2/<-.V. 
wliat  IS  thf  oilier  iimH  ? 

38.  If  a  ami  ;i  are  the  roots  of  the  e<|uation  .•}.(•-  -  lx  +  2=^0,  form 
the  ecination  whose  r(K)ts  are  : 

(i)    ^'i"'l^:        (ii)     a  +  ziandl  +  'j         (iii)     "l^ and  « +  ^^ ; 

(iv)     a/iaiid-i;     (v)     o+'aiidd+'. 
afi  (i  '^     a 

39.  If  tiie  loilowiiig  efjuatioiis  have  equal  nxjts,  find  the  values 
ot  A- and  the  roots 

(i)     yi-(k  +  A)x  +  (k--lf  =  0; 

(ii )     (F  -  2)^-  +  iikx  +  .'{(i--  +  2)  =  0  ; 

(iii)     A.v-  +  :ix^lc-  =  {). 

40.  FoiTii  tlie  e<|uatioii  whose  rcwts  are  (i)  greater  bv  2   (ii)  less 
l)y  2,  than  tiio.se  of  X-- Si'-t  12  =  0.  .^     -  v    '      •  ■ 

41.  Form  the  (juadratie  equation  whose  roots  are  oir^/fi. 

If  the  roots  of  X-- px  +  q-i)  are  two  consecutive  iiitcjieis 
pri  I VI-  1 1  la  t  //-'  -  47  -  1  =  ( ». 

42.  Form  the  eiiuatioii  whose  nwts  are  greater  by  .*}  than  those 

111  x'  +  .w-S-O. 

43.  Form  the  equation  whose  roots  are  grepter  l)y  /  than  those 
of  ax-  + 1 IX  +  (•  =  0. 

44.  If  tlie  r<K)ts  of  ax^  +  -2i>x  +  c-M)  are  in  the  ratio  of  2  to  .S, 
prove  24//-  =  2o«c. 

45.  What   is    the  rt>lation   between  p  and  7  if  one  root  of  the 
fiin.ition  x^  +  px^q^{)  is  (i)  .3  times,  (ii)  4  times,  (iii)  m  times,  the 

E.,V.  f 
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48.    If  one  r.jot  of  az'  +  6x  +  c=0  ia  the  tquaro  of  the  other,  iihew 

that  6* + oc"  +  a'c  =  Sabc. 

47.     If  a  and  fi  are  the  roots  of  Jt^-px  +  q=0,  form  the  e«iuat'()n» 
whose  roots  are 


0)    ^and^; 
(iii)    -J  and  ^^ ; 


(V)     ^  and  ^ 
(vii)    a  +  /9and 


(ii)     a  + /Sand  a/9: 

a         /9 
(iv)     ^  and  ^  ; 

(vi)    a  +  m  and /3  +  »i ; 

(viii)     (a  +  j9)'and  (o-/3)». 


that 


48.  Find  the  sum  of  the  squares  of  the  roots  of  the  equations, 

(i)    ar'  +  ex  +  SsO;        (ii)     a-»  +  3aa:  +  o- =  0. 

49.  It  x'^-2x  -a—0  and  Ji^  -4x-5  =  0  have  a  comnu >n  root,  shew 
a'-18a  +  4r>  =  0. 


50.  If  2ar»-7x  +  6  =  0  and  6x--i-a-  +  B  =  0  have  a  common  root, 
tiiid  the  value  of  k,  and  the  common  root. 

51.  If  the  sum  of  the  roots  of  .5ta:*  -  4x  +  it  =  0  is  equal  to  their 
product,  find  the  value  uf  it. 

62.     If  o  and  /3  are  the  roots  of  o'er* +  6ca:+ 1=0  and  m  and  ii 

are  the  roots  of  ocV  +  ofcx+ 1  =0,  shew  that  iL±_^  =  f  *-^  V. 

m  +  )i     \mn  I 

53.     Form  the  equation  whose  roots  are  the  reciprocals  of  those 


h  _  F.H 
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MlSCEMANEOUS   EQUATIONS. 

i>tf;Hr^'ii"'  **"?n'T  '^"^  "onie  Vpecial  artifice  *^for  theS 
•olution.    Thew  wUl  be  ilfuatrated  iD  ttTprewnt  chapter. 

ExampUl.    Solve      ^^Z^^    «fL,8. 

•C  3^  —  6 

Write  y  for-^£^;  thui 


whence 


that  M, 
Thua 


y+-=6,  or  y«-6y+5«0| 
y=6,  or  1. 

-j-«6.or-^-.l, 


«*-fia!-6=0,  or  «*-x-6sa 
«=6,  -1;  or  x=3,  -2L 

Example2.    Solve  3»»+»-65=28(3«-2). 

This  equation  may  be  written  3«.  3^-28 . 3«+l=0. 

By  writing  y  for  3«,  we  obtain 

27y»-2%^+l=0;  thati.,  (27y-l)(y-l)aO; 


whence 

Thua 
•^therefore 


y=27'  "  1- 

3'=^=3-»,  or  S-slsy. 
x«-3,  or  a 
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On  tnupcMition,  (Sas"  -  7«)  -  8  v2j?  ~7«  + 7  «  -  3. 

By  patting  >/2ifl-7x  +  7my,  m  dwt  Or*    7r  * 7 a>y*,  w«  obtato 

(y«-7)-3K«-8.  or  y»-3v    4=Uj 
whenoa  ya4,  oi  -  1. 

Thus  vai!"-7j;  +  7«4,  or  ^5? -"7xT7»  - 1 1 

tlwtb,  1t«-7j:-9»0.  or     2aB»-7«  +  6«0. 

From  tb«  flnt  of  thene  qu«dnitioii  we  obuin  xs^  or  - 1,  and  from 

3 
the  second  x=2,  or  5- 

It  ihould  be  noticed  th»t  in  thii  lolution  we  have  tacitly  aaaumed 
y  to  be  the  poaUive  valae  of  the  expreaaion  s^S;!^  -  7x 4- 7,  m  that  the 
roots  obtained  from  the  solution  of  \^2r>-7z'  +  7s  -  I  will  only 
satisfy  the  original  equation  in  thr  modified  form  obtained  by 
oban^g  the  sign  of  the  radical. 

g  . 

Thus  x=sg,  or  -  1  satisfies  at«-  S\'2z»  -  7x+7=7ar-8. 

and       x=2,  or     o"»*^««  2**+3v'2x*~'7x+T=7x- 3. 


EXAMPLES  XXXIII.  a. 
Solve  the  following  equations  : 


1.    x»+x+l  = 


42 


a  (x+iy-4(x-.^),5. 

_  x+8        ft Sx+I4 

"•  x+12"^x+4"3x+8" 

'•  6-x+10-4x-^2- 


»  (--^ 


24 

+4x-^»e. 

X 


4.  8r«+85x»  +  8=a 

&  4»+8=9.2». 

8.  3^/x-3x"*=8. 

la  27«*-l=26xf 


IL    7>/x-8-n'&1x+12=2>/3.     12.    4«^>  + 16=66. 4F. 
la.    x+2=>/4+xV8^1c.  14.     3'+3"*=2. 


XXXIII.J  1II8CKLLAN10U8  EQUATIONS. 

15.  2««-2*+2v^-7x  +  tf»&c-e. 

16.  «*  +  6Vjc»-2*  +  5»ll+2r. 

17.  2^3^-(lx  +  2  +  4x+lma*-2x. 
1&  v^4r'*ie  +  7  =  IIi<r»  +  &r-ll». 

19.   s«(8-«)=:ii-4v'i^auTa. 

23.     (o-*)a:*  +  (6-c)x  +  c-a  =  0. 

21    «(*-c)*»  +  fc(c-o)a:  +  c{a-6)aO. 

25.    V'a-ac  +  VS^a\^o-t6-2«. 


381 


2- 


22. 


Vr-V^ 


o'-l 


26. 


27. 


a-x^b- 


x~a-t    b-e 


-  p  +  "Jx  -o  = 


Jx-p 


\x-q 


\x-p 


2a    V(x-2)(x-3)  +  5 


\x-3 


P 

'*»+6«+8. 


29.    V:?+4x-4  +  var»  +  4x-10--=6. 


30. 
31. 


32. 


i  j^+ 17  -  \'.r-  2^. 


v'jr'  + 


5xi-\'2x  +  l~3" 


33.  %jnu-^'jTi^^s:.:'. 

34.     {x^  +  ic  -  3)«  -  7  (x*  +  2j:)  -  .39. 


35. 


{^hH'^y- 


82 
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201.  No  general  methods  can  be  given  for  the  golution  of 
simultaneous  equations  containing  two  or  more  unknowns. 
The  simpler  cases  have  been  considered  in  Chapter  xxvi. 
The  following  examples  can  be  solved  by  special  artifices  : 


I  if^ 


^     li. 

hi- 


EXAMPLES  ZXXIII.  b. 


J^l- 


i    . 


II ' 


rf 


i 


L    3x  -2y  =  11, 
9aJ'-4y»=209. 

4.    3^+    xy+y»=84, 
X  ■^'Jxy  +  y  =14. 

ar*    xy    y*    9* 

3     2    4 
i"*"y~3' 

8.     ar»y+y«x=20, 

X    +y    "4- 

10.     a:"-a-y  +  x  =  35, 
xy-y«  +  y=15. 


12.  (x-y)a=3-2a:-2y, 

y(a;-y+l)  =  x(y-a;+l). 

14.      T-  -  ^xy  =  4y=, 
2x2-5.ry-4y::=8. 

16.      Va:-;v+Vx  +  .v  =  r5' 

r  +  v       a--y  _1;>2 

•Jx-y    sjx  +  y     15 


2.    aJ   +  y»=91, 
xV  +  ay»=84. 


a    a^   -   y»=335, 
7?y-xy^=  70. 


5.    x=+    xy+y»=189, 
X  -s^xy+y  =     9. 

72      3      2,^ 
I.     -~ r,=  l/, 

x'    xy    y 

1-?=1. 
a;    y 

9.     a:2-7xy  +  4y>=34, 

2a;  +  y    a;-3y_.,2 
x-3y    2a:  +  y    "^" 

11.     (x  +  y)2  +  3(ar-y)=30, 
xy  +  3(a;-y)  =  ll. 

13.     ar3+l  =81  (ya  +  y), 
x^-  +  x=  9(y3  +  l). 

17.     a:*;  =  l. 


■»x  =  '- 


CHAPTER  XXXIV. 

Ratio  and  Proportion. 

Batio. 

befr^to  anXroTthf?^:^  Vr!a  l^'''''''  "^•'^'^  T  ^"-^^'^ 

by  considering  what  niu  dpTe  m,t  o.  "TP^"'''"  ^"'"-^  "'***« 
£he  other.  mumpie,  pait,  or  parts,  one  quantity  is  of 

The  ratio  of  ^  to  B  is  usually  writtpn  4  ■  /t     tu 

^,  and  we  shall  usually  find  it  convenient  to  adopt  this  notation 
measured  by  the  fraction  ^  ""^^^  or  ^-. 

293.     By  Art.  151,  "_!!^. 

b     mh  ' 
and  thus  the  ratio  a  :  i  is  equal  to  the  ratio  ma  ■  mh  •  that  i, 
(/»i  calue  of  a  ratio  remains  Unaltered  if  the  anLeTnt  and  ft 
consequent  are  mrUtiplied  or  divided  b,  tie  saZliiZ^ly"''^  ""' 

e,.nhtl.  JT""  T"'"'"^  '■*'^°''  "''^y  be  compared  by  reducing  their 
e-iunalent  fractions  to  a  common  denonWnator.^  This  supp,«e 

o-hmAa^-.y  .vre  two  ratios.  Now  l^f^  and  "^J^:  hence 
the  ratio  a-.bh  greater  than,  equal  to,  or-^less  tfiin  the  ratio 
•^  ..'/  according  as  ay  is  greater  than,  equal  to,  or  less  than  iT 


I'il 
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206.    The  ratio  of  two  fractions  can  l)e  expressed  as  a  ratio  of 

a 

two  integers.    Thus  the  ratio  r  :  j  is  measured  by  the  fraction  -, 
or  T-;  and  is  therefore  equivalent  to  the  ratio  ad  :  be.  ** 

296.  If  either,  or  both,  of  the  terms  of  %  ratio  be  a  surd 
quantity,  then  no  two  integers  can  be  found  which  will  exactly 
measure  their  ratio.  Thus  the  ratio  ^2  :  1  cannot  be  exactly 
expressed  by  any  two  integers. 

297.  Definitiost.  If  the  ratio  of  any  two  quantities  can 
be  expressed  exactly  by  the  ratio  of  two  integers  the  quantities 
'tr3  said  to  be  commensurable ;  otherwise,  they  are  said  vO  be 
Isoommemrarable. 

Although  we  cannot  find  two  integers  which  will  exactly 
measure  the  ratio  of  two  incommensiiralile  qnantitios,  we  can 
always  find  two  integers  whose  ratio  differs  from  that  required 
by  as  small  a  quantity  as  we  please. 

V5^ 2  236067... 
4 


Thus 


and  therefore 


^/6 


4 
559016 


•  =  •559016.. 


>  im^  *"*^ 


.^59017 
lOCtOOOO' 


and  it  is  evident  that  by  carrying  the  decimals  further,  any 
degree  of  approximation  may  be  arrived  at. 

• 

298.  Definition.  Batios  are  compounded  by  multiplying 
together  the  fractions  which  denote  them  ;  or  by  multiplying 
together  the  antecedents  for  a  new  antecedent,  and  the  coiiae- 
qaeuts  for  a  new  consequent. 

Example,    Find  the  ratio  compounded  of  the  three  ratios 
2a  :  3b,  dab  :  5c\  e  :  a. 

The  required  ratio=??  x  ^  x  '  =1". 
36     5c*    a    5e 

299.  When  two  or  more  ratios  are  equal,  many  useful  ]n<i- 
positions  may  lie  prove<l  by  introducing  a  single  symbol  to 
denote  each  of  tlie  equal  latios. 

The  proof  of  the  following  important  theorem  will  illustrate 
the  method  of  procedure. 


XXXIV.]  RATIO. 

B  d  f    ' 

tachoftKmratiot    ^/'l»'+qC+re'+...\' 
\pb'+qd"+rf+...;' 

yehrt  p,  q,  r,  n  are  any  quantities  whatever. 


285 


Let 


a    e     e  . 


if 


then  a^hk,  c^di,  e=fk,  ... ; 

whence         po-=p6-*",  jc»=jd-i«^  re-=r/«^,  ... ; 

\/?6-+jcP'+r/'+.../  ~*-6=5=-- 

Bv  giving  different  values  to  jd,  «,  r,  n  many  particular  ou«. 
of  this  general  proposition  may  bl  deuced -oVthf^!^  i!^ 
proved  independrntl^by  u^ingYhe'Lm^'nSh^^^  For^in^i^ 

b^d^'r  ^*^^  °^  '^®^®  ratios =^±^ ; 
'  o+d+f 

a  result  which  will  frequently  be  found  useful 

ExampU  I.    If  ?=?  find  the  vaiu*  of  ^^^:M. 
y    *  7x+2y 

gx-3y     y  ~^    T~^     3 

ad£??^*  u  xJ'^®  numbers  are  In  the  ratio  of  S-S      If  o  h. 
added  to  each  they  are  in  the  ratio  of  8 :  11.     Find  the  numb^rJ! 
Let  the  numbers  be  denoted  by  hx  and  8x. 

Then  Sa;+9_  8  . 

8a;  +  9~ll' 

•    x=3. 
Hence  the  nombera  are  16  and  24. 


I 


u 


!  Jit 


I  *     i' 
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EXAMPLES  XXZIV.  a. 

1.  If  x  :  y  = .') :  7,  find  the  value  oi  x  +  y:y-x. 

2.  If  -  =  3i,  find  the  value  of  .,^  ^^ 

3.  Iib:a  =  2: 5,  find  the  value  of  Z.  -3b.3b- a. 

,      ,, «    3        ,  X    5   „    ,  .,         ,        r  3aa:-6y 

4.  If,,=4.andy  =  7.fi°dthevalueof-^-^^^~. 

5.  If  7x  -  4y  :  3jr  +  y  =  5  :  13,  find  the  ratio  x :  y. 

6.  If  'T^'^f-^,  find  the  ratio  a  :  fc. 

a-  +  fc*      41 

7.  Two  numbers  are  in  the  ratio  of  3:4,  and  if  7  be  subtractid 

fmm  each  the  reujainders  are  in  the  ratio  of  2 : 3.     Find  tlieiii. 

8.  What  number  must  be  taken  from  each  lorm  cf  the  ratio  27  :  .'<•") 

tliat  it  may  become  2:3? 

9.  What  number  nuist  Ikj  added  to  each  term  of  the  ratio  37  :  - ' 

that  it  may  become  8:7? 

10     If  -2=  -?    =— ^,  shew  that;)  +  9  +  r  =  0. 
b-c    c-n.    a-b 

11.     If  _£_=  _y_  =  _i_,  Hhew  fV^t  x-y  +  2=0. 


h  +  c' 


-a    a 


12      If  -  =  -  =  -,  shew  that  the  square  nwt  of 
b    d   J 

a*b  -  2c°e  +  3a*ch-  .  ,         are 

O  19  equal  to  1-17- 


b''-2dY+'^>*c(jPe^ 


bdf 


13.  Prove  that  the  ratio  la  +  mc  +  ne:lb  +  md  +  vf-w\\\  be  equal  tn 
each  of  the  ratios  a  -.b,  c  :  d,  e  :/,  if  these  be  all  equal :  ami 
that  it  will  be  intermediate  in  value  between  the  greatest  ami 
least  of  these  ratios  if  they  l)e  not  all  equal. 

14      If  bx-ay^cx-az^z  +  y^  ^^^^  ^.jjj  ^^j^  ^^  ^^^g^  fractions  l»e 
cy  -az     by  -ax    x  +  z 

X 

equal  to  -,  unless  6  +  c  =  0. 

*"•  3z  +  y     z-x    2y-3x'  ^ 

equal  to  -  ;  hence  shew  that  either  x  =  y,  or  s  =  x  +  y. 

y 
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Proportion. 

quSies''eo";;;:.r„^hl^  -«   ^a-I.   tl.   fo«r 

<,_c  '^ '"»  ^"^'^  »'«««' J  to  be  proportionals.    Thus 

If  f,-^  then  a,  6,  c,  rf  are  proportionals.    This  is  expressed  bv 

sJiying  that  a  is  to  6  as  c  is  to  rf  an,l  th^  ^         .■       . 

*w  c  18  lo  cf,  and  the  proportion  is  written 

The  terms  «  and  d  are  called  the  ...,....,  i  and  .  the  ,«e«.,. 

301.     If  four  quantities  are  in  nrorutrfinn    th.         j 
e.vtrenm  is  eqxutl  to  the  product  of  tZZeauT         ^     "''  '^  '^^ 

Let  a,  6,  c,  rf  be  the  proportionals. 

Then  by  definition  ^_  ''. 

,  b-,r 

Hence  if  any  three  ternus  of  a   proportion  are  given,  the 
fourth  n.ay  be  found.     Thus  if  «,  e,  d  are  given,  then  b  =  '^ 

^'^!i£r:^T^:z:zr^'''^'^ «'  -  ^'  ^'  '--'^ 

extremes,  i'and  c  the'm'eantT  rv^f^erst ''  "  '"^  ^  '^'"^'  ^'^^ 

pr?p°ortion^srSe  &;f  t:  z  ^^  ?  '^^  -.  ^^^'^^-^ 

to  the  third    as  the  f>  S  i     .>.     .     ''7"'^'  '*•"  '^^  •^^"'"d  >•■» 
«./A^,rf,  areinV  *^  '^'^  ^''""*' '  ^"d  so  on.     Thus 

'•    ' areincc     -nued  proportion  when 

c     d     

If  three  quantities  a,  ^  c  are  in  continued  proportion,  then 
a  :  6  =  6  :  t" ; 

fnn-  ..  ■■       "'''"^'"  [Art.  301.1 

c :    ' ;?  n:\  J  J  St*'  i?r  *"  Proportional  between  .  and 
said  to  be  a  third  proportional  to  a  and  h 


w 


fft' 


•I 
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(1)    If  a  :  6-c  :  rf,  then  b  .a^die. 
For  J=2 ;  therefore  1  -5- j= 1  ^5  5 

that  is, 
or 


[CIIAI-. 


b    d, 

'.  —  1  » 


a    0 
b  -.a^die. 

(2)  If  a  :  b=c  :  d,  then  a  :  c=b  :  d. 

For  ad=bc  ;  therefore  rj=  rs  J 

a  :  c=&  :  <i. 

(3)  If  a  :  6=c  :  d,  then  0+6  :  6=c+c? :  d. 

For  T=^ ;  therefore  x+1  =  j+1  » 
a+6    c+rf, 


that  is, 
or 


that  u, 

b    ~   d    ' 

or 

a  +  b  :  b=c-\-d:  d. 

(4)    Ifa:6=c 

:  d,  then  a  —  b:  b=c- 

-did. 

For  T  =  j;  therefore T-1  =  T-1  ; 

that  is, 

a-b     c-d, 
b    -    d    ' 

or 

a~b  :  b-=r.-d  '.  d. 

(6)    Ifo:6=c: 

d,  then  a+b  :  a-b  = 

=c+d:c- 

-d. 

For  by  (3) 

a+b    c+d , 
b          d    ' 

and  by  (4) 

a-b    c-d , 
b    -    d    ' 

.-.  by  division, 

a+b    c+d , 

or  a+b:  a-b— e+d:  c-d. 

Several  other  proportions  may  be  proved  in  a  similar  way. 
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a  ./>  =  ,•  :      -f.  f\ 
slif  w  that  2a2  +  3c3  -  3«2  :  2//-  +  [VP  - " r/s  =  ae  :  hf. 

^''^^  !>  =  ,V  ^  /  =  *■ :   tJ.cn  a  -  /,/•,  ,•  _-  ,a%  ,  =//, ; 


■k- 


'I         I-       Of 


ov 


2a-'  +  3^2  -  5e- :  2//^  +  :i,P  -  .-,/•-■  =  ^,,  .  /,,; 


Kmnipfe  2.     Solve  the  equaticjii  -  +•*'--  ^  t^"  +  -^a:  ^ 

■'■-2  r)x--(j     • 

^••-  4.r-' 

r    •_'".-,,•    (i-  ■     [Art.  303(4).] 

vlunee,  divi.ling  l.y  x-',  which  gives  a  s„lution  x  =  0, 

1^4. 
J- -2    .').<• -0' 


whence 


J-  -  -  2. 


111(1  therefore  the  roots  are  0,  -  2. 
h'.i'tnifJe  3.     If 

'••{'<-r./,  +  .  +  2./){3«-66-c-f2./)  =  (3«-6/>  +  c-2./)(.^,,.i/,-  ,.    -3/) 
'|"M'  tiuit  a,  It,  c,  d  are  in  proijortion. 

A\e  lia  vo  '"^'J^  *»''  ±!L:_-'/  _  3a  +  6/*  -  r-     2'/ 

3a  -  «/,  +  <•  -  2</  -  3<r^»i/;r^:2</'  ^'^ '^  •  •'^'*'  ■  J 

2.(3a  +  f)       2(3a-r) 

•->(«/>+ 2.7)  =2((i/,  -  2./r     f'"^''-  •^^'•'^  <-"^''  (-^M 

lll(]  31 +  r      (i/,>2'/ 

3,,     , .^i/,    •_>,/•  [Art.  3f.3(2).] 

•>"4</-  [Art.  .3(13(3),  (4).] 


and 


wheiioe 


n  :  li~r  :  if. 


EXAMPLES  XXXIV.  b. 


Find  a  fourth  pr<.porti..ii;il  to 
1-    "'  "'''  <*•  2.     a-i,  2a^,  36-'. 

Find  a  tliird  proportional  to 


3.     .r',  u-y,  oj;2y, 
7.     1,  a:. 


■4-n 


f^f 


i>p 
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[CHAP. 


Find  a  mean  proportional  between 
8.     a«,  6«.  9.     2j^,8x.        10.     12ox»,  3a>.       11.     27o«6»,  36. 

If  a,  b,  c  are  three  proportionals,  shew  that 

12.  a  :a  +  b=a-b  la-c. 

13.  {b'  +  bc  +  c^)(ac-bc  +  c^)  =  b*+a<^  +  c*. 
If  a:  b=c:d,  prove  that 

14.  ab  +  cd:ab-cd  =  n'  +  c^.a^-c^. 

15.  a»  +  o<-  +  c»:o«-oc  +  c»  =  i2  +  fcrf  +  £p:6*-W  +  d*. 

16.  a.b  =  \f3a*  +  50" :  \'36»  -f-  StT*. 
Solve  the  equations : 

17.  3r-l:6a;-7  =  7a-10:9a;  +  10. 
a;- 12  :y  +  3  =  2a;- 19  :  5y- 13  =  5  :  14. 
a~'-2a:  +  3    aP-Sjc  +  H  _         2x-l  a:  +  4 


18. 
19. 


20. 


2x-3     ~     3a;-5    •  ""'     a;a  +  2.c^l~i^+7+4* 

21.  If  (a  +  6-3c-3rf)(2a-26-c  +  d) 

=  (2o  +  26-c-d)(tt-6-3c  +  3rf) 
prove  that  a  b,  c,  d  are  proportionals. 

22.  If  o:6  =  c:d  =  e:/,  prove  that 

(i)    5a-7c  +  3e:56-7rf  +  3/=c:rf. 
(ii)    ia^-5ace  +  6eyi4b^-5bde  +  6/^  =  ae.h/. 
(iii)    a^ce  :  b^df=  2a*b^  +  3aV  -  Sey :  26«  +  3/>y  -  5/». 

23.  lia:b=x:y,  prove  that 

(i)    al  +  xm:U  +  ym  =  ap  +  xq:bp  +  yq. 
(ii)    /)o*  +  7a.c4rx2:2)62  +  56y  +  ry2  =  o-  +  r':6*  +  y2. 


MISCELLANEOUS  EXAMPLES  V. 

and   find  its  value  when  a  =  2,    h  =  X 


1.     Simplify   ^ — ,     ,  ■ 
and  c  =  432. 


2.     ^^  g  =  >  ^^*'^  that 


(1) 


2o  +  36_2c  +  3rf 
3a-76"3c-7d' 


(2) 


a''-c'_(g  +  2c)(a  +  .3c) 
fes- d»~(6  +  2rf)(6  +  3rf)* 
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•^-     "r-c'c -a^^Tb'  P*^^*^  that 

(1)    x  +  y  +  :  =  0;  (O)    (5  +  c)^  +  (c  +  a)y  +  („  +  6),,a 

i      if''^_V_J  

1  ~  2  " 3'  P"^^"  t*'*t  ^^^-^  r  My^  +  ::■«  =  5y. 

5.    Simplify  ^'4.1  +  ^/8  -  ^/80  +  ^/18  +  ^7  -  ^40. 
^'    ^^  //  "<l"/'  ^^""'^  ^^^*-  ^'^'^^  fat'o  is  equal  to 


3a  f  .V; :  ;j<i  -  .U  =  .3,-  +  -^l . 


7.  If 
prove  that 

8.  Reduce  to  tiicir  simplest  forms  ; 


3c  -  5<l, 


a:li  =  c:(i. 


(1) 


9.    When  .r=-^,  find  the 


(«  +  /') 


(2)     l-Lli-xV^^TF. 


(o-fc)* 


value  of 


^!li^_+«''    a~«-aa-  +  a2 


10.    Simplify 


ar'  -  «■• 


.r'  +  a^ 


(1) 


11.     Find  the  value  of 


'la\'h 


2"^-«-2x2« 


»>«+2 


x4 


12.      Ifr-^-  = 


v'19  +  4^/21  +  ^/7  -  ^/12  -  v'29~  Vis. 
shew  that 


z-cy     cx  +  az     ay^hx' 

ap  +  bq-cr  =  (),    and 


•^7'-  !/1  +  zr  =  0. 


13.    .Simplify 
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[ciiAr. 


{^m 


!i  i 


14.     It  a:h  =  r: d,  prove  that 

(1)  a  +  €:a  +  h  +  e  +  d  =  n:a  +  h; 

(2)  (o-ft)-(c-d)= ^^ . 

16.     Oivcn  that  4  is  a  root  of  tho  quadratic  jr*  -  !ix  +  q  =  tK  Hiul 
the  vuluf  nt  ij  and  l\w  other  root. 

16.  A  j)erson  liaving  7  miles  to  walk  inoreaBef*  his  npce«l  fine  niili 

an  hour  after  the  first  mile,  and  tiruls  that  he  iH  half  an  In  mi 
less  on  the  road  than  lie  wouhl  have  been  had  he  not  alteit il 
his  rate.     How  long  did  he  take? 

17.  If  («  + 1  +  f)  j;  =  {  -  a  +  /» + 1  )y  -  {a  -h  +  c)z  =  {a  +  h  -  r)  ir, 
show  that 


1111 
y     z     ir     X 


18.     If  a,  /3  are  the  roots  of  x'  +  itr-¥q  =  Q,  shew  that  ;>,  q  arc  tli> 
roots  of  tho  equation 

J-- +  (a +■ /3  -  a/3)  X  -  a/3  (a  + /3)  =  0. 


in      t!-       \e  X^-hc  x^-ra        ,       x*  -  uh 

19.  S.mphfy  ^^-_^^^^^^_-_  +  ^^^^_-^_-j  +  ^_^^-,-. 

20.  Solve  the  equations  : 

(1)     (j;«-r)x  +  2)-^j^-5a:  +  22. 


(2)     (x«.J,)%.4(xVJ,).l2. 


21,     Prove  that 


{y-zf  +  {x-yf  +  3{x-y){x-z){y-z)  =  {x-z)'' 


22.     Simplify 
1 


2v^l0     1W2I  .  5\'i4 
3^^^   4 


Ifi^^-^;    and     find     the     valu.     ci 


,  given  that;V5  =  2-236. 


23.     Form  the  quadratic  equation  whose  roots  af 

, 2ah 

a  +  fc  +  va^  +  fc*  and 


24.     Solve  the  equations  : 

(1)  x-(h-c)+ax(c-a)  +  a^{a-h)=0, 

(2)  {x^-px+j/^)(qx-¥pq+it^)  =  qx'+p-q'^  +  p*. 


CHAPTER   XXXV 


Kasy  (Jk.vimis. 

[Art*.  304-:jlu  oi.,,/ hr  re.nf  ,„  „^,„  „,  tl,,- ,t,„l.„t  ha» had  m.lh,un,f 
stude.t  ,.  .r,jnaoUe,i  ,nth  quadratic  erjufS]  "" 

Siniilailv   ±t-  +  ^•,,•-^7    i-3_.7,.a.i    „..„   c       ^- 

«<.o„d„„,i.i,i,.,r,i.s,e;'4pc4,v„V"" '"""'""" "'  •■■ "'  ""■■ 

Then,  when      ^=0,      ^^  =  0x9=0 

y=lx8=  8, 

y-2x:.=  J(j, 

,y  =  3xO=  0, 

-,      3^  =  4  x(- 7)= -28, 
aiui  so  on. 

E.A.  ,r 


.r-2, 
.r  =  3, 
.r=4, 


,il 


J 1 


i  -■  \ 
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By  proceeding  in  this  way  we  cnn  find  u  many  values  of  the 
function  u  we  pleiue.  But  we  are  often  not  ao  luuch  con6emed 
with  the  actual  value*  which  a  function  aMumeii  for  different 
values  of  the  variable  as  with  the  tmif  in  which  the  vcuiu  of  the 
function  change*.  Thene  variationti  can  be  very  conveniently 
represented  by  a  fraphicAl  method  which  we  sha'll  now  explain. 

307.  Two  straight  lines  XOX',  YOY'  are  taken  intersectinj; 
nt  ri^ht  anjrIeH  in  O.  tliiiH  dividing  the  plane  of  the  ]m\)vv  into 
four  spaces  XOY,  YOX',  X'OY',  Y'OX,  which  are  known  at  the 
first,  second,  third,  and  fourth  quadrants  respectively. 


M 


♦-•- 


8 


I 


The  lines  X'OX,  YOY'  are  usuallv  drawn  horizontally  and 
vertically  ;  they  are  taken  as  lines  of  reference  and  are  known 
as  the  aida  of  Z  and  y  respectively.  The  point  O  is  called  the 
origin.  Values  of  x  are  nieaiiured  from  O  along  the  axis  of  x, 
according  to  some  convenient  scale  of  measurement,  and  aie 
called  alwcisssB,  positive  values  being  drawn  to  the  riaht  of  0 
along  OX,  and  negative  values  to  the  left  of  O  along  OX . 

Values  of  y  are  drawn  parallel  to  the  h\\a  of  y,  from  the  ends 
of  the  corresponding  abscissae,  and  are  callt^^  ordinatOS.  Tlnse 
are  potitive  when  drawn  above  X'X,  negative  when  drawn  Mow 

308.  Suppose  .v  =  3,  when  .r=2.  To  express  this  relation 
graphically  we  first  mark  off  OM,  2  units  in  length,  alonu  OX  ; 
then  at  M  we  di-aw  MP,  3  units  in  length,  pei-j)endicular  to  OX 
and  above  it.  Tims  the  position  of  a  point  P  is  determined. 
Similarly  any  pair  of  corresponding  values  of  x  and  y  will 
determine  a  point  relatively  to  the  axes. 


I'LOTTINO   POINTS. 
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ExAMrti.     Plot  the  points 

(•)(-S.2);       (ii,,-3.-4);       (Hi,  (6.  0). 

angles  to  OX' aiij  -.ov*  it     Vi!  *'""^  ^^  •  **>«  2  un  tii  at  rijfht 
quSdrant.     SeeFi  ^*"' '^"^tmg  point  Q  i.  in  the  •eoSd 

third  qu«irant.  ^  *  *"^ '   *''«  "suiting  point  R  i.  in  the 

KoU.     "" 


The  coordinates  of  the  origin  are  (0,  0). 


*?- ";:;Ll:.    StCio^^A<-3.  2).  (-3.  -4).  (5.  -4,  on 

Taking   the   pointa    in    the 

Uiat  they  are  represented  by 
th«v  f?:  ®  '"  ^'8-  2.  and  that 
SnUin/^*  ^t*ngi«  which 
contains  48  squares.  Each  of 
these  ,8  one^undredth  part  Sf 
•  *7«ar«  ,noh.     Thus  t£^  arS 

^«ir:i„Th^«'« "  ^--^  °'  ' 


Fio.  a. 


ii*' 


■iW 


i  • 


li 


i  m 
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ExAMPLi!  2.     7%e  coordinates  of  the  pointB  A  and  B  are  (7,  8) 
and  (  -  5,  3) :  plot  the  points  andjind  the  distance  between  them. 

After  plotting  the  points  as 
in  the  diagram,  wo  may  find 
AB  approximately  by  direct 
measurement. 


Or  we  may  proceed  thus  : 
Draw  through  B  a  line  par' 
to   XX'  to  meet  the  ordinate 
of  A  at  C.      Then  ACB   is  a 
rt.  -angled  A  in  which  BC  =  12, 
and  AC  =  r». 
Now  AB2  =  BC2  +  AC2 
=  i2*+r)« 

=  144  +  25 
=  169. 
.'.   AB=13. 


Y 

A 

> 

u^ 

r 

^ 

^ 

^ 

B 

r^ 

--• 

C 

X 

' 

0 

X 

' 

J 

1 

V 

1 

Fig.  3. 


•tt 


fer  ' 


EXAMPLES  XXXV.  a. 

[7 1,6  folloioing  examples  are  intended  to  he  done  mainh/  hif  artu  il 
measurement  on  squared  paper ;  where  possible,  theif  slamld 
also  he  verified  by  calculation.] 

Plot  the  following  pairs  of  points  and  draw  the  line  which  ynns 
them : 


1.     (3,  0),  (0,  6). 

2. 

(-2,  0),  (0,  -8) 

3.     (3,  -8),  (-2,  6). 

4. 

(5,  5),  (-2,  -2) 

5.     (-2,  6),  (1, -3). 

6. 

(4,  5),  (-1,5). 

7.  Plot  the  points  (3,  3),  (-3,  3),  (  -3,  -3),  (3,  -3),  and  lind 
the  number  of  squares  contained  by  the  figure  determined  by  th'  se 
points. 

8.  Plot  the  points  (4,  0),  (0,  4),  (-4,  0),  (0,  -4),  and  find  the 
number  of  units  of  area  in  the  resulting  figure. 

9.  Plot  the  points  (0,  0),  (0,  10),  (5,  5),  and  find  the  numbr>r  of 
units  of  area  in  the  triangle. 

10.  Shew  that  the  triangle  whose  vertices  are  (0,  0),  (0,  6),  i4,  .1) 
contains  12  units  of  area.  Shew  also  that  the  points  (0,  0),  (0.  6), 
(4,  8)  determine  a  triangle  of  the  same  area. 
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11.     Plot  the  points  (5,  6).  l-H  r\    m      c^    ,     ^ 
unit  is  siipp<«ed  to  lenresent  L„      ^ii-^^'  r^^'J'^'  -6)-     If  each 
figure  i    ^ITare  cent/mSrJ^  milLmetre,  find  the  area  of  the 

ii.     I'lot  the  n.,.i  ts  (1.  3»    l-t        a\        j    i 
1-'  itsoi.  li,is  hnt  *•         ■'^*^™®  '°®  coordinates  of  other 

eaJLe'?;'i^'!:n/SSf  lEf*^'   "^'  ^'^"  experimentaUy  that 

<')(9.:M0,0M-9.-7).        (ii)(-9.7M0.0M9.-7,. 
i^xplam  these  results  theoretically. 

(0(4.  3).  (12,  7);        (ii)  (5.  4M15.  16).  ^ 

on/n.afes  of  the  given  ^tf  "'*"-'  *'"'*  ^"'^  '''*  *''^  «/  '*« 

of  tL  .uidySlt  SEr foEg  ^n^"^'  ■'  ^"^  «»d  ^'-  coordinates 


(')  (0,  0),  (8,  10) ; 
('»)  (0,0),  (-8,  -10); 


(")  (8.  0),  (0,  10) ; 
(»v)  (  -  8,  0),  (0,  -  10). 


th!  urig^?'  ''''  ^"""^^°S  Poi"t«.  and  calculate  their  distances  from 

;:;'^.«)^     (ii)(-15,-8).      (iii),..V7");     (iv)(-7,2.n 
Ll.erk  your  results  by  measurement. 

thJ  d^triTct  SiSS^''^  °'  P°'"^^'  ^"'^  -  -ch  case  calculate 
'')(;^.0).(0.3);  (ii)(0.8),(5.5); 

f'")  (15.  0),  (0,  8) ;  (iv)  (10,  4),  (-5   12). 

^.     ;^)(^.12U-15.0);  (vi)(20,0M-:f.^:3, 

\  ^rify  your  calculation  by  measur-^r.ent. 

from  the  ori^n!*  ^    *'  ■^*'  ''"^  «^^^  that  they  are 'all  equidistJSt 


0 


1 ' 
i  1 


ii- 


298 


EASY  GRAPHS. 


19.  Plot  the  two  following  series  of  points  : 

(i)  (5,  0),  (5,  2),  (5,  5),  (5,  - 1),  (5,  -4) ; 

(ii)  ( -4,  8),  ( - 1,  8),  (0,  8),  (3,  V,  (6,  8). 

Shew  that  they  lie  on  two  lines  respectively  parallel  to  the  axis 
of  y,  and  the  axis  of  x.  Find  the  coordinates  of  the  point  in  whicl\ 
they  intersect. 

20.  Shew  that  the  points  { -3,  2),  (3,  10),  (7,  2)  are  the  angular 
points  of  an  isosceles  triangle.  Calculate  and  measure  the  lengths 
of  the  equal  sides. 

21.  Explain  by  a  diagram  why  the  distances  between  the 
following  pairs  of  points  are  all  equal. 

(i)  (a,  0),  (0,  b)  I        (ii)  (6,  0),  (0,  o) ;        (iii)  (0,  0),  (a,  b). 

22.  Draw  the  straight  lines  joining 

[i)  (a,  0)  and  (0,  o) ;  (ii)  (0,  0)  and  (a,  a) ; 

and  prove  that  these  lines  bisect  each  other  at  right  angles. 

23.  Find  the  perimeter  of  the  triangle  whose  vertices  are  the 
points  (7,  0),  (0,  24),  ( - 10,  0). 

24.  Draw  the  figure  whose  angular  points  are  given  by 

(0,  -3),  (8,  3),  (-4,  8),  (-4,  3),  (0,0). 
Find  the  lengths  of  its  sides,  taking  the  points  in  the  above  order. 

25.  Plot  the  points  (13,  0),  (0,  -  13),  (12,  5),  (  -  12,  5),  (  -  13,  0), 
(  -  5,  -  12),  (5,  - 12).  Find  their  locus,  (i)  by  measurement,  (ii)  by 
calculation. 

26.  Plot  the  points  {2,  2),  (-3,  -3),  (4,  4),  (-5,  -5),  shewing 
that  they  all  lie  on  a  certain  line  through  the  origin.  Conversely, 
shew  that  for  every  point  on  this  line  the  abscissa  and  ordinate  are 
equal. 

27  If  y=2a:+ 10,  find  the  values  of  y  when  x  has  the  values  0, 1, 
3,  _*2,  -5.  Plot  the  five  points  determined  by  these  values,  and 
shew  experimentally  that  they  lie  on  a  straight  line  Where  does 
the  line  meet  the  axes  ? 

28.  By  mving  different  values  to  x  find  by  trial  a  series  of  points 
whose  cooiSinates  satisfy  the  equation  2y=6a;.  Shew  that  they  all 
lie  on  a  straight  line  through  the  origin. 

[It  toill  be  amvenimt  here  to  take  two  tenths  of  an  inch  at  the  unit.] 
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di  b^V^1/:r2"' ■^^^"•-•t-".  of  ..,  and  let  it«  value  be 

asabsciss*  and  ornate' respeltiv4vt  ^L'^'''  '''  '''  ^^ 
pomts.  If  all  such  points  we,e  Sf'/^  ^^f  a  succession  of 
line,  straight  or  curCi,  S  ,s^  £nol  '?k""^^  ^"•^'^  ^'  « 
function  nx\  or  the  CTanh  of  fhf         ^"  "^  *^®  «»Pli  of  the 

paas  from  point  to  point  sanation  of  the  ordinate^  as  we 

proceeding  further  he  should  SVf  nil/"  P^^^-'^^an  before 
following  statements :  "^  ^'""^^^^  ''■'^'^  'egard  to  the 

')    The  coordinates  of  the  origin  are  (0,  0). 

For  every  point  on  the  axis  of  .  the  value  of  3,  is  0 
Thus  the  graph  o/y=0  is  the  axis  of  x 
(-)     For  every  point  on  the  axis  of  y  the  value  of  .  is  0 
rhiia  the  graph  of  x  =  0  w  the  axis  of  y 


»''rrKvf4^-;;i.'j;^i'if- » 'i-  pa™,,. 


(V) 


'  t"  tile  axis.if  V, 

"^I'us  on  pacre  298    Fv    10  rii\   ,;  ,• 

^''^i  this  hne  is  the  graph  of  y2f  '^  ^'"^  P*^'"'^"*^!  ^^  the  axis  of  ;r. 


f 


iilL^ 


f -a>| 

fi---ieff 


■111 


I( 
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ExAHrLE  1.     Plot  the  graph  o/y=\. 

When  x=0,y-0;  thus  the  origin  is  one  point  07i  the  'ji-np/i. 

Also,  when  x=l,  2,  8,  ...  -1,  -2,  -3,  ..., 

y  =  l,  2,  3,  ...-1,  -2,  -3,.... 

Thus  the  graph  passes  through  O,  and  represents  a  series  of  points 
each  of  which  has  its  ordinate  equal  to  its  abscissa,  and  is  clearly 
represented  by  the  straight  line  POP  in  Fig.  4. 

Example  2.    Plot  the  graph  o/  y = x  +  3. 
Arrange  th      ^lues  of  x  and  y  as  follows  : 


a; 

3 

2 

1 

0 

-1 

-2 

-3 

' 

6 

5 

4 

3 

2 

1 

0 

By  joining  these  points  we  obtain  a  line  MN  parallel  to  that  in 
Example  1. 
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1 

[/ 

7L 
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p 

1 
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Y 

Fio.  4. 


Tlie  results  printed  in  larger  and  deeper  tvpe  should  be  spe.ialy 
noted  and  compared  with  the  graph,  fhey  shew  that  the  distances 
ON  OM  (usuaUy  called  the  hMercep,»  on  the  axes)  are  obta..iea 
by  separately  putting  a;=0,  y=0  in  the  equation  of  the  graph. 


GRAPH  OP  A  PUNCnON.  goj 

grSf"  &''^^'ZS^'^i.Z,''lSJ-'-^  ""^-^  "  3  unit, 
ly=  *  +  3  mav  be  obtaiS  £"0^^^/"  ^l^'¥^  L  the  JSph 

Examples.     Plot  the  graphs  repremUed  h. 'k 


(i).-|; 


(ii)y=^+4. 


""'  y-,-l- 


*nd  in  .ach  ease  find  vahiPa  ..f  „  I 

values  of  y  corresponding  to 

5  corresponflin 

Th»         ..        ■^'*'"^  "^^^i"  paper  as  our  uni 

The  graphs  will  be  found  to  bTas  in  f41 


0.    i   B*.   2. 


^«  J^«S7r^^  ^  Wd  eonvenient 

-The  graohs  will  K«  * ,  .    ,  "'^  ""''• 


Fio.  5. 


E«i  g.  .ph  ^^d  t,  verta«,  i„  detail  b,  .ke  «„„», 
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EXAMPLES  XXXV.  I 


{^Examples  1-18  are  arranged  in  groups  of  three;  each  group  thould 
be  represented  on  the  name  diagram  so  as  to  exhibit  clearly  the 
position  of  the  three  graphs  retativeli/  to  each  other."] 

Plot  the  graphs  represented  by  the  following  equations : 


' 

1. 

y=5«. 

2. 

y=5x-4. 

3. 

y=5x  +  6. 

1 1-' 

4. 

y=  -3*. 

5. 

y=  -3x+3. 

6. 

y=-3x-2 

t  : 

7. 

y+x=0. 

8. 

y+x=8. 

9. 

y+4=x. 

10. 

4x=3y. 

IL 

3y=4a;  +  6. 

12. 

4y  +  3x=8. 

V. 
! 

li                13. 

x-5=0. 

14. 

y-6=0. 

15. 

5y=6x. 

' 

16. 

3x  +  4y  = 

10. 

17. 

4x+y^9. 

18. 

5x-2y=8. 

19.  Shew  by  careful  drawing  that  the  three  last  graphs  have  a 
common  point  whose  coordinates  are  2,  1. 

20.  Shew  by  careful  drawing  that  the  equations 

x+y=10,    y=x-4 
represent  two  8trai;^ht  lines  at  right  angles. 

21.  Draw  on  the  same  axes  the  graphs  of  x=5,  x=9,  y =3,  y  - 1 1. 
Find  the  number  of  units  of  area  enclosed  by  these  lines. 

22.  Taking  one-tenth  of  an  inch  as  tlio  unit  of  length,  find  the 
area  included  between  the  graphs  of  x=7,  a;=  -3,  y=  -2,  y  =  S. 

23.  Find  the  area  included  by  the  "iraphs  of 

y=x  +  6,   y=x-6,   y=-x-l-6,   y=-x-6. 

24.  With  one  millimetre  as  linear  unit,  find  in  square  centimvt  n  s 
the  area  of  the  figure  enclosed  by  the  graphs  of 

y=2x  +  8,    y=2x-8,    y=-2x-i-8,    y=-2x-8. 

25.  Draw  the  graphs  of  the  following  equations  : 

x+y=5,    2x-y=10,    2x  +  3y=-30,    3y-x=15. 

If  the  paper  is  ruled  to  tenths  of  an  inch,  shew  that  the  graphs 
include  an  area  of  1  '5  sq.  in. 


'.'NEAR   GRAPHS. 


S03 


Jl'ent?';  "^"''-'"^  «'--^'  -•  '-  prepared  for  the  foMowing 
(0    For  all  numericiil  values  of  n  fl,. 

■Z£^^\-^Z'T'^^^,^''\^:^;'  'ig",..nd  the  line  „«. 

In  either  ««,„i.caned  the  d.„„,.ke  line. 

cutti„,„ffJi„--  y-_^^...W   t,,  ,.„!.  ,„3 

The  graph  of  v=ax4-A  ia  «     a  ■ 
retain  the  same  valuel  ^"'^  "^  P'^«»''°n  as  long  as  a  and  6 

Jjf'^irS '^triS^i^"^  direction 

origin.  »  or  ^  at  the  same  distance  (6)  from  the 

"■"her  or  nearer  ^ri^H^fi'^'J^'^'-'  the  4,g,„; 
constants  of  the  eqSi,,™    '^""°  "*  "°''''  "-ey  are  JSM: 

pa.s«e8  throuffli  «ll  .  1  •  I    '  !     follows   that  the   .'ranh 
-  +4  .»  said  ,„  be  a  lin^  tortSni";""'?"'""  »'  "'«  '""■ 
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Example.  Shew  that  the  j>oint%  (3,  -4),  (9,  4);  (12,  8)  /m  on  o 
tlraight  line,  and  find  its  eqitalion. 

Assume  y  =  ax+h  as  the  equation  of  the  li  le.  If  it  passp.i 
through  the  first  two  pointe  given,  their  coordinates  must  satisfy 
this  equation. 

Substituting  x  =  3,  y=  -4,  wo  have 

-4  =  3o  +  ft 


Again  substituting  x=9,  y=4,  wc  have 

4=9o  +  6 

By  solving  equations  (i)  and  (ii)  wo  obtain 


(i) 


(ii) 


Henoe 


0  =  3,  6=  -8. 
y^fx-S,  or  4j:-3y  =  24, 


is  the  equation  of  the  line  passing  through  the  first  two  points. 
Since  x=  12,  y  =  8  satisfies  this  equation,  the  line  also  passes  through 
(12,  8).  This  example  may  l)e  verified  graphically  by  plotting  tlie 
line  which  joins  any  two  of  the  {wints  and  shewing  that  it  passis 
through  the  third. 


315.  Since  a  straight  line  can  always  be  diuwn  when  a»i.y  tw., 
points  on  it  are  known,  in  drawing  a  linmr  graph  only  X\\» 
points  need  be  plotted.  The  points  where  the  line  meets  the 
axes  can  be  readily  found  by  putting  ;/  =  0,  x  =  0,  successively  in 
the  equation,  and  these  two  points  will  always  suffice,  though 
they  are  not  alwys  the  beat  to  select. 

Example.     Draio  the  graph  of  A\-  3y  =  13. 

If  we  find  the  intercepts  on  the  axes  we  have 

13 
when  y=0,  aJ  =  -T"  (intercept  on  the  x-axis), 

13 
and  when  «  =  0,  y=  --q-  (intercept  on  the  y-axis). 

As  both  of  these  values  involve  fractions  of  the  unit,  it  would  '» 
difficult  to  draw  the  line  with  sufficient  accuracy. 

In  such  a  case  it  i^5  better  to  find  by  trial  integral  values  of  r.  .-.ni 
y  which  satisfy  the  equation. 

Thus  when  x  =  \,  y=  -3,  and  when  y  =  l,  x  =  4. 

The  graph  can  now  be  drawn  by  joining  the  points  (1,  -  3),  (4, 1). 
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Application  to  Simultaneous  Equations. 
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■«  equivalent  to  myinTSHtlX^^^  ""^  «««  t4  th^J 

n?  oT?T  ^^mtion.  between  ^  and  V  tT"'"'  ^«  '""^'^  t«o 
,''iir  of  values  which  will  uol •  r  ,  *'; '"*''®  ^'«n  "nly  he  onn 
'rnvalent  to  sayini  thaTtwr-  "^^  ,^^^  e<,uations.  •^Thj^''":^ 
common  point.   ^    ^  "''''  ^''^  «^'-«'Sl't  line.,  can  have  only  one 

I"/"^r''-'= '.^-7,  and  when  ;:,,._„ 
Thus  the  lino  is  found  Uy  joi„i„,,  q,,     '     ~    ^l , 


Thus  the  lino  is 


I'll).   G. 


ii-kil 
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Example.     Draw  the  graphs  of 

(i)  5x  +  6y=fl0,      (ii)  0y-x=24,       ;iii)  2j-    y=7; 
and  thew  thai  they  reprtaent  three  lines  which  meet  in  a  point. 

In  (i)  when  y  =  0,  x  =  12 ;  when  x  =  0,  y  ^^  10. 

Thus  the  intercepts  on  the  axes  are  12  and  10,  and  the  graph  is 
the  lino  PP*. 

In  (ii)  when  x  =  0,  y  =  4 ;  when  x=12,  y  =  6,  and  the  graph  is  the 
line  joining  Q  (0,  4)  to  Q'  (12,  G). 

In  (iii)  when  x  =  0,  y=  -7:  when  z  =  8,  y  =  9,  and  the  graph  jh 
the  line  joining  R  (0,  -  7)  to  R'  (»,  U). 


i  ? 
If 


y 


I 


Fia  7. 


From  the  diagram  it  is  evident  that  these  three  lines  all  pass 
through  the  point  8  whose  coordinates  are  6,  5. 


SIMULTANEOUS   EQUATIONS.  307 

equation.  "'  "^'^^  ^'^^l*  other.     For  exainpie,  the 

•'•  +  3./  =  2,     .3.r  +  9y»8 

'•■-  whu.l.  navo  ..o  finite  ^^int  of'lnl^ttt?  ^""^•'  ""•'''■^'''' 
•'•hot^t-r  ^"""'^^"^--  -l-tio„.  „.ust"be  independent 

4^+3y=],     16.r+12y  =  4 
•"•0  m.f,  iiHlciH.iiilcrit    f.,r  fi„.  , 


EXAMPLES  XXXV.  c 

Solve  the  following  e,„ations,..ap,,cal,y: 


1.     y=2j:  +  .3, 

7.     2x  +  y=0, 
4 


2. 
5. 
8. 


y-3.t  f4, 

y-^-c+g. 

3x-oyr=i5. 


3. 
6. 
9. 


6y-ojr=18, 

2y^5j:+15, 
3y-4x=12. 


10.     Sliew  that  tho  stmight  lines  given  bv  tho  .       » • 


i»  s 


IN 


'    is 


f'  -  I 


'«    liJ 
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319.  Meammmeiit  on  Different  Scalei.  Fur  tlip  nakp  of 
■implicit^  we  have  hitherto  measured  abeciMse  and  ordinate!  on 
the  wme  scale,  but  there  is  no  necessity  for  so  doing,  and  it  will 
often  be  convenient  to  measure  the  variables  on  difl'erent  scales 
suggested  by  the  particular  conditions  of  the  question. 

For  example,  in  drawing  the  graph  of  y  =  1  Ix  +  0, 

when  X  has  the  values  -  2,  -  1 ,  0,    1 ,    2,    3, 

the  corresponding  values  of  y  are  -  16,  -  5,  6,  17,  2H,  39. 

Thus  some  of  the  ordinates  are  much  larger  than  the  almcisiup, 
and  rapidly  increase  as  x  increases. 

On  plotting  these  points  with  x  and  y  measured  on   the  wimn 
scale.  It  will  be  found  that  with  a  sn^all  unit  the  graph  is  iticon 
veniently  placed  with  regard  to  the  axes.      If  a  larger  unit   is 
employed  tno  graph  requires  a  diagram  of  inconvenient  size. 

[The  student  should  prove  this  for  himself  experimentally.] 

The  inconvenience  can  be  obviated  by  measuring  the  values  of  y 
on  a  considerably  smaller  scale  than  those  of  x. 

For  example,  let  us  take  n'jj  of  an  inch  as  unit  for  y  and  one  inrli 
as  unit  for  x;  then  the  graph  of  y=llr  r6  will  he  as  in  Fig.  S,  in 
which  the  Une  has  been  drawn  by  joining  the  points  (0,  6),  (2,  28). 
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Speaking  generally,  whenever  one  variable  increases  nun  h 
more  rapidly  than  the  other,  a  small  unit  should  be  chosen  for 
the  rapidly  increasing  variable  and  a  large  one  for  the  other. 


EXAMPLK8  OV    LINEAR  OIUPHS.  309 

ipondine  value!  of  thlvlt^^  .""^  ^ *'•'*'"" ^  <aln.l.ition)' corre- 

obtained  will  .>   W\TZ2li,  ^Tl""*"*'  "'  ''"'"■'^'  '•^''"'^''  "" 

arrived  at  in  t  In  wa        '  £    7  "^  P'ni'l'i'-al  n.oth.-xlH  are 

w  .1 V .    1  )„.  p,„.p,, ,,  ,. „^,^.,,  ^^  interpolation. 

..'^'iliiu'^i'Vl:^';,^';.!;-^'  -  /^-^t  given  in  Fi,.   8.     Xow 

Again  .v  =  2»>  at  the  point  Q;  and  ar-OR-lo« 
In  obtaining  this  last  n-sult  MX- o  m  rvT>  tl!^f  nif '  "PP;"'""'''*^-'?'- 


EXAMPLES  XXXV.  d. 


2.     Solve    y^lO.r  +  8,    7x  +  y  =  2r,    graphically. 

I  m.t  for  X,  one  inch  ;  for  .y.  one  tenth  of  an  inch. ] 

function  -___.     From  the  graph  find  the  value  of  the  function 
S  tol'"^=  '''"  ^"^  ^^'^  "''>'^*  ^-1»«  "f  ^  the  function  become. 

4.    On  one  diagram  draw  the  graphs  of 
tpu  X  .      ^  .v  =  or+ll,         10jr-2//=15. 

i-W?eet;4'UwSn1hlm"  ^"^"^^  '     ^'"'^  '»>«  '»«*«>  of  the  y-xi. 
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5.  Draw  the  graphs  of  the  equatioiu : 

3-4r+5y  =  17,    x-y=0-8,    y-0-6x=0-45; 
and  shew  that  they  all  pass  through  one  point. 

6.  Draw  the  triangle,  whose  sides  are  represented  by  the 
equations:  3y-x=9,    x+7y=ll,     3a:+y=13; 

and  find  the  coordinates  of  the  vertices. 

7.  With  an  inch  as  unit  draw  the  triangle  whose  sides  are 
given  by  the  following  equations,  and  find  its  verbioey. 

10y+2j;  =  31,    y=3-5x,     6y-2x-6-5. 

8.  I  want  a  ready  way  of  finding  approximately  0"866  of  any 
number  up  to  10.  Justify  the  following  construction.  Join  the 
origin  to  a  point  P  whose  coordinates  are  10  and  8'66  (1  inch  Ik  ing 
taken  as  unit)  ;  then  the  ordinate  of  any  point  on  OP  is  O'SGti  uf 
the  corresponding  abscissa.     Read  ofif  from  the  diagram, 

0-866  of  3,  0-866  of  6-5,  0866  of  48,  and  -i-^  of  5. 

321.  The  last  example  gives  a  simple  illustration  of  a  graj))! 
user?  as  a  "  ready  reckoner."  We  shall  now  work  two  oilier 
examples  of  this  kind. 

Example  1.  Oiven  that  5-5  kilograms  are  roughly  equal  to  12125 
pounds,  shew  graphically  how  to  express  any  nnmber  of  pouwix  in 
kilograms.     Express  7  J  lbs.  in  kilograms,  and  4|  kilograms  inpvuuds. 

Let  y  kilograms  be  equal  to  x  pounds,  then  evidently  we  have 

y=.„  .„sx,  which  is  the  equation  of  a  straight  line  through  the 

origin.  Hence  measuring  pounds  horizontally  and  kilograms  vorti- 
oally  the  required  graph  is  obtained  at  once  by  joining  the  origin  to 
the  point  whose  coordinates  are  12*125  and  5-5. 
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By  measurement  it  will  be  found  that  7^  lbs. =3*4  kilograms,  and 
i|  kilograms =9*37  lbs. 
[The  graph  ahould  be  drawn  by  the  student  <n  a  larger  soale] 
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Example  2.     The  exBemws,  /,/■  „      i    . 

8«50/or  105  hoy.,  and  m2  for  12H^  n'^"-      """^    'J^""'^  '«'•« 
(/<>'  expenses  far  anu  number  orZyl-^    i  H""  "  ^^''^  '«  /-^/^^-e^ew/ 


700 


600 


As  the  numbers  are  large,  it  will   ho 
tTS'f,  ''''*"'^*"^  '^^  60(?  and  abseisS. 

I..-t.PancrSai.ef^:a.StS^!;./p^ 


convenient  if  we  bettin 
at  100.  This  enables  us 
into  a  smaller  oomp;u«. 
2H,  ;v=:742.  Thus  two 
IS  tlie  required  graph. 
=  ll.->,  j/  =  690;  and  tlmt 
answers  are  $69(J,  and 


ill 

1 


EXAMPLES  XXXV.  d. 


(Omti/iued.y 


Shew  that  22-2  y.ra.  =  ^^.,  .,.,,,,  ^^^^^^^^^  '"  — 

J-'Xpressdis-o  grams  in  grains.  "  '  «"""'• 

(ii)  309  grains  as  a  decimal  of  a  gram. 

^ineJu/siLiinn;;:;:;^^!:::^^;;.^  •;"'••  ^''-  ^ow  to  end 

»U'"'.-rof  cntimctres  in  h  va,         n  /<      '     "  "!.''  '"'^^f^.  and  the 

.^'i".       1  ,nd  the  equation  tr,  the  graph. 
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12.  The  highest  marks  gained  in  an  examination  were  136,  am". 
these  are  to  l)e  raised  so  that  the  maximum  is  200.  Shew  how  tliis 
may  be  done  by  means  of  a  graph,  and  read  oflF,  to  the  nearest 
integer,  the  final  marks  of  candidates  who  scored  61  and  49  re- 
spectively. 

13.  A  man  bnya  100  eggs  for  $1.20  and  has  to  pay  30  cents  fur 
freigiit.  He  wiK.h.s  to  sell  tiiem  so  as  to  gain  20  per  cent,  on  his 
whole  outlay.  Draw  a  graph  to  siicw  to  tiic  nearest  cent  (lie 
selling  price  of  anj'  nunilKjr  »)f  eggs  uj>  to  100,  and  read  otl'  tlic  jjiii-e 
of  6i"».  From  the  graph  find  the  number  of  eggs  wliicii  could  lie 
bought  for  $2.25. 

14.  Tlio  highest  and  lowest  marks  gained  in  an  examination  ;ire 
297  and  132  reapt;ctively.  These  have  to  l)e  reduced  in  sueli  a  \\mv 
that  tlie  maximum  for  the  jMiper  (2(K))  shall  l»e  given  to  the  tiist 
candidate,  and  that  there  shall  lie  a  range  of  l.')0  marks  lietween  the 
first  and  last.  Draw  a  grai)li  from  which  the  reduced  marks  may  he 
read  off,  and  find  >. <iat  marks  should  Ik,'  given  to  candidates  who 
gained  200,  262,  163  marks  in  the  examination. 

Find  tiie  equation  l)etwcen  r,  the  actual  marks  gained,  and  y,  the 
corresj)onding  marks  when  reduced. 

15.  For  a  certain  lH)()k  it  costs  a  publi.sher  $;">(¥)  to  prepare  the 
type  and  oOc.  to  print  each  copy.  Find  an  cxpres.sion  for  the  tnt;il 
cost  in  (htllara  of  .r  eo|)ics.  Make  a  diagram  on  a  scale  of  1  ineh  to 
10(JO  copies,  and  1  inch  to  $.T<K1  to  shew  the  total  cost  of  an}'  ininilin 
of  copies  up  to  ^(NK*.  Read  otf  the  cost  of  2500  copies,  and  Uie 
numl)er  of  copies  costing  $27iV). 


1  J 


^f 


322.  In  all  the  case.s  at  present  considered  the  jjra])ii  li.is 
been  a  straiu'ht  line  obtained  oy  first  selectinj^  values  of  ./•  and// 
which  satisfy  on  equation  of  the  tirM  f/fr/zw,  and  then  draw  in.' 
a  line  so  as  to  pass  through  the  plotted  points.  Tlie  nietlu'd  is 
quite  general,  and  it  is  easy  to  see  that  it  may  be  applied  w  In  ii 
the  variables  are  ct)nnected  by  an  etjuation  irhirh  in  not  l,i'''ii: 
In  such  a  ea.se  it  will  be  found  that  a  line  drawn  tlimnirli  tli^ 
plotted  ]K)ints  will  take  the  form  of  some  nirve  dirt"eiiii.r  in 
slnipe  according  to  the  equation  wliich  connects  tlie  variii'les 
Before  discussing  sueli  cases  we  may  observe  tliat,  whn,r\ei 
two  variable  (juantities  depend  on  each  other  so  that  a  cli:iii;:e 
in  one  produces  a  corresponding  cliange  in  the  other,  w*  liiii 
draw  a  graph  to  exhibit  their  variations  without  kunuiiit; 
any  algebraical  relation  between  them,  proruh'rl  that  "■■  >/n 
furnifhed  with  a  sufficient  number  of  corregponding  values  accviiitchi 
determined. 
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-r^iy^rrZX'S:!  ll?i  Tt^  -  -!»-  a  limited 

obtomed  W  observation  frSSmentl'^^'^^^^  have  been 
niav  involve  inaccuniciea  and  ron?/       i°  ^"""'^  "^^^  t^e  data 
plotted  points  cannot  be  ablfuter"!?"^  '^^  P?«i*'«o  ^f  the 
cannot  correct  irrej^ularitfern  ti^       ^^1  T'    Moreover  we 
f>o,„t8  selected  at  disc'e  £     One  JI^^'S  V  P'^"i"«  "^J'^r 
join  successive  points  by  stra/aAeUn.^i^  ''^  procedure  is  to 
represented  by  ^n  irreg^ular  fiin  Hn.  ?'  ^'^^'^  ^'^  *''«»  »>« 
changes  of  direction  £  we  d^  fjJ'  ^' *"™^""'*«  ^'^h  abrupt 
where  no  great  accuracy  of  dS  llT  P""'i  t^'^'"^'    I"  <^'^^ 
f  often  used  to  illustrat^e  ^tlttt^J '211^^  A  I'  ^'I^P^^  "'^'^''"^ 
<8  a  VV eather  Chart  giving  the  hSrK  fi     u  ^'*°"''^''  '"stance 
intervals  of  time.  **         ''®'^"*^  °^  '''e  barometer  at  equal 

. '"'«  chief  disadvanfcige  of  this  mpfK^  •    .1. 
pves  a  general  idea  of  the  tou    n)?..   ^.u'  *^**'  ^'though  it 
between  the  plotted  point*  it  f^i^t''^^  ^^"'  ^^  taken  place 
with  regard  t^o  intenSiat  ^tsl'''"  °"  ^"'"^'^  informa^tfon 

ahfwn  in  Fig.  1 1.  •«™in,  we  obtain  the  broken  line  PQR8TV 


Fio.  11. 
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plotted  points.  Now  if  the  chart  had  been  obtained  by  means  of  a 
Bclf-registering  instrument,  the  graph  (representing  change  froia 
instant  to  instant  instead  of  at  long  intervals)  would  probably  liava 
l>ecn  somewhat  like  the  continuous  waving  curve  drawn  through; 
the  points  previously  registered.  From  this  it  would  appear  thati 
the  maximum  temperature  occurred  shortly  before  3  p.m.,  and  that' 
TV  (which  represents  a  very  gradual  change)  is  the  only  portion  ot 
the  broken  line  which  records  with  any  degree  of  accuracy  th« 
variation  in  temperature  during  two  consecutive  hours. 

323.  Although  in  the  last  example  we  were  able  to  indiiate 
the  form  of  the  curved  line  which  from  the  nature  of  the  <  ase 
teemtui  most  probable,  it  is  evident  that  any  number  of  curves 
can  be  drawn  through  a  limited  number  of  plotted  points, 
In  such  a  case  the  best  plan  is  to  draw  a  curve  to  lie  as  evenly 
as  possible  among  the  plotted  points,  passing  through  8oiii« 
perliaps,  and  with  the  rest  fairly  distributed  on  either  sade  of 
the  curve.  As  an  aid  to  drawing  an  even  continuous  curv» 
(usually  called  a  miooth  curve),  a  thin  piece  of  wood  or  other 
flexible  material  may  be  bent  into  the  requisite  shape,  and  held] 
in  position  while  the  line  is  drawn.  A  contrivance  known  asi 
"  Brooks'  Flexible  Curve "  will  often  be  found  useful.  When; 
the  plotted  points  lie  approximately  on  a  straight  line,  thel 
simplest  plan  is  to  use  a  piece  of  tracing  paper  or  celluloid  on; 
which  a  straight  line  has  been  drawn.  When  this  ha.^  been' 
placed  in  the  right  position  the  extremities  can  be  marked  on 
the  squared  paper,  and  by  joining  these  points  the  approximate 
grai)h  is  obtained.  ' 

When  the  graph  is  linear  it  can  be  produced  to  any  extenti 
within  the  limits  of  the  paper  and  so  any  value  of  one  of  the; 
variables  being  determined,  the  corresponding  value  of  the  otlier| 
can  be  read  on.  When  large  values  are  in  question  this  method; 
is  inconvenient  ;  the  following  Example  illustrates  the  method 
of  procedure  in  such  cases. 

Example.  Corre!*ponding  vafties  of  x  and  y,  some  of  which  ore; 
dightly  inaccurate,  are  given  in  the  following  table  :  | 


X 

I 

4 

6-8 

8 

9-5 

12 

14-4 

y  j    4 

8 

12-2 

13 

I.V3 

20 

24-8 

Draw  the  mo9(  prohahfe  graph  andfnd  if"  eqnatiov.  Alsof^A  tk 
value  ofy  corresponding  <o  x  =  80. 

Let  1  inch  be  taken  to  represent  6  units  along  OX,  and  2f)  unit! 
along  OY. 
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Pra.  12. 

a  a1>d7by"fuKttnVSJc^^^  can  find  the  valucB  of 

the  hne  passes.  ^  "^"'^^  °^ '*o  Points  through  which 

Hen"  r*  ''^"  ^^"''*'°'«  -  obtain  a  =  1:5^=2 

Thus  when  x=80,  y=  122.  -^  *'"*^- 

t--"U3  values  have  been  foirnX  exTer  Len  '-  or*"'"  r"'"'* 
Exempt p      r  ■  *   ''*J^*'"™«nt  or  observation. 


3-9        6-8 


W 


3Ga-,     (j6-2 


13-3 


,V    If   /"""  '-'^^'oertiv,,  P  and  tr  •  fiJifh     J       '^-     "^'^  determine 


r-  fi 


JIJ 
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mi 


mi 


Aa  the  page  ia  too  araall  to  exhibit  the  graphical  work  on  a 
eonvenient  scale  we  shall  merely  indicate  the  steps  of  the  solution, 
which  is  similar  in  detail  to  that  of  the  last  example. 

Plot  tlie  values  of  P  vertically  and  the  values  of  W  horizontallv. 
TakinK  0'.>  of  an  inch  as  unit  for  P,  and  01  of  an  inch  as  unit  for  ()', 
it  will  DC  found  that  a  straight  line  can  be  drawr  through  the  points 
corresponding  to  the  results  marked  with  an  asterisk,  and  lying 
evenly  among  the  other  points.  From  this  graph  wc  find  that  when 
W=70,  P=7. 

Assume  P~aW+b,  and  substitute  for  P  and  W  from  the  values 
corresponding  to  the  two  points  through  which  the  line  passes. 
By  solving  the  resulting  equations  we  obtain  a  =  0*08,  6  =  1  '4.  Thus 
the  linear  equation  connecting  P  and  Wis  P=0'08W+  1"4. 

This  is  called  the  Law  of  tlie  !>«/»*««"• 

From  this  equation,  when  JK=310,  P=26-2 ;  and  when  P=  180-6, 
»r=2240. 

Thus  a  force  of  26*2  lbs.  will  raise  a  weight  of  310  lbs.  ;  and  when 
•  force  of  180'6  lbs.  is  applied  the  weight  raised  is  2240  lbs. 

[The  student  should  verify  all  the  details  of  the  work  for  himself] 

Mote.  The  equation  of  the  graph  is  not  only  useful  for  detemoin 
ing  results  difficult  to  obtain  graphically,  but  it  can  always  be  used 
to  check  results  found  by  measurement. 

Example  2.  The  /olloioing  taMe  gives  atatistica  of  the  population 
of  a  certain  ixmntry,  where  P  ia  the  number  of  milliona  at  the  beginniug 
of  each  of  the  yeara  specified. 


Year  \   1830 

1835 

1840 

1860 

18G0 

1865 

1870 

1880 

P 

20 

221 

23-5 

29-0 

34-2 

38-2 

41-0 

49-4 

Let  t  he  the  time  in  yeara  from  1830.  Plot  the  valuta  ofP  vertical^ 
and  thoM  of  t  horizontally  and  exhibit  the  relation  between  P  aid  t 
by  a  aimple  curve  passing  fairly  evenly  among  the  plotted  points.  Find 
what  the  population  waa  at  the  beginning  of  the  yeara  1848  and  1875. 

Take  O'l  of  an  inch  as  unit  in  each  case ;  also  it  will  be  convenient 
if  wo  begin  measuring  abscissae  at  1830,  and  ordinates  at  20. 

The  graph  is  given  in  Fig.  13  on  the  opposite  page  ;  it  will  be 
aeen  that  it  passes  exactly  through  the  extreme  points  and  lies 
evenly  among  the  others. 

The  populations  in  1848  and  1875,  at  the  points  A  and  B  »■ 
■pectively,  will  be  found  to  Le  27'8  millions  and  45*3  millions. 
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EXAMPLES  ZZXV.'e. 

{In  Examf>le$  1-4  the  plotted  point*  may  be  joined  bt/  straight 
linet.  In  other  cases  the  graph  ie  to  be  a  straight  Hue  or 
smooth  curve  lying  evenly  among  the  plotted  points.] 

1.  In  a  term  of  11  weeks  a  boy's  places  in  his  Form  were  as 
follows : 

8,    6,    11,    10,    0,    6,    6,   4,    2,    1,    1. 

Shew  these  results  by  means  of  a  graph. 

2.  The  mean  heights  of  the  barometer  in  inches  for  the  first 
10  days  of  January  1904,  recorded  at  the  Royal  Observatory,  were 
as  follows : 

29-21,  2912,  29-00,  29-25,  29-37,  29-26,  29-46,  28-83,  28-66,  28  76. 

Exhibit  these  variations  by  means  of  a  chart. 

3.  The  highest  and  lowest  prices  of  Consols  for  the  years  1805 
to  1904  were  as  follows : 


Year 

'95 

'96 

~m 

'98 

'99 

'00 

'01 

'02 

'03 

"(4 

Highest 

108i 

113^ 

im 

113* 

llH 

103i 

97^ 

m 

93| 

m 

Lowest 

103J 

105^ 

not 

106i 

971 

96f 

91 

92A 

86; 

85  1 

Make  a  chart  to  shew  these  variations  graphically  on  the  iBnmo 
diagram. 

[A  convenient  scale  will  be :  one  inch  to  £10  vertically,  beginning 
at  85,  and  0-5  of  an  inch  to  1  year  horizontally.] 

4.  Make  a  chart  to  shew  the  variations  in  French  Imports  and 
Exports  into  Great  Britain  (in  millions  of  pounds),  for  the  y>  ars 
1896  to  1903  inclusive,  from  the  following  data  : 


Imports 

50-1 

53-3 

51-3 

53-0 

53-8 

51-2 

50-6 

10  9 

Exports 

20-6 

19-5 

20-5 

22-2 

25-8 

23-7 

22-2 

23  1 

)3 

"(4 

31 

J»li 

8-, 

85 
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^^7.     Con^nding  values  of  .  and  y  are  g.Ve„  in  the  following 


pS^p"^^^^^^^^  of  ob^rvation,  d.w  the 

life\ot'.lifrcalrte^^;™SS  after-lifetin.e  ("expectation  of 
Pven  by  the  following  teble:  *^^*'*  '^'^^  °^  WMSSO.  wi" 


22         26 


34-96 


27 


34-24 


W3-«SS^'^-L'^-^' 


■::^ 


'i: 


P 


(I 


i » ;  ^  i 
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9.    The  f'^Mowin^  table  |(iTM  approxiinatoly  the  ciroumfercnoM 
oi  oirolee  oorreepoodrng  to  different  ndii : 


c 

16-7     201 

31-4 

44 

02-2 

r 

25       3-2 

5 

7 

8-3 

Plot  the  values  on  squunxl  paper,  and  from  the  araph  determine 
the  diameter  of  a  circle  whose  circumference  is  12*1  inches  and  th« 
circumference  of  a  circle  whose  radius  is  2*8  inches. 

10.  For  a  given  temperature,  C  degrees  on  a  Centigrade  are 
equal  to  F  degrees  on  a  Fahrenheit  thermometer.  The  following 
table  gives  a  sorica  uf  corresponding  values  of  F  and  C : 


c 

-10 

-5 

0 

5 

10         15 

25 

40 

F 

14 

23 

32 

41 

60 

59 

77 

104 

1 

Draw  a  graph  to  shew  the  Fahrenheit  reading  corresponding  to 
a  given  Centigrade  temperature,  and  find  the  Fahrenheit  readings 
corresponding  to  12*5°  C  and  31°  C. 

By  observing  the  form  of  the  graph  find  the  algebraical  relation 
between  F  and  C 

11.  If  W  is  the  weight  in  ounces  required  to  stretch  an  elustio 
string  till  its  length  is  finches,  plot  the  following  values  of  W  and  /: 


w 

2-5 

3-75 

(■  -5 

7-5 

10 

11-25 

I 

8-5 

8-7    1      -1 

9  3 

9-7 

9-9 

From  the  graph  determine  the  unstretched  length  of  the  string, 
and  the  weight  uie  string  will  support  when  its  length  is  1  foot. 

12.  In  a  certain  machine  P  is  the  force  in  pounds  required  to 
raise  a  weight  of  W  pounds.  The  following  corresponding  values  of 
P  and  W  were  obtained  experimentally  : 


p 

2-8 

3-7 

4-8 

5-5 

6-5 

7-3 

8 

9-5 

10-4 

ir7"> 

w 

20 

25 

31-7 

35-6 

45 

52-4 

57-5 

65 

71 

82-5 

Draw  the  graph  oonneoting  P  and  W,  and  read  off  the  value  of  P 
when  W=Wi.  Also  determine  the  law  of  the  machine,  and  find  from 
it  the  weipht  which  could  be  raised  by  a  force  of  31  •?  lbs. 


13.     The. 
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following  trtblo  :         '  **     '  ""^'  ""•'  '"'^''"-  wnitM)  is  given  by  tlio 


Area 
littNe 


•13 
1 


•  •:••»  ;  3-90    e-wi  1 10-82  In -HI 


» 


(t 


Illustrate  tlu'se  roHultn  ffriit.i.i- ..II.         .    • 
equilateral  triangle  on  a  iSof  o.J'Vj""*'  <letonni„e  the  area  of  an 

14.     By    nu-aNnring   tinu'  alomr   nv    ii    ■     ,     ^ 

(I)  the  ,li.l,im.,  Uaweei,  /I,  «,  „,„,  (. „  .,  „  „   . 
(Ill  the  lime  when  C  i.  8  mile,  U.hi,„|  „ 

15.     ^Vith  the  same  ediHlitJoij.  as  in  I."v    u      i 

Also  read  off  from  the  graphs 

(i)  the  times  when  they  are  ir,  miles  apart  • 
(u)  A  8  distance  from  Y  at  6. 15  p.  m. 

i..^'itre  irScfTj:,";,,:;'''^;  §  «'■"'■  '•  •"<  "■■■» 

fKlts  at  8  miles  an  hour  ancl  reHt«  Llf       i        ^  ^  ""•'«»  ^-     If  -4 

'".  .hiie « ...,  „„,c:liri^''Sir.':;;r,  S'^^h'i 's- 

{'Mhe  time  and  place  of  meeting  ; 
(ii)  the  distance  l^tween  A  and  Bat  11  a.m.  • 


(iii)  at  what  time  they  are  14  miles  apart. 


IP 


n 


m 


i 


lr:r- 


ill  ,ii j 

lit     iii 
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326.     We  shall  now  give  aonie  graphii  of  functions  of  highr 
d«grM  than  tb*  first 

BZAMTLB.    Draw  the  graph  nf  J "X*. 

Iiis  ia  one  of  the  moat  oaeful  and  interesting  graphs  the  student 
meet  with ;  it  ia,  therefore,  important  to  plot  the  curve  carefully 
«  suitable  soale. 

'ike  C'4  of  an  inch  as  unit  for     ,  and  O'l  oi  an  inoh  for  y,  then 
H'ftvs  val  .tes  of  x  and  y  nwy  be  tabulated  as  foUowa : 


->   1    05 

1 

1-5 

2 

2-5 

3 

3-5 

4 

1   9      0-25 

1 

2-25 

4 

6-2S 

0 

12-26 

16 

... 

Now  if  we  take  the  following  negative  values  of  x 

-0-5,    -1,   -1-5,   -2,   -23,   -3,   -8  5,   -4,  ... 
we  shall  obtain  the  same  series  of  values  for  y  as  before. 

If  the  points  we  have  now  determined  are  plotted  and  oonnectnd 
bv  a  continuous  line  drawn  freehand,  we  aiiaU  obtain  the  curve 
shewn  in  Fig.  14. 

There  are  three  facts  to  be  specially  noted  in  this  example. 

(i)  Since  from  the  equation  we  have  x=±s/y,  it  follows  tliat 
for  every  value  of  the  ordinate  we  have  two  values  of  the  abscissa, 
equal  in  magnilttde  and  oppontt  in  aign.  Hence  the  graph  is  sv  ■■ 
metrical  with  respect  to  the  axis  of  y ;  so  that  after  plotting  witn 
care  enough  points  to  determine  the  form  of  the  graph  in  the  first 
quadrant,  its  form  in  the  second  quadrant  can  be  inferred  without 
actually  plotting  any  points  in  this  quadrant.  At  the  same  timr  in 
this  and  similar  oases  V)eginners  are  recommen<ied  to  plot  a  tYw 
points  in  each  quadrant  through  which  the  graph  passes. 

(ii)  We  observe  that  all  the  plotted  points  lie  above  the  axis  of  x. 
This  is  evident  from  the  eouation  ;  for  since  x*  must  be  positive  for 
all  values  of  x,  every  ordinate  obtained  from  the  equation  y^x* 
must  be  positive. 

In  like  manner  the  student  may  shew  that  the  graph  of  y=  -z* 
is  a  curve  similar  in  every  respect  to  that  in  Fig.  1'  Hut  Iving 
entirely  below  the  axis  of  x. 

(iii)  As  the  numerical  value  of  x  inoreaspn  that  of  y  increases  verj 
rapidly.  Hence,  as  there  is  no  limit  to  the  valuen  which  mav  he 
aeraoted  for  x,  it  f<^ows  that  the  curve  extends  upwards  and  out- 
wards to  an  infinite  distance  in  both  the  first  and  second  quadrunta 


cnura  or  y-c>. 
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326.  In  any  equation  of  the  form  y  =  lu^^  where  a  ia  constant, 
if  rt  is  a  positive  integer,  the  curve  will  l»e  as  in  Fig.  14  l)iit 
will  rise  more  steeply  in  the  dii-ection  of  OY.  If  a  is  ;i 
jHJsitive  fraction,  we  'sliall  have  a  flatter  curve,  exteniliiP' 
more  mpidly  to  right  and  left  of  OY.  If  a  is  negative,  tli" 
curve  will  lie  below  the  ,y-axis,  and  will  l»e  steeper  or  flatter 
than  the  graph  of  .v=.r^,  according  as  n  is  greater  or  less  th  in 
unity.  In  every  case  the  axis  of  .c  is  a  tangent  to  the  curve  at 
the  origin. 

327.  We  shall  now  discuss  the  gmphs  of  some  (juadratie 
functions  of  the  form  rr>- + /j,r  +  c. 

E.\A.MPLK.     Find  tht  r/i-aph  of  y  =  -2x  +  —. 

4 

Here  the  following  arrangement  will  Iks  found  conviiiiint  : 


X 

s 

2 

1  jo 

-1 

-2 

-3 

-4 

-5 

-« 

-7 

-8 

-••1 

2x 

6 

4 

2 

0 

-2 

-4 

-6 

-8 

-10 

-V2 

-14 

-Mi 

-1> 

4 

2-25  1 

•25 

0 

•23 

1 

225 

4 

C-25 

9 

12-25 

IC 

20  "JS 

y 

8-25 

5 

2-25 

0 

-1-75 

-3 

-3-75 

-4 

-3-7.5 

-3 

-i-7r> 

-  1 
0    1  2-l'5  j 

r-i 1 

--) x_e — 

— h"T1 — ' — 

==.i=== 

-i-l u 

::h-fe4_ 

„.p:::.: 

LJ L_l. 

1 

4—    y  — 

PlO.  15. 


Prom  the  form  of  the  equation  it  is  evident  that  every  positive 
▼alna  of  x  will  yield  a  positive  value  of  y,  and  that  as  x  increastH  y 


&i^X^.!'Srei'^^^^^^^^  the  «„t  .uad^ant 

out  of  negative  vZf  JP"**°"ir'"f  *^  ?»|d  to  the  resutte  ariS 
"•'gat.ve  between  x=0  and  'a:-  8  w",?  *^''*  *»»«  ^'''"es  of  y  Sf 
—  c..e.  the  ..a.i,  .,  afterthi^the^tol  y"  aV^V^  ^^^ 

328.    '"t»'elH.st  Example,  since  the  value  of -^^9    • 

ordinate  is  zero     Th  4  +2-  has  a  zero  value  when  the 

nace      zero.     Thus  we  can  obtain  the  roots  of  th. 
4+^=0  by  reading  off  the  values  of  .  ITll  ''""'"" 

the  curve  cuts  the  ..axis     Th         '' '^  ^ '^^  *^«  P^'"*'^  -here 
0  and  M.  ""'«•     These  are  .=0, x=  - 8,  at  the  points 

n-ese  intercepts  a?e\a lues  o1?^wt  T ^" .  °"  *^«  «'«  of  7 
and  are  the,.  f„re  n^ts  of  ^.r)La  ^"''  ""*''«  ^  «q"al  to  zerj, 

-^pJ:S.f^;t/^;.;^^^;|^  H)  it  wi„  ,.«  „„t.ced  that 
constantlv  decreasing  until  U  be  r.*'  ""'"*'  ^''«  °"'"'ate  i' 

ordinate   begins  to  fncr^se     Th       '• '"""  ^'  ^  '  after  this  the 
takes  place  in  a  graph  irk^;„.T''''  ^T^  ^^  ^hich  this  change 
ong.n  is  a  turninf  pS!i  'of  "/Ji'^J^/r^  »^^*-     '"^"s  X 
.an  equation  of  ti^e  form  y  =  «>     llf •  T"««  '^Presented 
ining  no.nt  at  the  point  (-i   L.f^T  '"  ^'8-  '5  there  is  a 

^!:^^^      '--a-e  o^he^^i-tStlut-tTlS 

'  •  p^l.  !^  alSiS::C±i;>;.';r-.tiIl  it  reaches  a  value 
e'tber  side,  a  is  said  to  t  a  ^J^'Z  "T''^""''"*^  ^'^'^^ '  '^ 

I.f  a  function  graduallv T^^  ^"^  "^  *»»« '"nation, 
-"eh  is  algebraiSv"?eL  thanT'\*i"  ''^  ^^'^^^  a  value  6 
-de  6  .s  said  to  be  ^'r^mi^\Zf^Z7  ^"'"^^  «"  «"»»e^ 

Let  the  function  be  r^nr       .  ?  '''®  function. 

are  all.)  -^^  \,'^"'*  at  -he  turninir  iv,  n?«     u^  ^l"*  minimam 

V 


i-n 
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ill 


!l 


EZAMPLS-  Draw  the  graph  tf  7a8-4x-4z*.  Thtnct  find  the 
roote  </  the  equation  4x*+4z-3=0.  Shew  that  the  expreuion 
3  -  4x  -  4z*  iepoeitive  for  M  real  valuu  of  x  between  O'fi  aiui  - 1  '5, 
and  negative  for  all  real  valuee  iff  z  outnde  theee  limits.  Alto  find 
the  maximum  value  ^3-4z-4z*. 

Take  the  unit  for  x  four  timet  u  gi^^at  ae  that  for  y,  and  use  the 
following  table  of  values : 


X 

2 

1-5 

1 

0-6 

0 

-0-6 

-1 

-1-6 

-2 

-2-6 

-4x 

-8 

-6 

-4 

-2, 

0 

2 

4 

6 

8 

10 

-4*« 

-16 

-9 

-4 

-1 

0 

-1 

-4 

-9 

-16 

-25 

y 

-21 

-12J  -6 

0 

3 

4 

3 

0 

-6 

-12 

After  plotting  these  points  ve  have  the  graph  given  in  Fig.  16. 


Fio.  1& 


The  roots  of  the  eouation  42* + 4j;  -  3 = 0  are  the  values  of  x  which 
make  y  equal  to  0.  These  are  found  at  the  points  M  and  W  where 
the  curve  outs  the  x-axis.     Thus  the  required  roots  are  0*5  and  -  1  -5. 

A^pun  between  the  points  M  and  M'  the  graph  lies  above  the 
x-aus ;  that  is,  the  value  of  y,  or  3  -  4x  -  4z*,  is  positive  so  loiif;  •• 
X  lies  between  0*6  and  - 1*6,  and  is  negative  for  other  values  of  x. 
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4.  whioh  i.  the  ^^r^ztf^z"^,:' '"'  •^"-'•°°  ^"-  ^ 

be'STnd  fnlrt  m'''"*  °'  ^""°«  ^•*»>  "^^P^*-  of  thi.  ol«.  wiU 

EX^^MPLES  XXXV.  f. 

J.    Draw  the  graphs  of   (i)  y-x«.     («»  ,,_a>i 

»"/ 1  ;p  O'l* 

0.    Draw  the  graphs  of 

meets  the  curve  v=— J. »    o;  "«y-£x-i 

unrey--+a:-2u.onepomtonly.    Find  its  coorfinates 

Plai  of  j^iSf  "^^  '*'•'  ««*•  °^  tl»«  following  equations  to  2 


(i)  -;j-  +  «-2=0; 


*"«»  the  graphs  deduce  solutions  of 

..   .    a* 


(ii)x«-2«=4;        (iii)4:^_,ft,  +  9^o 


M  -^+*-2=6; 


(v)^-2r=8;        (vi)  4x-- l(te+9= -6. 
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L-UJV  ClUPUS. 


IS 


10.  On  a  large  acalo  draw  the  graph  of  x'-Tx+ll ;  hence  find 
tiie  roots  of  the  equation  jr*  -  7.r  + 11  =0,  and  tho  minimum  value  of 
the  expression  x'^-lx-t-  11. 

11.  Find  tho  minimum  value  of  3fl-2x-4,  and  the  maximum 
valueof  5  +  4x-2jr'. 

12.  Draw  the  graph  of  y  =  {x-\){x-2)  and  find  tho  minimum 
value  of  (a:  -  1 )  (j;  -  2).  Measure,  as  accurately  as  you  can,  tho  valuis 
of  X  for  which  (x -  1)  (x -  2)  is  equal  to  5  and  9 respectively.  Verify 
algebraically. 

13.  Shew  graphically  that  tho  cxpreraion  ar'-2x-8  is  iiegativo 
for  all  values  of  x  between  ~  2  and  4,  and  positive  of  all  values  of  x 
oatsiile  these  limits. 

331.  The  (li.stance  fi-oni  the  origin  of  any  point  P  (.r,  _?/)  is  gi  viii 
by  the  relation  OF^=.t^+j/-.  Hence  any  equation  of  the  form 
x^+i/-=a',  where  a  is  constant,  represents  a  circle,  of  radins  «, 
whose  centre  is  at  the  origin,  since  every  point  (x, ;/)  which  satis- 
iles  the  equation  is  at  a  constant  distance  a  from  the  origin. 

ExAHFLE.     Solve  graphically  the  rimvltanecnu  eqvaliona 
(i)  x»+y«=4',       (ii)  y=2x-3. 

The  graph  of  (i)  is  a  circle.  Since  the  equation  is  satisfied  l>y 
x=4,  y=5  (the  point  P),  the  graph  may  be  drawn  by  describing  a 
circle  with  centre  O  and  radius  OP. 

The  graph  of  (ii)  is  a  straight  line,  which  outs  the  axes  at  the 
point8(l-5,  0),  (0,  -3). 


rv 

~  =si        -r  ^ 

^       ^     - 

^ 

z 

/i 

/ 

^  \ 

-    r 

7_  ^ 

, 

t     t 

i 

.1 i_ 

ji : 

3l tZ 

7 

L        _ 

t         ^ 

^T      V 

t 

^       71 

^z__ 

"^^J 

__^ 

Y-     -^ 

Fio.  17. 


This  line  produced  cuts  the  circle  at  P  and  Q.  The  ooordin  t  3 
of  these  points  are  (4,  5)  and  ( - 1*6,  -  6*2) ;  x".  m  the  solution  uf  the 
equations  is  given  by 

x»4,   y  =  6,  and  x=-l-6,  y=-6-2. 


332.     Consider  the  fiucti..., 


INFINITE  AND  ZERO  VALUES. 

Infinite  and  Zero  Values. 
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Unwind,  the  numerator,,  has  a 


c^ain  Juced  vahce  and  th«  ^    "    •  ""'"^''"tor  .  has  a 

'^Aanj.* ;  then  it  is'  cle^r  tha^TranL"  "k!!!""'*''^  '«^«'  '^ 
does  the  value  of  the  f^e  J  «  1  !" ""  '  ^"^«  '^«  ^-««r 


,  —  -—  i,u«5  NmaiK 

does  the  value  of  the  fn^tion  I  become. 
For  instance 


a 
7-=  10a, 


a 


-J"=  1000a, 


10  --z_  1       =10000000. 

1*^00  ioooooo 

•'.d  i.  Zoda  V  thV°j.Si?'^°""'  """"■'"■'J' "  "iw  two 


We  maj  now  say  briefly 


wAen  x=0,tAe  value  o/^itao. 


^-es  ^U.r  .^„  .«;:L.3r^  J- 1  mt  ^.^ 

*'^  ^•^cc,  the  value  0/ ^1,0. 

i;«J;Jy°^'u^d^^^^^^  the'symbols  for  ^e.  and 

t«  the  rules  of  signa  whiS.  \ffl!  «PJ«ned.  they  are  subject 

J.'/fwe  shall  ^ndrco^veninf  Jf  °'^«L*'?«l^'^'cal  -Sll 

as    when  *-  +0,  y «  +  oo  "  to  inSJ^T  *  *»°c««  statement  such 

«»'^«)«Vw  value  Is  inven  to*  IkI    ^  '^*'  ^^«"  a  «'«3'  W? 
'^'-^  iarffe  atuipo»u£        ^  *'  ***«  coiTesponding  valu7of7i^ 
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SAST  GRAPHS. 


ExAMPLS.    Findtluffraphqfxy=A.    Shew  that  it  eoimtt^tff  tw 
MI/CnAe  brmuha,  one  in  thefirtt  and  the  other  «n  ihe  third  quadrant. 

The  equation  may  be  written  in  the  form  y=-< 
from  which  it  appears  that  when  «=0,  y=<»  and  whena;=<»,  yf  0. 
Abo  y  is  poaitive  when  x  is  pocitive,  and  negative  when  x  is  negative. 
Henoe  the  graph  must  lie  entirely  in  the  first  and  third  quadrants. 

Take  the  positive  and  negative  values  of  the  variables  separately. 

(1)    Poaitive  valuet : 


X 

0 

1 

2 

3 

4 

5 

6 

... 

00 

y 

oo 

4 

2 

li 

1 

•8 

1 

0 

J I 

_i4± :tv ±-=F- 


Fio.  18. 

Qraphioally  these  values  shew  that  as  we  recede  further  and 
further  from  the  origin  on  the  ar-axis  in  the  positive  direction,  the 
values  of  y  are  positive  and  become  smaller  and  smaller.  That  is 
the  graph  is  continually  approaching  the  x-axis  in  such  a  way  lli  it 
by  taking  a  sufficiently  great  positive  value  of  x  we  obtain  a  pint 
oo  the  graph  as  near  as  we  please  to  the  x-axis  but  never  actuuly 
reaching  it  until  x = « .  Similarly,  as  x  becomes  smaller  and  Bni;iil(.r 
the  graph  approaches  more  and  more  nearly  to  the  positive  eiul  of 
the  yazis,  never  actually  reaching  it  as  long  as x  has  any  tirute 
pontive  value,  however  small. 


ORAPH  or 


(8)  Negative  values: 


ay- 4. 
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th.^^«uCrt°.ll^^™!;Vv^^^^^^^^  the.,  value,  i,  in  the 

t.o„  already  tn««d  in  the  firSuidiin?  "iS^  "ITli"  *«  '»»«  P™- 
M  a:  passes  from  +0  to  -  0  the  va?,»f^^  u  '^'"'"'''  **  ""ticed  t^t 
Thus  the  graph  which  in  £ ^^t'lCt^^''  from  +oo  to  -  " 
finite  distance  on  the  D.i8itiv„  oYw  *J"?'|  »"'  *""  run  away  to  an  in- 

third  quadrant  c.,m/,;;rrr;n  infinite  dl^"''"'  T^^^'^  '°"^« 
of  that  ax.8.  Similar  remark^  apply  to'tw":"?V  ''>-•. "'•g^tive  side 
the  xtLXia.  "i'Kv  «>  tljo  graph  in  its  relation  to 


333.      In  the  ^ininier  ,-n>u.^     e  , 

usually  be  obtained  hvnlntT.n::    "•  '|.l.s,  sufli.iei.t  a.vnia.v  ,,,n 

other  caaea  and  espt^iJJ^  y  wlln  th«  ,^  i!  .'^"""^'nate"-  iiut  in 
more  care  is  neeS.  %«  2st  im^n^? 'T  V"^"'"**- '''•^«^-h^ 
are  (1)  the  values  for  which  th?  f .  n.?  "'"?/  .'^'"^  ^"  "'^erve 
nhnite  ;  and  (2)  the  valnifwhlh  Snn"  ^""^  ''"•^''"'^''  ^«'-°  '"• 
and  infinite  values  of  ^  In  oth^r  «  !^  '  **,""""'  '°'-  ^^^^f-* 
;/;«era/cAarac/erofthecurvein^hi«  ^u'^'^'''  T  f'«terniine  .he 

;.e  smph  i,  Vm,„«5«?S  1l™2»>«;|;"  "".•■''^  power,  „f  " 
tW  «!»,„<»  „f  ^j  power,  „f^''"S^',""''""""f."-  Shniiarly 
"» t  X     Oomp.r/J:,„^p'^;  i  '^  •»'-  .ymmetry  .bout  .hi 


II 
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SA8Y  GRAPHS. 


r 


EXAMPLX.    Solve  tht  following  pairs  of  eqwUiotu  gmfhieally : 
(i)  x-y=2  \  .  (ii)  *»  +  y»=74^ 

xy=35/'  xy=35/' 

In  each  caae  we  ahall  require  the  graph  of  xy=35.  Proceeding  as 
in  the  example  of  Art.  332,  we  tiiid  tliat  the  curve  lies  in  the  tiist 
and  third  quadrants. 

In  (i)  x-ys2  ia  a  straight  line  Q8  making  intercepts  2  and  -2 
on  the  axes. 

In  (ii)  x»+y*=s74  is  a  circle.  Since  the  equation  is  satisfied  by 
x^5,  tf=7,  the  graph  can  be  drawn  by  finding  this  point  (P),  and 
describing  a  circle  with  centre  O  and  radius  Or. 


Fio.  19. 

The  roots  of  (i)  are  the  coordinates  cv.  4  and  8  ;  that  is, 

x=7,  y=5;  or  x=  -5,  y=-7. 

The  roots  of  (ii)  are  the  coordinates  of  P,  Q,  R,  and  8 ;  that  is, 

«s5,  ys7;  xa7,  yaS;    x=-l,x=-6;    x=-6,  y=-7. 


^MBINATION   OF  TWo  GRAPHS. 
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334.    Combination  of  ♦«,»  —    ^ 
"1  the  exaiiii.lf  in  Ai  f  i^  }^0  giApha.     The  rueth(Kl  #.n.r.i.     j 

.n  the  manner  iliu8t«£d  til    ""^  ^^  ^'^'bining  tw^  ^jj^ 


in  the  manner  S7tS"Ct'*'"^>  '^'^^''nlng 
Write  the  eouatinn  .„  ♦!.-  *.         .    *    ■» 


Wnte  the  equation  in  the  form  *»-^4.3 

"2"^  2* 


Put 


yi=ar-°. 


(i). 


and 


X 

'2 


3 
2 


and  plot  the  graphs  of  thA-  2'*"2 (")• 

g^^taj  the/?„V°'  '^"*"°'"'  **^'"«  '^«  --it  twice  a. 


for  (i)  we  may  use  the  value. 


Thus  we  obtain  the  eunoPOQ. 


-J    *    3 

2"^2'   °'"  2ar»-ar-3=o. 


;4 


a 


t  .;| 
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Again,  the  expression  2jf«-x-3  is  positive  or  negative  according 
as  y,  is  greater  or  less  than  y,.  From  the  graph  wo  see  y,  18  Lmi 
than  y,  between  Q  and  P,  that  is  between  x=  -  I  and  1-6,  and  y, 
is  greater  than  y..  for  all  other  values  of  x.  Hence  2x"  -  ar  -  :t  is 
positive  for  all  values  of  x  except  such  as  lie  between  -  1  and  1  o. 

335.  The  solution  of  the  last  example  might  have  liten 
eflTected  equally  well  by  drawing  the  graphs  of  y=2x2  and 
y=ar+3.  But  if  a  numW  of  quadratic  equations  have  t<.  be 
solved  graphically  it  is  convenient  to  reduce  them  to  the  form 
x'^px+q  as  a  first  step.  The  graph  of  y=J^  can  then  1* 
plotted  once  for  all  on  a  suitable  scale,  and  the  Mne  if^pi+q 
can  be  readily  drawn  for  different  values  of  p  and  q. 


EXAMPLES  XZXV.  g. 

1.    Solve  the  following  equations  graphically. 

(i)  «»  +  y»=53,  <ii)  a:»+y»=100. 


v-p  =5; 

(iii)  x»  +  y»=.%t, 
ar  +  y-11 ; 


a:  +  y=14; 

(iv)  x«+y«=36, 
4x  +  3y=12. 


[Approximate  roots  to  be  given  to  one  place  of  decimals.] 

2.  Plot  the  graphs  of  a.*  +  y»  =  25,  3x  +  4y=25,  and  ixiinim 
their  relation  to  each  other  where  they  meet.  Vorify  tlie  nsiili 
algebraically. 

^^     ^.,^     . _. c,-"r ./  roots  of    til' 

followi 


3.     By  the  method  of  Art.  334  find  graphically  the 
lowing  equations  to  two  places  of  decimals : 

(ii)  x»-2a;  =  4;      (iii)  4ar»- 16x4  9    o 


(i)  :^  +  x-2  =  0; 

4.  Solve  graphically  the  equation  3  +  6x  =  x',  and  fiml  tin 
maximum  value  of  the  expression  3  +  6x-x*. 

5,  Shew  by  the  method  of  Art.  334  that  the  expi'^si™ 
4x*  +  4x  -  3  ia  negative  of  all  real  values  of  x  between  0'5  ami  - 1  i 
and  positive  for  all  real  values  of  x  outside  those  limits. 

6.  Draw  the  graphs  of  x'  and  of  3x+ 1.  By  means  of  tli-m  fin-i 
approximate  values  for  the  roots  of  x'  -  3x -  1  =0. 

7,  Shew  graphioally  that  the  expression  x*-4x  +  7  is  jKwiti" 
for  all  real  values  of  x. 


MISCELLANEOUS  APPLICATIONS.  335 

valuMofxi.theL;^:*^  +  ?  •"  "«'  '«««  than  2^»""*  '^'■*'"*-'- 
me  Unit  expreMion  positive  ?  Between  what 

procluctialddSfKeSumC"'*'^-  !?  ""''"plied  by  212.5  and  th 

y-oj:,  where  a  is  constant  *^^***  ?.V  an  equation  of  the  fo«« 

grapn     for  instance,  such  m.IJo  '^®*l"*fpa  to  determine  tlie 
t-me,  distance  and  tiie(when  f?f'^  ^.  ^^^  "^^^^  work  and 

For  ex.^SI^/"'''"''"*»loralgebraJ^2S^  '"  t°°''  »  cast-  a 

^«n?  however '*.T  ''"^^  °f  ^«S^  slS^ntf •*'''"'' **"'o«t 


m 
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nil 


EzAimJE  I.  P  and  Q  art  two  towju  30  mil—  apart.  At  I  p.tii. 
X  atari*  to  toaik/rom  Q  to  P  cU  3  mi.  ««  hour,  and  (tfier  walking  two 
hourg  find*  it  neetuartf  to  run  iMck  J'or  hi»  watch.  Tki$  he  dou  nt 
6|  mi.  an  hottr,  attd  q/ter  a  dday  of  6  mintUet  he  again  tarUfrom  Q, 
at  4  mi.  an  hour.  Mtanwhiie  Y  utarting  from  P  at  1  p.m.  »etaoutJ\>r 
Q  (K  4  mt.  an  hour;  nfttr  walkiHij  J'or  two  hours,  hf.  i>pend»  ha]/ an 
hour  with  a  frimd  from  whom  h*  borrow  a  bicycle  on  whwh  hr 
continue*  hi*  journey  at  12  mi.  an  hour.  Draw  graphu  to  thew  tht 
potition  of  each  man  rdcUim  to  P  and  Q  at  any  time  beticten  1  p.m. 
and  5.90  p.m.     Alto  from  (he  graphs  Jiiid 

(i)    when  and  where  X  and  Y  meet ; 
(ii)    at  what  time*  reapeciively  they  were  18  mi.  and  8  mi.  apart. 

In  Fig.  21,  aa  the  omwaite  page,  timo  ia  meMured  horisunUlly 
(1  inch  to  1  hour),  and  distance  vertically  (1  inch  to  lU  miles).  Thu^ 
each  diviiion  on  the  horizontal  axis  represents  6  minutea  and  each 
division  oa  the  vertical  axis  stands  for  1  mile. 

The  sraph  shewing  the  course  of  X  ia  drawn  downwards  ironi 
Q;  similarly  Y'u  oourae  ia  shewn  by  a  graph  drawn  upwards  front  P. 

At  3 
elow  t 
2  hours. 


below  t: 


E.m. 
e  n 


X  has  gone  6  miies,  therefore  if  A  ia  taken  0-6  in  h 
point  which  marks  3  p.m.,  QA  is  his  graph  for  the  fit  hi 


To  get  back  to  Q  at  6*  miles  an  hour  will  take  6  ?  6^1,  or  yV  of  an 
hour.     Hence  B  is  the  next  point  on  his  graph. 

The  delay  at  Q  before  he  starts  again  at  4  miles  an  hour  at 
4  p.m.  is  represented  by  BC.  which  denotes  6  minutes.     If  D  is 
taken  0*4  inch,  representing  4  miles,  vortioally  bcluw  5  p.m.,  ti< 
line  CDE  completes  the  graph. 

For  Y'»  graph  measure  0-8  inch  vertically  abovp  3  p.m.  to  F  ;  then, 
since  he  walks  8  miles  in  2  hours,  PF  ia  the  first  stajro  of  the  graph. 
The  next  half-hour  ia  apent  without  advance  towards  Q ;  therefore 
the  corresponding  portion  of  the  graph  is  FQ. 

QH  represents  the  course  of  the  bicycle  ride  at  12  miles  an  hour, 
and  it  will  be  found  that  it  cuts  X'*  graph  at  0. 

Hence  the  point  of  meeting  is  at  D,  which  ia  4  milca  frr>m  Q,  and 
the  time  ia  5  p.m.     Bv  inapection  of  thegrapha  we  find  LM  and  KH 
represent  18  and  8  miles  respectively.     The  correaponding  timtts  -•- 
8-3  and  4-5  hours ;  that  is  X  and   Y  are   18  and  8  miles  ap    ' 
at  3.18  p.m.  and  4.30  p.m.  respectively. 

They  were  also  18  mi.  apart,  approximately,  at  18  min.  before  3. 

MaU.  The  solution  has  here  been  given  in  full  to  illustrate  and 
enforce  the  general  principle  on  which  the  linear  graphs  depend. 
Solutions  may  usually  be  presented  with  leas  detail,  ana  the  results 
qniokly  obtained  from  a  woll-drawn  diagrMD  on  a  suitable  toide. 
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■AST  0EAFH8. 


EXAMPUZ.  A,  B,  and  C run  a  trtceqf  300  yarcU.  AandCttart 
from  acratch,  and  A  covers  the  dittanee  in  40  tecoiuU,  beating  C  by 
60  yards.  B,  with  12  yards'  etart,  beaU  A  by  4  tecmuU.  Supposing 
the  rates  qf  running  in  each  case  to  be  uniform,  fiwi  graphically 
the  relative  positions  of  the  runners  when  B  passes  the  winning  post. 
Find  also  by  how  many  yards  B  is  ahead  tf  A  when  the  latUr  has 
run  three  fourths  of  the  course. 

In  Fig.  22  let  time  be  measured  horizontally  (0-5  inch  to  10 
aeoonds),  and  distance  vertically  ( 1  inch  to  60  yards).  O  is  the  8t&;-t- 
ing  point  for  A  and  C;  take  OP  equal  to  0-2  inch,  representing 
12  yards,  on  the  vertical  axis ;  then  P  is  B'a  starting  point. 

A'»  graph  is  drawn  by  joining  O  to  the  point  which  marks  40 
seconds.  From  this  point  measure  a  vertical  distance  of  I  inch 
downwards  to  Q.  Then  since  1  inch  represents  60  yards,  Q  is  C's 
position  when  A  is  at  the  winning  post,  and  OQ  is  C's  graph. 

Along  the  time-axis  take  1  -8  inch  to  R,  representing  36  seconds : 
then  PR  is  B'a  graph. 

Through  R  draw  a  vertical  line  to  meet  the  graphs  of  A  and  C  in 
8  and  T  respectively.  Then  8  and  T  mark  the  positions  of  A  and 
C  when  B  passes  the  winning  post. 

By  inspection  R8  and  ST  represent  30  and  64  yards  respectively. 

Thus  5  is  30  yards  ahead  of  A,  and  .4  is  64  yards  ahead  of  C. 

Again,  since  A  runs  three-fourths  of  the  course  in  30  seconds,  the 
difference  of  the  corresponding  ordinates  of  A'b  and  J3's  graphs  after 
30  seconds  will  give  the  distance  between  A  and  B.  By  measuro- 
ment  we  find  VW=0-45  inch,  which  represents  27  yards. 

The  student  is  recommended  to  draw  a  figure  for  himself  on  u 
scale  twice  as  large  as  tliat  given  in  l''ig.  22. 

337.     When  a  varialile  (|ii:»ntitv  v  is  partly  constant  and  nan  ly 

Eroportional  to  a  variable  quantity  r,  the  algebraical  relaticii 
otween  x  and  ,y  is  of  the  form  y=ar+6,  where  a  and  h  are 
ODDstant.  The  corresponding  graph  will  therefore  be  a  straiulit 
line ;  and  since  a  straight  line  is  completely  determined  when 
the  Dositicns  of  two  points  are  known,  it  follows  that,  in  ail 
problems  which  can  be  illustrated  by  linear  graphs,  it  is 
sufficient  if  the  data  furnish  for  each  graph  two  independent 
pain  of  simultftneous  values  of  the  variable  quantities. 
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EASY   GRAPHS. 


I 


KXAMPLE8  XXXV.  h. 

1.    At  noon  A  starts  to  walk  at  6  miles  an  hour,  and  at  1.30  p.m 

A  r  ^r  "f  ^o"e^»'  »t  8  miles  an  hour.     When  will  B  overtake 
A  7    Also  find 

(i)  when  .^  is  5  miles  ahead  oi  B\ 

(ii)  when  ASaZ  miles  behind  B. 

[Take  1  inch  horizontally  to  represent  1  hour,  and  1  inch  vertically 
to  represent  10  miles.]  """'^ 

-.l«^  rS'',r^?';"8,*'"'*' '''°"?  O^  <^  '""*'  *"''  ^  ''*""•)  anddisUiue 
along  OY  (1  inch  for  10  .-niles)  shew  how  to  draw  lines 

(i)  f rom  O  to  indicate  distance  travelled  towards  Y  at  12  niih  s 
an  hour ; 

(ii)  from  Y  to  indicate  distance  travelled  towKrds  O  at  9  miles 
an  hour. 

Jl  '^T  T  ^^"^  "^^^  ?^  **''  '"^"'  starting  at  noon  to  ride  towar.U 
^aoh  other  from  two  places  60  miles  apart,  find  from  the  «,..„!- 
when  they  are  hr«t  18  miles  from  each  other.  Al«<.  find  a  I. 
nearest  minute)  their  time  of  meeting. 

mili  oZ'?  bioyolista  ride  to  meet  each  other  from  two  places  (W 
S93JK  J^'^'f^''^^-^-  at  10  miles  an  hour,  and^/f  sU.  . 
S..V ^r  i;  I  \  ""u**"  *"  •'""•■•  l-ind  graphically  when  and  whtre 
they  meet,  and  at  what  times  they  are  Ti\  miles  apart. 

10  t"ard^  ^^<^X  ^  ^'^  ^  ^""^^  '"  '20.  and  B  can  beat  C  U 
LrirL^  1?-  ,  S"PP««>"«  f'^ir  rates  of  running  to  be  unif..,,.!, 
find  graphically  how  much  start  A  can  give  V  in  120  yards  so  i^  t 

S?i  t^C^t  "Im  '"'"•    ^  ^'  f''  "^"d  ^'  «tart  together   w  a 
are  A  and  (,  when  B  has  run  80  yards  ? 

8  vL^.f/l  ^i^."*"  *  ""^  "^.200  yards.  ^  gives  B  a  start  of 
25^^m,U  1^  f*'^  "^.T  ^^"''"ds  after  ^.  ^  nfns  the  distnn. .  ,„ 
wh^  he  h«  i.  '^'^  ^  ^^  ft  ^'''■'^"-  ^  *^t«  ^  Kv  1  second,  and 
Find  i^A?  '^*'"  '^""•n«  15  sw'ond".  he  is  48  ya«ls  ahead  >i  r. 
Find  graphically  how  many  seconds  ('  starts  after  A.     Shew  ..Iso 

J^adoSt'^*r'.l^'^^ *'■"'?  ™""*^™  ^''^••^-1  J«-<^1  they  M„uld 

6.     A  cyclist  has  to  ride  75  miles.     He  rides  for  a  time  n-  Q 

tTe^iJun^"- *?1,'''"  ^^"T  V«  «P^  *°  '-^  mSs  an  hou  'co^c:..' 
the  distance  m  7  hours.     At  what  time  did  he  change  his  speed ' 


M'SCKLLAXEors   PROBLKMs. 


8.     At  Sam    41  ^"^'""' Y.  MliuviN/y» 

••n  hi8  l.k.v,.l,;       '■•"  later  /A  .uxvf      frumiLl''''^''''''"  ''''"r. 

...2  mi,™ ,-,:,:,  •;;,;;•■; ri.„„„„,., „„^,^^, ,  _ _^^^^  ^  ^^^^^^ 

1 A  «      I 


10.     A 


"'.v  Nfaits  fV 


in  , ■•     -KUIS 

'f>yanl.s  in  .•{,,.,.,„„, 

walks  at   ()„.  ,;,,..  „ 
lilt*' 


•ni  Jiun...  „,„!  „.,,,. 


nil"'  of  4o 


'ind  is  2«) 


M'»iI(I  liav..  l' 


/•"ii"!  LTajiliicall 


Villi  In 


"<'<•< »IH Is   (,M) 


y  tl"'  (list 


III    1 

UK 


'   •■^'■••oiifls 


/    HeCdIK 


i:. "'"^'i"«imeinu.),a.l 


and  is  l,ah 


<'  nitc  of 

U' 


:;.v:.i.v-i..K.,,a;;,,  si;:-' ;;''':»••: 


11.      Takiiiir  I  ;,,   I 


W'llki'd  at  tii( 


'"■«  II  It  In 
'at<<'f  LlivaiYls 


:ind  til 


H'  S<1 


''  'IK  unit  for 
••mpl 


ami  0  •)  as  unit  f, 


12.      I)r 


'""  'mijiov    t  lo  fi„,i  ,1  """  '"» 


"»•  v.  draw  til, 
"■'    '7.  .S-4 


IM    tl 


iti'-at  as  that  f, 

%  nil'; 


'•'  K'iipli  <.f 


for  .,•. 


.'/     N.»tak 


»t'  tilt. 


13.      I)r 


"•'"ni.is,.„rv,.d„.c.k 


unit  for  y  fi 


*■•'  t lilies  as 


iw 


'"•'w'-.-nLV.and.-j, 
ITakc  fl 


,*{'/JPll  Hlii.l,  „ill 


I),  to 


tli«'  values  of  tht 


trivet  lies, 


sqiiiu 


■f'i'oots  found 


Use 


for  niiit..  ..»•  ,    "  . i" 


''''•*''' p'--''f.w';i"r''''°''"^'^" ''"«•' 


Ik'I's 


"nils  of 


iiiid 


14.     Fl 

'•^""'l'J»'  i:Jjti,.dti 


'III  till 


^- ' '•  in' ..::;  and^?:!  £  !f  •■  «-p'.  .>f 

waif  of  t|„.  ,1 


.'/-J- 


'"•^•a'w-of  ."flandl- 


xys  to  4 


«igiiiii 


"•iriaiii  of 


if-aiit  iiwn 
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MIBOELIiAHEOnS  EZAKFISS  VL 


t    Simplify    b-{b'la+b)-[h-{b-ir^)]+2a). 

2.    Find  the  ■nm  of 

a+b-2{e+d),  6+c-3(d+a),  and  c+d-4(a+6>, 

8.    Multiply  \*+\lf  by  x-gy- 

4.  If  x=6.  y=4,  z=Z,  find  the  value  of  ^/^e+Ssf+z. 

5.  Find  the  aquare  of  2  -  3x+x*. 

-     a  .      *+3 ,x-4    „ 
8-    Solve  j-^+j::^=2. 

7.  Find  the  H.C.F.  of  a*-2a-A  and  a»-o*-4i 

2a       26      a'+A* 

8.  Simplify  ^^+^^--53^. 


9.    Solve 


10.  Two  digits,  which  form  a  number,  change  places  when  18 

is  added  to  the  number,  and  the  sunj  of  the  two  numbers 
thus  formed  is  44 :  find  the  digits. 

11.  If  a=l,  6=  -2,  c=3,  d=  -4,  find  the  value  of 

a'6»+6«c+d(a-ft) 
I0a-{e  +  b^ 

12.  Subtract  -x'+y'-z'  from  the  sum  of 

13.  Write  down  the  cube  of  x + 8y. 

14.  Simplify  ^x|^x|. 

9  <2  4x4- 1 

16.    8olve?(2x-7)-^(x-8)=3£+-+4. 

IB.    Find  the  H.C.F.  and  L.C.M.  of 

x*+x'+2x-4  and  xf+3afi-l> 


MISCILLANIOUS  BUMPLB.     VI. 

17.  ^^^•»1t>Mrtrootoi4a*+Hl.2a)+9m*a'4a), 

18.  Solve  i 


34S 


1».    Simplify  f-? ?_V  *»+o» 

A    When  I  u  addad  *«  ♦k- 

added  to  the  numerator  and  denomim^tor  of  . 
o^n  fr«,tion  the  «.ult  i.  equal  to  3.    ^/^       Tx 
■nhtracted  fm«  u  «»  2 '    *****  *''>«»  1  I» 


(2)     72ftB«-y«. 


21    Find  the  factors  of 

(1)    10««+79«-8. 

25.  Solve  ^^  +  ^±3_o    4X-118 

5  ^  17  -^ — n— 

26.  Find  the  value  of 

(«»-36)(a-6)-6|3a-c(4.-6,-i^,+c». 
whena=0,  6=-i,  c=^ 

27.  Find  the  H.C.F.  of 

7«»-l(fa*-7a;+io  „d  2*»-««-2,+  i. 

28.  Simplify  ?l:iZ3HvlV.x»-«m/+4t 


fii 
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ALUEUllA. 


a.    If  a= 1,  6»  -2,c=3,rf«-  4,  find  the  value  of 

32.    Multiply  the  product  of  |X«-la»'+y»and  ^x+y  by  a!»-8y». 

SS.    Simplify  by  removing  bracket* 

o«-{4a»-(8o«-4a  +  l)} 

-t-2-{o«-(-4a»-6a»-4a)}-(8o-l)]. 

81    Find  the  remainder  when   5x*-7x*+3a^-x+6   is   divided 
by  x-4. 


si-pii'y^^^^^^'- 


96. 

M.    Solve 


-3    +y=18 


87.    Find  the  square  root  oti3fi-l2x*+ 28*' + O*'  -  42a; + 49. 

38.    Solve  •006x  -  -491  +  •723ar=  -  -OOS. 

89.    Find  the  L.C.M.  of  «»-«-y»,  3a;'+2xy-y»,  and  z^-a^  +  xy-. 

40.  A  liill  of  !SI2..V»  is  iHiid  with  (juaitcrs  and  haIf-(loIlrr«,  and 
twice  the  iiuihIkm-  <il  half  dcdlais  cxceeils  three  tin.cs  that  ..i 
the  (jiiarters  liy  1(1 :  how  many  of  tac  li  arc  used? 

4L    Simplify 

(o  +  6+e)»-(a-6+f)«+{a  +  fc-c)«-(-o  +  6  +  c)«. 

42.  Find    the    remainder    when   o*  -  Sa^fc -{  2a«6«  -  6«    la    divided 

by  a*-ci6  +  2A*. 

43.  Ifa=0,  6  =  1,  c=-2,  rf=3,  find  the  value  of 

{3o6c  -  2bcd)  ^a^br,-<^bd+ 3. 

44.  Find  an  expression  which  will  divide  both  4a;»+3a;-10  and 

4a:'  +  Ta:*  -  a*  - 16  without  remainder. 


46.    Simplify . 


a  + 


ab 
a~b 


o«- 


1 


1 

55 


"a»+6«     a~B 

4&    Find  the  cube  root  of  8a*  -  2aPy  +  ^  -  i^. 

47.    Solve  9a?+8y:=43«y\ 

8«  +  9y=42ayj' 


MISCELLANEOUS  EXAMPLES.      VI. 
«.    Simplify-? 2  a- -7 

.0  ,.:-...  !'*..^  i^^^m^:^)- 
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50. 


51. 


Find  the  L.C.M.o/to.+38«.+fi9;r+30 

63.    «-^.  6=1.  c=|.  prove  that 

51    Fiad  the  L.C.M.  ofx»-7x+i2  3^  "T'T      . 

55.    Find   the  .um  of  the  I         ^  '  ""^  ^-^-8- 

58.  Solve  ?+y=?^C:^_2    7y    , 

57.  Simplify  «!±**_o  +  6     U  a-h        i    ^ 

58.  Solve  x-/'3x-^  +  '''\     ',o  5/      •v 

59.  Add  together  the  following  f^eion,: 

llt'l'f'l'ff   »y^>   .......I.    r  „,.     .  * 


60, 


A  man  aj^nW  to  work  f„r  »)  ,i,.,.„  , 

•l«y  «  work  he  shoul.l..ec.H,'V.>  •,,';"  "";";"""  ^hat  A.,-  c-very 
hW.„c.o  f,.on,  work  he  .1... .   |  f.^f'  '.  ^T'-f  '"'  f"^'  ^--^ry  ,la7n 


61.     Divide^;:' +  27 
4 


4.1* 


62.     find  tlie  vahie  of 


l.v 


J-' 


+  3-r. 


4y, 


wheii.,-^  -.,  and  y 


L     .>         loC*-^-7('-^-'ty)U 


"I 


Hi 


946 


ALOBBRA. 


«.    SimpM'y8(^rT)-J(a4+x+l)+(«l-i)(,+  i)- 
M.    Fiiidth«oulefw>tof^a«-?y?*»+?2^a«-^. 
M     o-i-to-17.log -18    8a;-ao.gflf-4 


in.    So1t» 


Find  the  faoton  of 

(1)    «*+5ae*+c+5. 


(2)    «*-2zy-a29y>. 


j(«+y)-l-2B«2l] 
««-g(y+»).66  .. 


«+2(«+y-«)=88 


7'-y 

Ml    Findtheaqiwrerootof  -(36-2e-2to)*{2(a+c)-36}. 

70.  The  united  ageti  of  a  nun  and  hia  wife  are  six  timet  the  united 
ages  of  their  children.  Two  years  ago  their  nnited  asea  were 
ten  tiniei  the  nnited  agee  of  their  children,  and  ux  vears 
hence  their  united  ages  will  be  three  times  the  united  ages  of 
the  children.    How  many  children  hare  they  T 

7L    Find  the  sum  of 

x«-3ary-|y«,   2y»-|y»+z',  «y-^+y»,  and  Zxy-^ 

72.  From  {(a  +  6)(o-x)-(o-6)(&-x)}  subtract  (o  +  6)»-2ix. 

73.  If  a =5,  6=4,  e= 3,  find  the  value  of 

v'«o6c  +  (6+c)»  +  (c  +  o)»+(ci+Tj'~(a  +  6+c)». 

74.  Find  the  factors  of 

(1)    3a:»+8««-189«.  (2)    o«+2o6+ft«+o+6. 

75.  Solve  P«=7y\ 


(p+q)x-{q-p)y-. 


•78.    Simplify  • 


1± 

2i:»  +  ary+ 


"-I 


?"«"F?) 
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77.    8olTe?^+       J__,2«-l 
n.    Add  together  the  fnwtioM: 

-umber  i.  dimilSS  bri80^fcS?A*»^^^ 
•nd  the  middle  and  tLht.hJ^A  ftlSr'^^ ^^^ hthtdrtd. 
-mber  i.  ii„aniS^^  ^ymTlit^JSr'^'^^ 
9L    Divide  l-5«  +  l^a4_  108^    28_.  ^  ,4 

(a    Multiply  |!.«^,|,,,^^^^^ 
M.    FindtheLC.M.  of 

f -^^'''    2a.-3a6-26..    and    2(2a^^a,^ 
86.     Solve^±3^4rj^5    ar  +  3 

86.  Reduce     ^^-Ji^  16     ,    .,   , 

3^-2x*  +  l«i -l8  t«  »t«  lowest  terms. 

87.  Find  the  square  root  of 

*'*^^(»'+i)  +  12«(ani)  +  18. 

88.  Solve  *  .  .V         .     "v 

2S+3A=«  +  * 

^-/=6(6.o) 

89.  Multiply  '' 

3z+4y+il2:    by  iar-3y-i2«r. 


V 


L+y 


34H 


AUiKIUU. 


90.  A  )iHt{  cHHitainmi  $\i>  in  ifunrtorH  hihI  ttii  <H-iit  pu-ueii ;  after 
17  teii-oent  |»i«H.  H  iiid  «i  i|unrter>«  were  ttikc'ti  out,  thrice 
«*  many  i|uurtf:  s  .w  U'n  <fnt  piwi»  weif  left :  find  the 
numbor  of  eauli  uoin. 

9L    FimI  the  value  nf 

6(o-6)-2{3a-(o  +  6)}  +  7{(a-a)-(5a    2i)}, 

when  o=     -fc. 

88.     Divjde3«*-6«s^7x»-ll»-18by  3«-a 
83.     Find  the  L.C.M.  of 

15(p»  +  7»),    8(p»-j37+9*),    4(;>«+p7  +  g^,    and    6(;)^-4*). 

Reeolve  into  factora : 

(2)  -x*  +  2x-l  +  x*. 


9i 

8B.    Solve 


9& 


88. 
99. 


(1)  a»-86». 
x  +  a      x  +  Sa 


x+6    x+o+fc' 
Simplify 


(1) 


87.    Solve 


3Sa»ft«c«-49ft»f» 
65a»fcc-91a»fc«c«' 

7x-9y+4z=16 


*  '       2y«-2y-e0 


x-f  y_x  +  y  +  t 
3    ~      2 


2x-3y  +  4'.-5=0 


2/ 

''^   y  +  1 
Find  the  aquare  root  of 


Simplify  l-lUi+  K  -  S' -  ;  X  l^2\ 
^^      2y      Vy«-6y  +  5    y  +  2/ 


4a«-  l2«fe-6fec-f4oc  +  96'-Hc* 
4«j«  +  9c»-12oo  • 


ICQ.  The  express  leaves  Bristol  at  3  p.m.  and  reaches  London  at  6  '< 
the  ordinary  train  leaves  London  at  1..%  p.m.  and  arrives  at 
Bristol  at  6.  If  both  trains  travel  uniformly,  find  the  time 
when  they  will  meet. 

101.    Solve  (I)  ■6x+  -TSx-  •l5=x-  -583x4  6. 


(2)   -,- 


.^7 


_         4_      _ 
fl'^i-2'^3 
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(2) 


103.    Find  th«  aqiure  root  of 

*•*>  the  cube  roc ;  of  the  r»«ult. 
101     WTidel-2xby'+lrto4teni«. 

106.  I  bought  u  hf)r8e  .111,1  cirruiuc  U»  »4Hn  •  I  -  n  .i.    . 

gam  of  ,-,  per  cent     ami  »l.,. , »  '  '  *''*'  '*"'  ♦""^'  at  a 

107.  Solve    (l)fa(«-8)=2{*-7).  »»«w. 

(2)         ,  *  .It       3         2 

prove  that  («  -  a)«  -  (y  _  6)«= jj. 
100.    Find  the  eqiure  root  of 

4ftr«+i?y£?    J***    &r    „ 


a+x 


a-x 


110.    Solve    -,i-^:i-l:::_ J.      «-g  3o 

IIL    Subtract  ^^±3  ^4 

«'+x-l2  a:*-x-l2 

•nd  divide  the  difference  by  1  +  2(x»  - 12) 

lli    Find  the  H.C.F.  and  L.C.M.  of   '^^'^"'^^' 

J^^(«-10ft)«-30»6anda..-(8a^l»„^«a*. 
113.    Solve    (1)  2«»-a6x+2eiW=4«ir. 


(2) 


:-2A= 


&r-l 


« 
I 


I 
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350  ALOKBRA. 

Ill    If  0=1.  6=2,  c=3,  d=A,  find  the  VBlne  of 

llfi.  I  rode  one-third  of  a  journey  at  10  mile,  an  ho«,  one-third 
more  at  9,  and  the  reet  at  8  miles  an  hoar ;  if  I  had  ndden 
half  the  journey  at  10.  and  the  other  half  at  8  miles  per 
heur,  I  should  liave  been  half  a  minute  longer  on  the  way : 
what  distance  did  I  ride  ? 

U8.  The  product  of  two  factors  is  (3a;+2y)»-(2«+3y)*,  wd  one 
of  the  factors  is  x  -  y ;  find  the  other  factor. 

117.  If  •+b=l,  prove  that  (••-i»)«=o»+6»-aft. 

118.  Re«)lve  into  factors ! 

(1)  «»+y»+3«y(a?+y).     (2)  »n»-n»-jn(»»'-n»)+n(m-n)^ 

119.  Solve     (1)       ««-y»=28'»      «     (2)  ««-&ty+lV=9\ 

a»+3ty+!/»=7  /'  x-3y=lj 

120.  Find  the  square  root  of 

(o-6)*-2(a«+6»)(«-6)*+2(o*+&«). 

12L    Simplify  the  fractions : 


(1) 


r.«- 


1 


(2) 


0  +  - 


«-• 


a+l 

122.  FindtheRCF.  of 

a'b  +  b'k-abc-aif  and  asfi+ab-a^-ba^. 

123.  A  constituency  had  two-thirds  of  its  number  Conservatives: 

in  an  election  25  refused  to  vote,  and  60  went  over  to  the 
Liberals ;  the  voters  were  now  equal.  How  many  voters 
were  there  altogether  ? 

m.    Solve  (1)  ;^i+«^-^)=iTb' 

125.    Simplify         (1)    (1+^— )-^0-^^r^'} 
,„,   (x-H)«-(x-l)' 
^^'   (x-H)*-(x-l)* 

128.    Divide 

x*-Ka- l)x»-(2«-H)x«-Ko« -I- 4«-6)x-h3o+6 

by  «*-3«-h«+2. 


(2)    «»-J. 


MISCELLANEOUS  EXAMPLES.     VI. 

127.  ReaolTs  into  factera : 

(1)    «*+6xy-2V+x-3y. 

128.  Find  cbc  aqoare  root  of  ;^- 39  to  three  terma. 

129.  Solve       (1)    ^Z^_£z6_£zi    «-2 

x-6    z-7-x-2~^^' 

(2)    ax+l=bi/+l=ay+bx. 

130.  Find  the  H.C.F.  of  3a*+  (4a -2b)x-2ab+a*  and 

*»+ (2a  -  6)a*  -  (2a6  -  o»)«  -  a"6. 
13L    Simplify 

(2)    X 


3.51 


(1)  (?!).%  (^)»'*')» 


'*'*(:^)'^^ 


132.  At  a  cricket  match  the  contractor  provided  dinner  for  '>7 

persons,  and   Hxed   the   price   s,  as    to  gain   12*  per  cent 
upon    his  outlay.     Six  of  tiie  cricketers  beint;  absent    the 
remaining  21  paid  the  fixed  price  for  their  dinner,  and  the 
contractor  loet  $3  :  what  was  the  charge  for  the  dinner? 

133.  Prove  that  x(y +2)+?+?^  is  equal  to  o,  if 

134.  Find  the  cube  root  of 

«»- 12x»+64a:- 112+^ -^  +  -^. 

135.  Find  the  H.C.F.  and  L.C.M.  of 

a:»+2ox»+o«»+2o»  and  a»-2aa:«+a«a:-2o'. 

136.  SimpUfy 

(1)    42{^^-?£^}-66{'^^-?5^l3y) 

137.  Resolve  4a«(x»+ 18«i^  -  (32a»+96V)  into  four  factors. 
13a    Solve    (1)    5v/3i-l=-s/V6x-29. 

(2)    -^=70,    -^=84,    -l^=14a 
«+y       '    x+z    ^    y-¥% 


f 
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139.    Shew  that  the  difference  between 
X  *  X         .     a 


is  the  same  whatever  value  x  may  have. 

140.    Multiply  x^  +2y*  +  3z-^  by  x^  - 2yS  -  3il 
111      Walking  4V  miles  an  hour,  I  start  \},  hours  after  a  friend 
^^-       wtol^ V-  is  3  miles  an  hour  :  how  long  shall  I  be  m  over- 
taking  nim  ? 


142.  Express  in  the  simplest  form 

(1)   (8^  +  4^,  X  li>~  •         (2)  ^ 

143.  Find  the  square  root  of 


|9".yx;p4-27» 

"wri — 


?  +  ?'  +  3 
y    X 


!r'4 


144.    Simplify 


Vx  1    \    x»-l    (x-l)-lx  +  lf  +  ^ 


145.  Find  the  value  of 

(1)   N/8+«y50-  '>yTs+\'48. 

146.  Solve  (1) 


x-b     x-a 


x-a    x-b     x-(a  +  b) 
(2)  2j:+3y=: 


(2)   n/35+14v'6. 
2(o-6) 


4x'  +  9xy  +  9y'2 


m 


147.    Shew  that 


(o  +  <>)-c        t  +  c-a         c  +  a-6 


2(a  +  6  +  c)«+a2  +  6''  +  c'. 
X'  -  x^. 


is  equal  to 

148.  Divide 

by 

149.  Find  the  square  root  of 

(o-l)*+2(o«  +  l)-2{oHl)(o-l)«. 


ah 
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150.  How  much  are  {Kars  a  jrioss  wlien  12  more  for  a  dollar  lowers 

the  price  five  cents  a  dozen  ? 

151.  Shew  that  if  a  number  of  two  digits  is  six  times  the  sum  of 

Its  rlijfits,  the  number  formed  by  interchanging  the  digits  ia 
five  times  their  sum. 

152.  Find  the  value  of 

1  1 


I 


{a-b)(b-c)    (h-c)(a-c)    (e-a){b-a)' 
153.     Multiply 

151     If  X  -  -  =  1,  prove  that  x^  +  ^=3,  and  x"-  1=4. 


155.    Solve 


,,.  3jr^   23      1,      ^^ 

(2)  2x2-.3y'=23-i 
2ary-.V=  3  J* 


156.     Simplify 


(1)  19v'20-3V5- JJ.  (2)  S^f^^y^. 

^-^  y<xi)'xi 

157.  FindtheH.C.F.of(p2-l)^=  +  (3/,-i)x-^(p_l)and 

Pip+l)x--(p^-2p-l)x-{p-l). 

158.  Reduce  to  its  simplest  form 


o  oil 

"^■'i/     '^■^,A   =(=«/- IV 


y. 


„5' 


159.  Find  the  square  root  of 

(1)  l-2»»+»  +  4«".  (2)  9"-2.6"  +  4". 

160.  A  clock  gains  4  minutes  a  day.     What  time  should  it  indicate 

at  6  o  clock  m  the  morning,  in  order  that  it  may  be  rieht  at 
/.  15  p.m.  on  the  same  day  ?  * 

161.  If  X = 2  +  ,^,  find  the  value  of  :.' + 4- 


I 
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(2)    Vl-*-»+^^^3f=S. 


163.  Simplify 

»«  y  <? 

(6-a)(e-a) ''"  (c  -  6)(a  -  6)"^(a-c)(6-c)' 

164.  Find  the  product  of  J  ^6,  g  ^.  «/80,  4/6,  «»d  diyide 

16R    R6»lve9aV-67V-**'+25«*"  into  six  factora. 
188.    Simplify 

<^^   <«+i)(x-o)'(x»-a«)(«+a)«' 

<2)   Sn:^-"L  7(r+.)    •  \  21:V  4(5?::^?)/ J 

y 

187.  Simplify      (1)  u  »;   ■^yi{ii=^*' 

(2)   ^14^132. 

188.    Find  the  H.C.F.  and  L.C.M.  of 

20a;*+«*-l.  25x*+6a;»-x-l,  28a:*-l(kr»+L 

(1)    a+a;+N/2ax+x»=6. 


189.    Solve 


(2)  «+9f+r-n=® 


7-^T 


170  The  price  of  photographs  is  raised  $3  per  dozen,  and  cus 
tomere  consequently  receive  ten  less  than  before  for  ?..: 
what  were  the  prices  charged  ? 

171.  If  [a  +  iy  =  3,  prove  that  a3  +  ^=0. 

172.  Find  the  value  of 

x  +  2a  ,x-2a  ,     4aA_  „i.ena;=— • 
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175.    RaduM  to  frMtions  in  their  lowest  temu 

174.     Expreaa  aa  a  whole  number 


175.     Simplify 
(1) 


(8r»  (4) 


n 


1  -  x»    1  -  X-" 


176.     Solve 


(2)    V97-a6^/4. 


(i) 


.rjH[o^x-^^x  +  6a    x  +  60 


x-3a    X-  4a~x-ia'^x^3a' 
(2)     3a:»- 
8x2- 


177.  Find  the  square  root  of  ^^-t2?^:-£!±ft^ 

178.  Simplify 


a- '  +  2o'»x"+a:*« 


(1) 


v'. 


•J^      „-* 


a 


(2) 


I        3v/3^       J 


179.  -A.  boat  8  crew  can  row  8  miles  an  hour  in  still  water :  what  is 

tL^^*  °'  *  "r*"^ "  ^"'■''*'^'  »f  •'  '^''^  them  2  hou«  and  40 
minutes  to  row  8  miles  up  anu  8  miles  down  ? 

180.  ifa=a:a-y2,    b^y^-zx,    e=z'-x!/,   prove  that 

o'-6c=x(ox+6y  +  cu). 

^^     ^i!f^the*l,T*i-f-  '"''^  *.*"*  '^*'""  •**  "  ""btracted  from  each 
pro^rtJon  "'     '  ''  *'"'  """*i°«i«"  are  in  continued 

182.     Simplify 


0) 


(x^y — i~ \x:;-^. 

\  '     x+y/ 


(2)   «^' 


2(7a-4)    .     x-in 


er*-7x  +  2'*'^^r^ 


2f4ar-l) 
2      4«»^r' 
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IBS.    Find  the  sixth  root  of 

729  -  2918x« + 4880«*  -  4320!t« + 2160*"  -  678x» + 64as>«. 

181.    Simplify 


1 


0) 


(2)    4/16 + ^81  -  y ^6l2 + 4/192  -  7^. 
6 


186.    Solve         (1) 


-sX. 


6- 


6- 


6-x 


186.    Simplify 


(2)    «»y«+192=28*yV 
x+y=8      J 


6-c 


e~a 


a-h 


187.    Solve 


oa_(fe-c)*+ ^Ri^)'^  c»  -  (a  -  6)*' 

0)  «-iH+riTS^=«- 


X-15J 
(2)    2(x+y->)=3(*-*-y)=*. 

188.  If  «y=o6{o+t)  and  x'-xy+y»=o»+6»  provethmt 

a-?)(M)=«- 

189.  Find  the  H.C.F.  of 

(2o«-3o-2)««+(o»  +  7a+2)x-o»-     > 

and  (4o«+4o+l)«»-(4a»+2a)«+a 


190.    Multiply 
by 


N/a^+V2(2x-l)-;^ 
-i=  +  V2(2x-l)-N/2«. 


19L    IMvide 
by 

192.    Simplify 

<^)    2(i+T) ' 6(x -  i) " 3(*«+x+ D' 


lOx-1 
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198.  If  p  be  the  difference  between  any  quantity  und  its  reciim>o»L 
2  the  difference  between  the  ^uare  of  the  «Se  qSSS 
•nd  the  square  of  its  reciprocal?shew  that  V»^nvj 

IM.    A  man  started  for  a  walk  when  the  hands  of  his  watch  wera 

S!i*".*K  ^^'^r    '^"^   »"«*    '°"  «'«l«=k      wSen   hT 
S  «-^^t     feu**!  ''*"  ^f^^  coincident  between  five  and 

loVdldt  JSkf  ""  '•'•'  '""•  ''^''°  ''•  '^^'  "«*  •»»'' 
^*"    ^by  8^  *°  "*'***''  '^"'^  *^*  T^+'+l  i»  always  divisible 


196.    Simplify 


/»+ 


1\» 


'-17H)' 


197.    Find  the  value  of 
(1) 


7+^3^    7-3 ^ 

7-3^5  "^T  +  S^S* 


(2) 


7=== — 7==  when  ar=r^^. 
vl+x-\/l-x  6*+l 


19&    If  a  +  b+c  +  d-2s,  prove  that 

4(afc+cd)»-(o«+6«-c«-d«)«=16(»-a),^-6)(,-c)(*-d); 


199. 


200. 


201. 


A  man  buys  a  numlH-r  of  articles  for  $5,  and  nells  for  $5Mt 
all  init  two  at  .5  cents  apiece  more  than  they  ciwt  •  how- 
many  did  he  buy  ?  J      ^<- ■   ""w 

Find  the  square  root  of 

2{81x*  +  y*)  -  2(9x2  +  y»){3a;  -  y)9  +  (3a:  -  y)«. 
If  x:a::y:b::z:c,  prove  that 
{b€  +  ca  +  abnx^-  +  y'  +  :»)  =  (fe  +  ex + ay^a^  +  fc^  +  c»). 


E.A. 


iA 


fl4, 
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I.  a.    Paok  4. 

1.  m 

8.    82: 

U.    7. 
14.    27. 

81.    4. 
84.    512. 
n.    24. 
M.    2401. 

8.     125. 

T.     112. 
18.     144. 
./.     1000 
88.     126. 
8T.     6. 
88.     2. 
8T.     56. 

8.     103. 

8.    7a 
18.    48. 
IS.    8. 
88.     81. 
88.     409a 
88.     81. 
88.     3. 

I  b.    Paok  ft 

4.    343. 

8.    a 
14.     189. 
It.     1. 
84.     1. 
89.     64. 
SC     64. 
89.     48. 

8.     80. 

10.   loa 
18.    2oa 

80.     567. 
80.     243. 
SO.    9a 
80.     8. 

40.  la 

1.  7oa 
4.  6a 

11.    98. 
16.    2. 
ai.    0. 

86.     13^. 

S.     686. 

T.     162. 
18.    225. 
17.     36. 
88.     72. 

8.  9a 
8.  a 

18.  a 

18.     160. 
as.     2048. 

4     135. 

t.   a 

14.     1. 
19.     l|. 
H.     81. 

6.     15. 

10.  3ooa 

10.     5j. 
80.     40. 
88.     llf 

as.    3|. 

• 

I.  c.    Paqb  6. 

1.    4. 

6.     & 

11.    0. 

8.     6. 

7.     8. 

18.     16. 

„.  1 

8.     8. 

8.   a 

18.     2|. 

4.     36. 

9.     32. 

14.     3i. 

8.    8. 

10.    60. 
10.     l|. 

16.  a 

"•   2|.      19.   0.     ao. 

3.     ai.    8. 

I.  d.    Page  8. 

L    19. 

6.     6. 
U.    85. 
16.     12. 
a.    12. 

a.   a 

7.     18. 
18.     96. 
17.     24. 
99.     n 

»•     7.                4.     11. 

8.   .%.         9.   a 

IS.     36.            14.     0. 
18.     43.            19.     4. 

A«             1                                 -  -             

0.     21. 
10.     14. 

10.  a 
ao.   8. 

M.     16. 

n.    , 


87.     IS. 


as.    ». 


ac     6000.      26 


88. 


3 

id* 


89.     3^. 


SO.     49. 


W-     a  94.     1' 


\ 
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L  •. 

I.    20.  2,  2.  12.  30.  «. 

«.    4-48.  17-76,  27  52.  40.     •• 

10.    21,0.  W- 


1. 
9. 


-  3  feet. 


PAor  84. 

3,  6-26,  8,  11  •28,  IS.        ••    «• 
804,  t.    The  firtt  by  24. 

•196. 


n.  a.     Paob  10. 


t. 
«. 


4,  -2. 
24,  -4. 


I.    20.  4.     -6*. 

7.    A,C,B  with  +4,  0,  -2  points. 


1. 

«. 
11. 
11 

n. 


47o. 
-406. 
0. 
2ab. 

0. 
-36. 


S. 
t. 


IL  b.    Paob  12. 


24«. 

-17y. 
13.  -W. 
17.    r». 

22.     -19ar«. 
27.     -«*. 


S. 
8. 

18. 
18. 


396. 

-66c. 

-». 


4.     IBlf.  B.  -26x. 

8.     -206.  10.  2x. 

14.     7y.  18.  0. 

-14a'jr.   18.     -2\n\  30.  - 10*». 
11 

5 


88.     -  43a6rd.  34. 


SB. 


38.     -ga6 


38. 


;X. 


SO. 


5 
-5x' 


1.  0. 

4.  4«+4y  +  42. 

7.  39o-56  +  4c. 

10.  22p-189-20r. 

15.  5a6  f  be. 

16.  20a. 
18.  ISz. 


m.  a.    Page  16. 

X  4a  +  46  +  4c. 

B.  3a->56-2c. 

8.  5c. 

11.  06. 

14.  pq  +  qr  +  rp. 

17.  2xy+2zx. 

20.  a  +  6  +  c. 


S.  0. 

8.  b-c. 

8.  .3aa:  -  36y  +  .V: 

la.  -  20a4  +  CO. 

IB.  6x. 

18.  14a6-ll6c. 


1.  abc. 

4.  yz+2X  +  xy 

7.  ac"+7x. 

10.  a»+6*+c». 

18.  9o*-3o2. 


m  b.    Page  18. 

2.  x^  +  jey+y". 

6.  3a:»+2av-y'. 

8.  15x»-32x-  18. 

11.  o»+6'+c»+cP. 


8.  o«+3o6-26». 

8.  -2a;»+ar»+4x+2. 

8.  15x»-4x''+3a;-l. 

12.  a:*  +  x»  +  x+3. 


14.     3j:'-2y«-2iy-4ys-3x:. 
18.     -a!»+x«  +  2y»+y.  18.    3x»y+xy*.  IT.    2o«6. 

18.     x'-xV-y'-  !••     x'  +  6»  +  c»-3a6c. 


ANSWKR& 
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Ml    a:»+*V+7«/+V- 


u. 


9 


a  +  nb-  «e. 


«      »-    2. 

M       '«      *!,      •« 


1.    -2a-2e. 

4.    -ao  +  305-4«, 

7.     2!c»-136-33c 


M.     -o'-ia'^ 


'f6». 


IV.  a.    Page  21. 
9.     3a-56-4<-. 
«.     llx+13y-16z. 
••     llar  +  26y  +  22s. 


W.    2aA-2cd  +  aokj-2M. 

IX    2ry.  u.    -3ir»-a*-ar+l, 

1*.    -12a:V+21ay+16«yz. 


S.  ISx-f  ISy-lO:. 

•.  I2ab-I0bc-I0cd. 

f.  2ac  +  2bd. 

11.  -  erf  -  ac  -  6d. 


15. 


16. 


1     ,3       2 


18.    «-y+gf. 


,.        5       10.     1 
"•    -2"--3-*+2^- 


ao. 


1       3.     6 


IV. 

1-  7*y-7yz+18«. 

3.  -12  +  da6  +  6a"j». 

8.  -l2a'b  +  l5ab^-iKj. 

7.  20o«f'    16o%. 

••  a:'+3-  ^    3x  +  7. 

11.  2a«-2r.  u.    6a:V 

14.  3a:»+10»»y_10ary». 

16.  -4a»  +  46»-2c»+10a6c. 

18.  4a»-7o*-6o»+9o»-a-7. 

ao.  -o»+22o»6-16o6»  +  26». 


32.     la^-la.l.         ». 


-l^ 


Paoi  22. 

a.  -12xay'  +  8aJ'y  +  2lxy». 

4.  -2o»6c  +  6i»co  +  5c«oA. 

6.  -  16a:»y  +  lOzy*  -  2*^. 

8.  9a:»-9x  +  9. 

10.  -l7ahr>  +  \3T>+20. 
+2y».  18.     a»-c>-abc. 

18.  4««-5aJ-2ar«-x+2. 

17.  -a:»  +  2x«+x»-a;»+2r-2: 

1».  -  SaH)  -  14a6»  +  a^b^  +  b*. 

^      2x.-|xy-»y». 


5      7 
6'  +  6- 


-g"*-!-^-^*^- 


i 
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ALGKBRA. 


mseeUuMOQB  ExamvlM  L  Faok  S3. 

1.  (l)2x+a?;(2) -3a+6.  «•    2»+2c. 

8.  (1)  21 ;  (2)  108.      4.     (1)  11 ;  (2)  1& 

6.  8a»-2a.  »•    2«»-2x«. 

la.  47;  12.       18.    -»"+y.       W-    38. 

M.  x+2z.         ao.    7av.  21-    8. 

M.  30B.O.  26.    2«»-2«. 

39.  a  +  36  miles  south  of  0. 


6.  7«»-10h^. 

11,  2o-(36+8c). 

1«.  a         17.    a"&. 

3S.  4a.       M.    118. 

28.  a+b-{e-d). 

sa  2«»+7«-3. 


1.  35x'. 

5.  8o»6». 

9.  28a'&>. 

18.  15o''68ar*. 

ao!  20a'Wr»-28oWa:«. 

22.  o»6  +  o»b»-a»6c». 

24.  20a*bc?  +  I2a^(?  -  8a»W 
48jB»y8  -  40aV+56*y' 


V.  a. 

%  20o». 

6.  6o*6c«, 

10.  6a:*»xV- 

14.  28a»&'aJ'. 

18.  3a»a!»y". 


26. 


1.  36. 

6.  -12 

11.  -16. 

16.  600. 

21.  40. 

26.  3. 


Paob  27. 

8.  66a«6».  4     SOaV- 

7.  4a?6».  8.     10o»6. 

11.  6a«a:V.        12.    abcxyz. 

15.  40o»ca?.        16.    30o»*y« 

19.  o^'+a'W;. 

21.  10a;»+6a:»y. 

23.  aJ^+aV)(?-a%H. 

28.  15a*y+3a;<y*-21a!*y'- 

27.  6o»6»c-7a»6V. 


V.  b.    Page  30. 


X  -48. 

7.  -9. 

11  375. 

17.  -180. 

22.  -63. 

27.  1. 


3.  6. 

8.  -24. 

IS.  500. 

18.  -  56. 

23.  118. 

28.  0. 


4.  24.  8.-16. 

9.  -168.  10.     480 

14,  140.  15.    -2000. 

19.  -1000.  20.     -224. 

24.  -130.  25.     -54. 

29.  29.  80.     -la 


1. 
6. 
8. 


V.  c    Paob  31. 

\AaWx\         8.     -oV.  4.     -I 

6.     -5aV'-  T-     -36aiV^-48a:yV. 


-3o»B«. 

3o»feV*,  -  , 

aWc*-oWc*.      9.    3a*+3a:y+3xz.       10.    o»6c-afe»c+a6c», 
IL    •«We-aW+o«6c«.  18.     14a«6»  +  28a'6«. 

18.     16aV-18iy+24a!y.  ^*-    5&tV+40a?y, 

IB.     -6a:V««+3iV2"-8aV^-      "•  -48a!»yV+96*V2*- 

17.    91«y+l06«V.  !••  -8a?y»z«+10a?«yV. 

in    -«rfftV+aWc«+oVe*.  M.  o»6«c-o«6»c+o«5V. 
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«•     -8o«+Ja*-6a«. 


99  *^j_5  10 


49' 


1.    a^+l&r+50. 
*■    «'+3»-70. 

10.  a:»+llaj_i2, 

13.  a^+5x+6. 

16.  a:«+x-l82. 

19.  a:'-256. 

82.  2x»-I3af-24. 

28.  iaB"-3a:-18. 

31.  a«+a4-66*. 

34.  o«-4a6-456«. 

37.  a"-2oar+36a:- 

39.  aV-oW 


V.  d.    Paqb  32. 


2. 

0. 

8. 
11. 
14. 
17. 
20. 
23. 
26. 
29. 
32. 
30. 
eab. 


a^-aar-TO. 

«'+4a;-32. 

«»-225. 

-a*+14a:-49. 

a;*+«-306. 

-ar«+42ar-441. 

2a:»-lla:+5. 

9a?-25y». 

«Verf>-566». 

a* + oar- 6a: -oft, 

38.     ah^-fA/', 
40.     4/)V-9»^ 


8. 

6. 

9. 

12. 

10. 

18. 

21. 

24. 

27. 

30. 

33. 

36. 


x»-17x  +  70. 

a:»+17a?+70. 

a^-lSar+ia 

-a^+18a:-45. 

«»-25. 

a;"-ar-380. 

2a:'+13ar-24. 

2a:»-7a:  +  5. 

l(te»+3aT-18. 

9ar»-30a;y+25j^. 

3a»-30o6  +  486«. 

"i'-ax+bx-ffl). 


1.  o«+2a6+6«-e«. 

3.  a«+o«6«+6«, 

6.  ar«-4a*+8a!+16- 

«•  a*+4a»r«+lftB4. 

11.  a:*+2T»-7a*-8!t+ia 

13.  cfi+aK^. 

15.  o»+4aft*. 


V.  e.    Paok  34 

2.     a»-46«+466-c«. 


4.     a:'+4a:»y  +  3ary«+i2j^^ 
"•     «"+?•  7.     aJ-«» 

"     64a»-276».       lo.    x«-a«. 

12.    4a:»-a:»+4a:. 

14.    «»-2a--4aJ+19««-3ia.+i5, 

»•    a«-25aV-lo„6._j..  ^^    XZ^'J^' 

».    ••+6»+c»-3aJe;  JJ*    ^+^+J^-»- 


!f 


1 
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as.    o*-2o*+l. 


SI. 


ss. 


SB. 


4*^ -36"^ +  16 


1.  r»+3x-40. 

4,  7^+^-5. 

7.  a?+lx-44. 

10.  o»-l. 

18.  o«-4a-32. 
16.  o'  +  6o  +  9. 

19.  3^ -ax-  6a'. 
aa.  ar«+2a:y-8y». 
as.  o'»+6o6  +  96». 
as.  2a?-a;-10. 
SI.  3ar»  +  2x-l. 
34.  8ar»  +  6«-9. 
37.  9a?-.3ai^-2y'. 
40.  253? -9o«. 


ALGEBRA. 
as.    a«a!»+27ay. 


SO.    a:«+2aV+y*« 

sa.    ia^-|*'+i2*+2- 


36. 


2 

a*+x*. 


V.  f.    Paqb  36. 

a.    x"+5x-6. 
6.     xa-2x-63. 
S.     ar»4-2a;-8. 
11..    o''+4a-46. 
14.     o«-64. 
17.     o«-121. 
30.     a?+oar-30a*. 
as.     z»-49y». 
88.     a^+Soft-BOW. 
a».    2jc»-9x+10. 
sa.     4x^+80; -5. 
36.     9a?-64. 
38.    9ar»+12ary+V- 
«L    2ai»  +  6o«-26o». 


5.  a?+7x-30. 

6.  **-18a:+80. 
9.     x«-4. 

la.    a«  +  9o-36. 
IB.    o«+7a-78. 
18.     o2-16a  +  64. 
ai.     x»-9a». 
ac    x2-6xy  +  9y*. 
a7.     a2-17ofe  +  726». 

2x»-3x-9. 

6x2  +  5x-21. 

4a-*-20x  +  25. 

4x2  +  4xy-3V. 
4x*  +  4ax+o* 


30. 
33. 
36. 
39. 

4a. 


1. 

B. 

9. 
13. 
17. 
81. 
23. 
27. 

80. 

sa. 

84. 


!x. 
xy'. 
aV. 
5o*. 

-Sft^x. 


a.  -3x. 

6.  -a». 

10.  3xV2'- 

14.  7a«y. 

18.  10y». 

x*-7x»  +  4r». 

-3x«+5x.     a4.  3x-4. 

-a  +  b+c.     as.  0-5-6' 

-2xy+4»»y-3y» 

-|x»+2y«. 
-*aV+|a«». 


VL  a.    Page  40. 

8.  -5x». 

7.  4ac. 

11.  4x». 
16. 


-1. 
x-2y. 


19. 

aa. 
as. 
as. 

81.     2o-36+4c. 
88.     3x-2y-4. 


4. 
8. 

la. 

16. 
30. 


10x*-8x»  +  3x. 

3x3 +4x.       ao. 

-x»  +  3xj/+4y». 


-bx. 
-4a'»6V. 
6a«. 
-:ab\ 
x--3x  +  \. 

2x'y  -  Sxy*. 


86. 


2       U    ^ 
-a-g5-c 
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1.  x+8. 

*  3x+l. 

t.  Sx+l. 

M.  3a:+7. 

IT.  4a  +  3x. 

n.  6ar+6y. 

S7.  3+3a+a'. 


VL  b.    Paob  42. 

t.  «-4. 

«.  x+8. 

10.  «+ll. 

14.  3ar-7. 

18.  5a~x. 

M.  8ar+3y. 


8.  a-6. 

7.  6ar+l, 

11.  x+5. 

IS.  3x  -  6. 

19.  3a  +  4«. 

83.  «»+14ar. 

86.  2a«-5o  +  a 

88.  8-36x+64a:»-27a:», 


«.  a-24. 

8.  «+7. 

12.  3x+l. 

16.  4a; -7. 

30.  3a -6e. 

84.  ia-»-x. 


VI.  C.    Page  44. 

,!'    f-^^'+Ssrem.Slx-lS.        17.     12+8x+x». 

23.  ««+2aV-3aV-6aV+2xV+4*vK>Jv» 

24.  a»+2a6+6.+a+6  +  l.  28.  ^:^V;ry*-«» 

27.    a»-2aV+3a^«-2a%.^i8.      ^g.     l+a+a«+2x-2ax+4a;». 


29.    jo«-3o»    9a«. 
33.    6x-|y4 


80. 


82. 


84. 


1,1         1 
|aHla»x+^a«^  +  ^ax» 


1.  a+b-e.         a.  a. 

8.  -2a-4b-2e. 

"•  *-y.  9.  2o-ia. 

12.  2a-b-d.      18.  -3c+4y. 

W.  -5a:.  16,  -25x+iy. 

M.  2r-2t  19L  2a. 


Vn.  a.    Paok  47. 


8.    a+36-4c      4.  3a-6-c 

6.    -a+b-e.      7.  6-a. 

10.     -2«-6y.      11.  ar_a. 

14.     -»+lty+6z. 

17.  ll»-3(?y. 
90.    a.  ' 


I 
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▲LOEBEA. 


Vn.  h.    Faok  48. 


L  So. 

4.  2x-3y+l2z. 

7.  2&+4e. 

10.  4a+6+c 

18.  -a+b+6c. 

16.  2a-12e+84<i    17.     3a+4x. 

19.  4(1.  90.  a 


S.    ea+%-2e-7d. 


X  a. 

6.    b. 

11.    -60c 

14.    -2a+10&-lle.     IB. 


C    21a +b. 
0.    -2o+«»+2e-2d, 
la.    -110-26. 

-227o  +  216'.  +  S4. 

-lOo. 

11 


18. 


28.    I2a;-8Qy.  tt. 


«--«6+-3-c 


5 
94.    0. 


i-2b. 


viL  c  paob  sa 

I.  (a+2)x»  +  (6-6)a:«+(26-3)x+6. 

S.  (6a-6)a:»+(36-4)x«+(c-2)x+a6-7. 

8.  (9o-7)a!»+{5a-3)x>+(7-2c)a:+2. 

4.  (2c-o«)«»+(l-36)«*J-(4d-3a6)x. 

B.  -(oa+6)a;*-(26-6)«»-(3-a)a«. 

8.  -{o6-7)a»-(<rf>c-7)a!»-(3c"-6o)a. 

T.  -(--o»)x»-(6+6-o)«». 

J.  _(a+3+7-36«)a:*-(6+8c»^a:. 

8.  (o-6)a:3_(ft+2c)a:»-{6+c+d)«. 

10.  (6o+4c)a*+(3o-66  +  7c)a?+(2o-7ft)«. 

II.  (3a+2c)a-''  +  (o+S6)a?-(8a  +  96)x. 
la.  (66  +  l)a:»-(o  +  26)a:*-(2o  +  3c)x. 
18.  {a+b)a^-{a+b)3i?+{a-b)x. 

VII.  d.    Page  51. 

1,  (ci-c)a:»  +  (6  +  c)a?-(2c  +  l)a;. 
2. 
3. 
4. 
6. 
6. 
7. 
8. 
9. 
10. 


(l-b)a^+(a  +  l)3^  +  (b-\)x  -I. 
(o«-5a+2)x»  +  (2o-6)a:«-(o+5)x. 
(o-p+l)r»+{6  +  g+2)x-c-r+3. 
{p  +  q-l)x'+(p  +  q)x*-(p  +  q)x  +  q. 
ocr"  +  (2a  +  6c)  ar«  +  (26  +  c)  X + 2. 
ocx8-(2o  +  6c)x"+(3o  +  26)x-  36. 
o;>x3  +  (aq-bp)x''  {bq  +  cp)x-  cq. 
26x»  -  (S')  -  2c)  x»  -  (6  +  3c)  X  -  c. 
ax»-(a+2i)x»+(26  +  3c)x-Sc 


ANSWERS. 

18.     oV+(6a-l)a:«+(9,26)a;a-6a 

1*.    «'-'^'+26)a-+(a«:  +  6»+2d)x«-{2W-rc«)x»+d.. 

Vm.  (1).     Page  54^. 
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1.    3. 

a. 

5. 

S. 

4. 

4. 

6. 

8. 

2. 

6. 

6. 

7.    2. 

a 

3. 

9. 

5. 

10. 

7. 

11. 

3l 

12. 

2. 

18.     2. 

11 

4. 

IS. 

3. 

16. 

6. 

17. 

1 
2' 

18. 

2i. 

W.     1. 
28     ^ 

30. 
36. 

If 

7 

12" 

21. 
37. 

2. 
8 
21" 

23. 
28. 

1. 

113 

33. 
29. 

2i 
\2. 

24. 
80. 

6i 
15. 

81.    4^, 

S3. 

-4. 

• 

vm. 

a.    Page  55. 

1.    5. 

2. 

4. 

8. 

7. 

4. 

4. 

S. 

S. 

6. 

1. 

7.     6. 

8. 

3. 

9. 

16. 

10. 

13. 

11. 

13. 

12. 

6. 

IS      1. 
19.     2. 

14. 
30. 

16. 
1. 

16. 
31. 

10. 
1. 

16. 
22. 

30. 
2. 

17. 
23. 

5. 
3. 

18. 
24. 

1. 
1 

35.     4. 

36. 

3. 

27. 

3. 

28. 

3. 

29. 

1. 

80. 

4. 

31      7. 
37.     2. 

S2. 
38. 

3. 
2. 

S3. 
39. 

4. 
1. 

34. 
40. 

4. 
2. 

30. 

1. 

86. 

1. 

I 


i    t 


20. 
13. 


13.  5. 

If.  7. 

25  5, 

31.  7. 


?.  15. 

8.  10. 

It  7. 

20.  26. 

26.  12. 

33.  7 


VTII.  b.    Page  58. 

'■     ^-  4-     16.        5.     25. 


9.    7. 

IB.     6. 
21.     3f. 

27.     * 

7 

83.     2. 


10.     4. 

16.     10. 
23.     8. 


11.     _ 


1 


17.     6. 
23.     12. 


28.     -5».  29.     8. 
3*.     12.       38.     27. 


6.     17. 

'■]■ 

18.     8. 
24.     5. 

SO.     66|, 
36.     5. 
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ALQEBRA. 
Vin.  C.     Paqb  60. 


1. 

2i        «. 

6. 

8. 

10. 

4. 

-6. 

& 

n- 

8.     It' 

T. 

-12.     8. 

3 

8' 

9. 

1| 

10. 

3 

"4' 

U. 

4 

5- 

-  -^ 

18. 

IJ.      14. 

2 
~3' 

IB. 

n- 

18. 

12. 

17. 

3^. 

18.    2^. 

19. 

i        -0. 

n- 

21. 

3 

r 

IX.  a. 

Page  62. 

1. 

y-x. 

a. 

a 
3" 

8. 

56. 

4. 

3d-2e. 

6. 

2k. 

6. 

100 

-X. 

7. 

h 
a 

8. 

20-fl. 

9. 

6«- 

10. 

10 

11. 

x  + 

11. 

12. 

c-20. 
'2x 

13. 

90 -j:. 

14. 

X-' 

!0. 

IB. 

20. 

16. 

5" 

17. 

m-x. 

18. 

x  +  a. 

19. 

5x( 

lays. 

20. 

4. 

21. 

2.">' 

22. 

X 

23. 

xy 

miles. 

24. 

^  miles. 

20. 

a 

26. 

US 

X 

hours 

27. 

•V'- 

28. 

44 

x' 

29. 

100a  +  25ft. 

30 

.     40 

-  X. 

31. 

lOOa  +  256  -  c. 

32. 

x-%. 

33. 

h. 

34. 

25a 

• 

35. 

2a+46-c. 

36. 

100 
'xy' 

37 

•   y- 

13a:. 

38. 

100- 

a;  -  y  -  2, 

39. 

l(J0x  +  10y-f  =  - 

50. 

40. 

2y  + 

20 -X. 

1. 

3. 

6. 
10. 
14. 

18. 


IX.  b.     Page  65 

X,  x  +  l,  x  +  2,  x  +  3. 

x-2,  x-\,  X,  x+l,  x  +  2.  4. 

6n  +  3.        7.     x-a-  b  miles.  8. 

2J-  +  5.      11.     mx  +  y.  12. 


2.     y-2,  y-1,  y. 

2)t  +  2. 
;j  (a  +  6). 
6a;. 


20 
9' 


IB. 
19. 


16.  $-^  v:. 

50 


/a- 


20. 


ahr 


6.  2x-l. 

9.  X  +  y  -f  ."> 

13.  $10ftc. 

17.  3xy. 

21.  tVJ. 
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M. 


l&ry 

-22- 


as.??, 
ix 

87.  y 


be 


honn. 


J  day,. 


*^    P(p-l)(i>-2)=y. 


20 

yz.     28. 

6n=x. 


15 


y 

lOr' 
83. 


80 


84. 

S«. 

1. 
3. 
8. 
4. 

B. 
6. 
7. 


-=m+n+jy. 


/>-X=:.S( 


88 

88. 
8S. 

IX.  c. 

(0  272  aq   ft. ;    (ii)  16  ft.  • 

(i,  60cu.  ft.;    (u)4icu.ft..    (iii)5ft. 

(i)  49;     (ii)  Ihr.  20min.;     (iii)  3^, 

(i)  144-9  ft;   (ii)  5  sees. 

22  in.,  38-5  sq.  in. ;    n  ft.,  9625  sq.  ft 

(i)  24-64  sq.  Id.  ;     (ii)  l  ft.  9  j^. 

(i)  2(.r  +  y)  ft. ;     (ii)^  sq.ft.;     (iii)  2z(ar+y)  «q.  ft. 


22a 

TfiS" 

lOQp 

ar 


a  +  x  +  6=2(a  +  5);36;a4. 
--6=7(^-6). 

Paok  68*. 

(iii)  6  ch.  84  Ika. 


10 
13. 
20. 

24. 


«•     69  ft.  10  in.;    210  sq.  ft. ;     718  sq.  ft. 


(i)  22  sq.  cm. ;   (ii)  3-6  ..,.  in.       11.     l  5  i„ 
^28.  14.     15.  IB.     65. 

(i)  17;    (il)  24;    (iii)  40;    (iv)  le. 
(i)  -7854;    (ii)  96-6;    (iii)  294.  aS.     40 

(i)9780;      (ii)l.    (iii)  12.     (iv)  -40-6. 


9. 
13. 
16. 


10  ft.  6  in. 
27  sq.  ft. 
(i)  and  (iii) 

38.     12. 


»•    4.  6i.  6f,  7f.  8|,  10. 


17,  12.  a. 

15.  43.  6. 

27,  28,  29.  10. 

5.  14. 


X.  a. 

13,  5. 


lf)2. 
3,5. 
fiO,  61. 


Page  71. 

3.     75. 
1. 

15,  r). 


7. 
11. 


4. 

8. 
12. 
15. 


20  miles. 
60,  56. 
§20. 
6,  .3. 


1. 

S. 

9. 

13. 

Mlk$1.50,  Lmen.30cts.     19.     48,12.  30      05  40 

'    -"•  M.     18  ft.,  10  ft. 


ff 
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ALGEP'.A. 
X  ll.    Page  73 

I' 

i                          1- 

54. 

9.     24.                  8.     60. 

4.     Xi. 

1                          *■ 

75. 

6.     24,25.            T.     2i*,  252. 

9.     49,50. 

•. 

.50,  51,  32. 

10.     $Xi. 

11.    27. 

la. 

90  Port, 

150  Claret.           18.     .4  S4.V),  fl  »180,  ^$140. 

14. 

A  9525, 

B  600,  C$160.                        16.     $m 

16. 

12  ft.  18  ft. 

17.    $12000. 

18.     44. 

XL  a.    Paov  74. 

1. 

2ab. 

a,    xV-              »•    2*!'^ 

«.    abc 

9. 

6nh. 

6.    Sxyh.             7.    2bWc«. 

8.     7a5V. 

f. 

3*V'- 

10.    2ax.              11.     7a. 

la.     llabe. 

IS. 

xy. 

14.    8a«6V.          16.     28a!y. 

16.     bx. 

IT. 

6a>b-d 

18.     abc. 

XL  b.    Page  7B 
In  example*  19-29  the  H.C.F.  stands  first ;  the  L.C.M.  second, 
a.    arV- 


1.  2o*ic. 

5.  18a*6»c». 

8.  12a&e. 

18.  a'bV. 

17.  210o»6»c». 

81.  be,  9o6*c 


6.  24abxy. 

10.  12xyz. 

14.  SOo'ftV. 

18.  264o*6V. 


8.  12«yz.  4.  20o«6»c», 

7.  abc.  8.  a«6»c». 

11.  12xVz».  la.  42a»6». 

16.  12xy.  16.  BOxY- 

19.  ae,  I2abe.  90.  2y,  123;yt 


99.     13o»6c,  39o»6c«.    93.     17ay,  6l3^\ 
84.    6xy^,  75*Vs«.    96.    6,  30abc.  96.     17»nV.  6lOT*nV- 

87.    y»,  aVt*.  98.    6p»,  60toV9*.     99.  26i?mH*,  216i:»m»n» 


TTT-  a^    Faos  76. 


1 

55- 

•1 


6.     ^ 


9. 


18.    ^ 


IT. 


ay 

4n 

to' 

Bay*' 


a.    ^ 


6.     ?= 


10. 


14. 


18. 


a 

46' 
3a 
Tc 

"to*" 

oM 
3F 

4;^s? 


8. 


7.  =;.. 


11. 


16. 


18. 


4.     JL 


19. 


16. 


fiob' 

2a^ 

36c' 

3«z 

W 


90.    ?^. 
3 


1. 

9. 

li. 


2e<P 
IT' 


ANSWERS. 
Xn  b.    Paob  77. 
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1    «• 

5c- 


7. 


^-si'.      18. 


10.    3. 


4«V 


11     7ft 
16.    8. 


9axh* 

~Br' 

X 

^    A- 
4a^ 

17     P^V       It.     ^ 


-       146» 
.      400x 


zn.  c.  paok  7a 


4g.  y 
2o  ■ 


T. 
11. 


bd 
3k,  2p 

2y.  3g 

«y 

..      8ac,  Sab 


^     "6' 

a.  ^+^y 

21    • 


la.     '^'  y"'  3a:^         18     4a:'.  V 
^  ■       6xy    ' 

IB.    ^°^'  ^.  le      18.  Soft.  o« 


2lbe 
XU  d.   Paok  79. 


9a 


18. 


16' 


s.  y 

"•     20" 


17      1155 

"•    so- 
ul.   ?1? 


IS. 
23. 


5ar 
24- 
17a; 
24' 


'•    I2- 

T-     -24— 

u.   ^-g 

48    • 


-     2»»-15 
2m -3n 


t. 
13. 
18. 


1*. 


7aj 
IF 


16     • 
16m -n 

6a-46 


35. 


ac  +  b 


38      ?^^ 

»'-2y« 
2*8   " 


28.     ^^. 
oft 


39. 


87. 
80. 


3a 


30    5l 

-.      9ftr+2oy 

38.    ^±^. 
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ALODEA. 


4    a«+6«+A 
T.    «*-t-2tt-S. 
Ml    4c«-te-I. 
1 


mMdlMMOU  BamplM  TL   Paob  8a 

L    8^-f7«-8.  t.  ISc  t.    90. 

•.  x*-llc-10.         •.    (1)  j;  (8)  -i. 

t.  -4a+66.  t.    fo. 

11.  (1)  x*+14«-Sl;    (2)  24x>-S5ar-ai 

U.  -at.  14.    I 

It.  3!*+4a:*+48a;-32. 

It.  (1) -2;  (2)41.     19     8p*-0p*+2p. 

n.  2x*-«*-x.  as.    1. 

ac  4.  at.    4m-Sii. 

ar.  0.  at.   (i)  -  is :  (2)  4. 


M.     (DjJ 

It.     16a*  4-206. 
IT.    28a. 

9a+2e-2d. 

1935. 

3c-9. 


1. 


at. 
at. 
at. 

at.  v-V-t-^y-i-M.   A$fm,B$320. 

ML  14  sa.    6m«-96.  tS.    x-2. 

ti.  ap+bq  railes;  -^ — -^  hour*.    Numerically,  65  miles ;  5  honrt. 

St.  (1)1;    (2)7^.86.    $1080,  $360,  9 1  HO 


Zm.  a.    Paob  86. 


1. 

«=2,      y=l. 

a.    «=  3,  y=fi. 

t.    x=2,  y=  3. 

4. 

«=4,      y=-l. 

t.    x=  1,  y=2. 

t.    x=3,  y=  4. 

T. 

«=6,      y=6. 

t.    x=  1,  y=2. 

t.    x=3,  y=  1. 

It. 

x=2,      y=l. 

U.    x=  1,  y=3. 

la.    x=l,  y=  1. 

IS. 

«=7,      y=6. 

14.    x=10,  y=3. 

IS.    x=6,  y=12. 

It. 

x=7,     y=8. 

17,.   x=  6,  y=8. 

It.    x=6,  y=  8. 

It. 

«=-7,  y=-3. 

at.    x=17,  y=-19. 
Xm  b.    Paob  87. 

ai.    x=l,  y.   2. 

L 

af=12,  y=  8. 

a.    x=10,  y=  e. 

S. 

x=18,    y=12. 

4. 

«=20,  y=15. 

t.    x=46,  y=35. 

t. 

x=61,    y=17. 

T. 

x=20,  y=60. 

t.    x=14,  y=16. 

9. 

x=-2,  y=  4. 

It. 

«=  3,  y=  5. 

11.    «=  7,  y=  3. 

IS. 

x=  G,    y=  4. 

U. 

x«  3,  y=  -4. 

14.    xsl9,  yc  3. 
It.    x=13,  y=  7. 

It. 

x=12,    y=-4. 

h 


ANSWERS. 
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XUL  0.    Paoi  9a 


t. 

•-1.  y-  2, 

*«  3. 

1 

X--2, 

y-  4,  «-  L 

9. 

«-2.  y=.  3, 

z»  1. 

4. 

«-  1. 

y-  2.  ■.  & 

B. 

x=9,  y»  2, 

t»-4. 

t. 

«-  3. 

y-  2,  t.  1. 

T. 

«=«,  y=  6, 

«-  7. 

••• 

«-  1, 

y-  2,  ««  8. 

t. 

x=2,  y=i-2, 

z«  «. 

10. 

«»  4, 

y»-3,  c>  2. 

U. 

ar»8,  y  =  10, 

z»I4. 

18. 

«-  8. 

y-  9,    z-lS. 

u. 

aJ»6,  y»  8, 

*=  a. 

14. 

.-|, 

"  I  '-  % 

IS. 

«=6,  y«  2, 

«»  1. 

10. 

9=35, 

y»30,    z«20L 

Zm  d.    Paoc  02. 

1. 

*=5,  y«  3. 

8. 

x=2, 

y-7. 

t.    x»8,  y»2L 

4 

8. 

«-7, 

y-6. 

••    *=5'y'S- 

T. 

«»2,  y=-3. 

S. 

ar--6, 

y=4. 

.   «|,  y.> 

10. 

«=9,  y=25. 

u. 

-i 

-1 

•-  '4  -J 

U. 

'=h  y=§.  *=|- 

14. 

x=5,  y= 

18.    «=3,  y=-2.  z=l. 


ZIV.    Paok  96. 
a-    M,  18.  8.    25,  17 


1.  22,  12. 

8.  23,17.       6.     Tea8.1r..Sugar.5.. 

«.  ^140,  J?  860,  (7870,7)  $20.  ». 

10.  A  36  years,  J?  14  years.  n. 

W.  ^  5  miles,  B  4  miles 

25-  "•     .26-  "• 

85,  58.  20.     27. 


14. 

19. 
8S. 
36. 
39. 

a. 


IS. 

2 

31. 


«■    88,  28L 

7.     Horse  82.%  Cow  816. 
A  899,  7^8 11.1,  C  83.3, />  82,3. 
A  55  years,  B  21  years. 
C3i  miles,  7>  4{  miles. 

17.      '  .  18.     28,  82. 


33.     8.">,  8  tenets. 


Swhite,  121)lack.   24.     860.    2B.  M.-vn  ?1.75,  Boy  GOr 

20  lbs.,  4011)8.        27.     1.5  miles.  28.     8  hours. 

6  miles,  3  miles  an  hour.         so.  45. 

'^^-  83.  3  miles.  4=  miles  an  hour. 

K.A.  2  B 
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1. 

s. 


It. 

IT. 

SI. 
18. 

M. 
U. 

ST. 


49aV> 


t. 


ALQBBRA. 

XV.  a.    Paoi  00. 


10.    Jo*6». 
IS.     ieOe»a!*. 


8.  40a*b«. 
T.  4aVc«. 
4«« 

1 
4^' 

1 
Tto«* 

-218«». 


IL 
IB. 
IS. 


ss. 

ST. 


81.     343afy"- 
SS. 

as 


32x»V. 
a* 


S. 
IS. 

IS. 

so. 

ss. 


ss. 


Jf^* 


121bV*. 
9e»a*. 
16 

9o" 

-27o»ft». 
-8a»e«. 

27**  • 
1 

64a^ 


XV.  b.    Page  101. 

L  o»+6a6+96».         4.    a»-6a6  +  96*.  8.    x«-10*y  +  2Sy» 

«.  4«*  +  12ry+V-     »•    9a^-6xy+y».  S.    9x»+30xy+28y»' 

T.  81a:«-3&ry+4y«.  8.     28o«6»  -  lOoftc  +  c».  S.    J3»5» -^p?r+r». 

10.  a!»-2o6cx+o'6V.  U.    a«x"  +  4a6xy  +  46y . 

M.  a!*-2**+l.  18.     a*  +  l^+e*-2ab-2ae  +  2bc. 

14.  o«+5«  +  c*+2a6-2oc-26c.     15.     o»  +  46'+c'+4a6  +  2oc+46c. 

15.  4aS+96«+16c»-12o6  +  16oc-246c. 
IT.  ar*+y«+z*-2irV-2aA'+2yV. 

18.  xV+y^'+2*a:*+2ay^  +  2xV  + Says'. 

IS.  9p«+4^+16r*-12pj+24pr-16gr. 

SO.  «*-2x»+3a:*-2ar+l.  81.     4«« +12a!»+ 8a* -8x+l. 

SS.  a;*+y*+o«+6"-2xy+2o«-26«-2oy  +  26y-2o6. 

S8.  4a!«+9y»+o«+46'+12xy+4aa;-86a;+6ay-126y-4a6. 

S«.  »»«+n*+p'+5*-2mn-2»ip-a»7+2»p+2n?+2p7. 

SB.    ~+^+~-2db+^-be.     SS.    ^+96«+j-2o6-a+9ft. 

4«*    4**    «  ,    «      9 
ST.    ^-^+9a^-Sx+f 


AN8WKM. 

ZV.  e.    Paob  101. 
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1.    aJ+a^+«B»r+««.  ^    ••-8«««+8«»»-a«. 

la    64as«-2iOxV+800«y-12B^. 
U.    8a»-a8oV+64o»t«-SJ76«. 

1 


**•    i«'+j«"+*«+8. 


U. 


57 


«--x«+te*-27a-.  xc    2|ga»+J<Ar+a«.+8^. 


XVI  a.    Paos  108. 


L 


lOtB*. 


S. 
1. 


11. 

31. 


U. 


^    «* 


18z* 


14. 


4.  4a%e«.  A 
».  8ary».  10. 
9a* 


66»- 


16. 


a«6* 

-gj^     17.    8a«*c     18.     -2o«6».  j,.    ^^aj^,    jj, 

M-     -eV.  «T.     2ary>.       38.     3a'6.       a».     2aaJ».       sa 


81. 


2 


32. 


oV 


88. 


Pc*' 


9a^. 
6 

5» 

-7oV. 


1-  *+2y.  a. 

^  9r+y.  6. 

».  o«-a+l. 

li  ««-2»+l. 

15.  2ar+3y-5z. 

18.  Sa;*-3ax+4a'. 


XVL  b.    Page  IOC 

3a+26.  8.    X-    ./. 

6ar-3y.  7.    x»-y». 

10.     2a*-Sz+5.         U. 

18.     2a»+a-2.  14. 


«.    2*-3jfc 
».     l-a». 
3«*-2e-l. 

l-ife  +  «9. 


10.    4c»+2ar«-x».       IT.    x»-llx+17. 
«     o,    .,    «.  "•    2x«+y«-32».        90.     a6-2ac+36<; 

SO.    2a«+6«-3c«.  83.     2x«-xy+3y».      38.     ar«-6«+7. 


•4.     l-2ar4  3i»-43-. 


88.   oa:»-26a:»+3e. 


37( 

ALOKBRA. 

ZVL  c.    Page  107. 

L 

|-»  ••  *-| 

8.    g+y.     ft.    P+& 

'  |-» 

9. 

!-•     ,.   |,a    .    ^-|. 

9. 

M->- 

1& 

•'+«-? 

U.    a«-^a  +  |. 

12. 

a«-3.4 

U. 

a*    a    X 
2+5~a 

1ft.    «•-«+!. 

15. 

f-4 

U. 

3a    1^23! 
IT-R+Si- 

17.    4»i*+|n+l. 
XVI.  d.    Page  110. 

18. 

2*»+8  +  |. 

L 

a+1. 

2.    x+2. 

8. 

aar-y». 

«. 

2i»-l. 

S.    4a-3&. 

6. 

l+ar  +  a:». 

T. 

l-2a:+8a:«. 

8.     0+26-C. 

9. 

2a«-3o+l. 

M. 

»*-y+i. 

11.    2T«+a:-3. 

12. 

3««-2zo+3o» 

U. 

8a:»-«-l. 

14.     a:*-2xy+4y*. 
XVi.  e.    Page  111. 

10. 

3a!»-ar+e. 

L 

i-^- 

a.    1+2. 

8. 

3,4 

ft. 

..-1 

e. 

fv. 

7. 

y         X 

.    l-l+l 

9. 

sc     .    2a 
--4+—. 
a          £ 

10. 

^-A  +  ^ 

11.    ?-l+l 

12. 

-3-  + S. 

X          a 

6         a 
XVII.  a.    Page  112. 

y»      y 

1. 

a(o*-«).         8. 

«»(x-iy.        S.    2a(l- 

-a). 

4.    a(a-b*X 

0. 

piip+n 

6.    2a:(4-«V 

7. 

6ox(l-o»x). 

& 

«^3+*»y. 

».     x{x+y). 

10. 

«»(«-y). 

U. 

6x[l-&xy). 

12.    SO+Sx*). 

18. 

16a:(l+4a:yV 

14. 

15o«(l  -  16a*). 

16.    27(2-3*). 

10. 

8a!^2-6a:y). 

17. 

x(3x*-«+l). 

18.    2a:»(3+*+2!e»). 

19. 

«(«"-ay+«*). 

30. 

3a«(o»-a6+26»). 

21.     2xy»(«y 

-3x+y). 

22. 

3x(2x»-3«y+4y«).                 23.     5a*{a»- 

2o«- 

Sa^ 

Sft. 

7o(l-o«+2o»). 

20.    19a*z>(2z*+3a)^ 

1.  (o+6)(o+e). 

4.   (o  +  3){o+c). 

7.    {5+b){a  +  b). 
10.    {p  +  q){r-a). 
18.    {2x  +  y){a  +  b). 
16.    {x-2y)(OT-n). 
W.    (o  +  6){ar»  +  2). 
M.    (3z  +  5)(a:»+l). 
26.    (a  +  fec)(a:y-z). 
88.    (ax+6y)(m.r-ny), 


ANSWERS. 

XVn.  b.    Paob  113. 

a.  (o-e)(a  +  6).  8. 

e.  (2+c)(z  +  c).  6. 

8.  (o-y)(6-y).  9. 

11.  (a;-y)(OT-n).  12. 

14.  (3o-6)(a:-y).  15. 

17.  (Mr-3fty){x-y).  18. 

20.  (a:-3)(x-y).  21. 

23.  {x+l){3J>  +  2).  24. 

28-  (f+g''){3P-a).  27. 

29.  (a-6-c)(x-y).  30. 
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(ac  +  d)(oc  +  6). 
(ar-o)(x  +  5). 
(o-6)(a:-2). 

{x-a)(m  +  n). 
{2x  +  y){3x-a). 
{jr  +  mt/)(x-4y). 
(2x-\){x3  +  2). 

{2x  +  ay)(ax-by). 
{a  +  b){ax  +  by+c). 


1.   (o+l)(o+2). 
4.    (a-4)(a-3). 
7.    (x-9)(x-10). 
10.    (a;-9){a;-12). 

15.  (x-7)(x-12). 

16.  (x  +  8){x+12). 
19.    (x+17)(x  +  6). 
22.   (o+15)(o+15). 
28.    (a-76)(o-7A). 
28.   (m-7«)(m-15n), 
81.    (;r'+l)(x3+7). 
34.    {x  +  24y)(x  +  2.5y). 
37.   {a-5hx){a-l5bx). 
40.    (x»  +  81)(x«  +  81). 
43.    (12-a;)(ll-x). 
46.   (13-xo)(ll-a:a). 


XVII.  c.     Page  115. 

2.    (o+l)(o+l).  3. 

5.    (x-5)(x-6).  6. 

8.    (x  +  6)(x  +  7).  9, 

11.    (x-5){x-16).        12. 

14.    (x-6)(x-13).        18. 

17.    (x-ll)(ar-15).       18. 

20.    (a -19)  (a -5).        21. 

23.    {a  +  27)(o  +  27).       24. 

26.    (0  + 26)  (a +  36).       27. 

29.    (x-lly)(a:-12y).  30. 

32.  (x«+2v»)(x2+7y«).  33. 
36.  (xy+17)(xy+17).  36. 
38.  (x+13y)(j;  +  30y).  39. 
41.    (4-x)(3-x).  42. 

44.  (8  +  x)(ll+x).  46. 
47.    (17-x«)(12-x2).    48. 


(a +  3)  (a +  4). 

{x-7)(x-8). 

(x-10)(x-ll). 

(x  +  6)(x  +  15). 

(x-3)(x-15). 

(x-13)(x-8). 

(a-16)(a-16). 

(a-19)(a-19). 

{m-5ii){m-8n). 
(x-I3y)(a--I3y). 
(xy-3)(xy-13). 
(o«62+2o)(fl«/;^+12X 
(a  -  26)  (a  -  276). 
{5  +  x){4  +  x). 
(26  +  xy)(5+xy). 
(27+x)(8  +  x). 


XVn.  d.    Page  116. 


1.   (x+l)(x-2). 

4.   (x+3)(x-2). 

7.  (x  +  8)(x-7). 
10.    (a +  4)  (a -6). 
13.   (a  +  9)(o-13). 
16.   (x+ll)(x-10). 


2.    (x  +  2)(x-l). 

6.    (x+l)(r-3). 

8.    (x  +  8)(x-5). 
11.    (o  +  3)(a-7). 
14.    (x+I2)(x-3). 
17.    {x+6)(x-15). 


8.  (x  +  2)(x-.3). 
6.    (x  +  .3)(x-l). 

9.  (x  +  2)(x-fi). 
12.    {rt  +  5)(o-4|. 
16.    (x+13)(r- 12). 
18.    (x+15)(x-16X 


•  n 


t 


M\ 
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ALGEBRA. 


M. 

(o+6)fo-17). 

90. 

(a+8)(o-19). 

SI. 

(xy+3)(xy-8). 

IS. 

(x+12y)(ar-6y). 

28. 

(«+7o)(x-8o). 

24. 

(x+3y)(x-36y). 

M. 

(o  +  14y)(o-l^). 

26. 

(x+23)(«-5). 

27. 

(x  +  4y)(x-24y). 

S8. 

(a!+26)(«-10). 

29. 

{o+2)(o-13). 

80. 

(ay  +  24)  (oy- 10). 

SI. 

(a»+76«)(o«-8fe») 

82. 

(r'+3)(x»-17). 

88. 

(y«+9xa)(y«-3x»). 

s«. 

(ah  +  2c){ab-5c). 

80.     (o+146x)(a-26x). 

»6. 

{a+9xy){a-27xy). 

87.     (x»+26o«)(x«-12a'). 

88. 

(x»+llo»)(x«-12o«). 

89.     (x»+21o« 

)(x'-22a''). 

M. 

(a*+30)(a*-29). 

41. 

(l+x)(2-x). 

42. 

(2+x)(3-x). 

48. 

(ll+x)(10-«). 

44. 

(20+x)(19-x). 

4B. 

(15+ ox)  (8 -ox). 

«e. 

(6+«y)(13-a^). 

47. 

(U+x)(7-x). 

48. 

(17+x)(12-ar). 

XVIL  e.    Page  119. 

L 

(r+l)(2ar+l). 

2. 

(x+l)(,3x  +  2). 

3. 

(x+iy(2x  +  l). 

«. 

(x+3)(3ar+l). 

0. 

(x  +  4)(ar  +  l). 

6. 

(x+2)(3x+2). 

7. 

(x+2)(2a;+3). 

8. 

(x+5)(2x+l). 

9. 

(x+3)(3x+2). 

10. 

(x+2)(5x+l). 

11. 

(x  +  2)(2x-l). 

12. 

(x+l)(3x-2). 

18. 

(x+3)(4x-l). 

14. 

(x+5)(3x-l). 

16. 

(x+8)(2x-l). 

16. 

(2x  +  l)(x-l). 

17. 

(x+3)(3x-2). 

18. 

(x+4)(2x-7). 

19. 

(x  +  6)(3x-5). 

20. 

(2x  +  3)(3x-l). 

2L 

(3x+l)(2x-3). 

33. 

(3x+4)(x+l). 

23. 

(x+7)(3x+2). 

24. 

(2x+5)(x-3). 

88. 

(x+7)(3x-2). 

26. 

(x-7)(3x+2). 

27. 

(3x-5)(2x-7). 

28. 

(4x-7){x+2). 

29. 

(x-2)(3x-7). 

80. 

(x+13)(3x+2). 

81. 

(x+5)(4x+3). 

32. 

(2x+y)(x-3y). 

88. 

(2x-7)(4x-5). 

84. 

(3x-2y){4x-5y) 

.36. 

(15x-l){x+16) 

36. 

(15x-2)(x-5). 

87. 

(12x+5)(x-3). 

38. 

(12x-7)(2x+3) 

39. 

(8x-9)(9x-8). 

40. 

(8x+y)(3x-4y). 

41. 

(2+x)(l-2x). 

42. 

(3-x)(l+4x). 

43. 

(2  +  3x)(3-2x). 

44. 

(4  +  3x)(l-2x). 

46. 

(l  +  7r>f.'5-3x). 

46 

(7  +  3x)(H-x). 

47. 

(6-x)(3-5x). 

48. 

(4+5x)(2-x). 

49. 

(5  +  4x)(4-6x). 

60. 

(8-9x)(3  +  8x). 

XVTT.  f.    Page  120. 

1. 

(x+2)(x-2). 

2. 

(cr  +  9)(a-9). 

8. 

(y+10)(y-10). 

«. 

(c  +  12)(c-12). 

6. 

(3  + a)  (3 -a). 

6. 

(7  +  c)(7-c). 

7. 

(ll+x)(ll-x). 

8. 

(20+a)(20-o). 

9. 

(x  +  3a)(x-3a). 

10. 

{y  +  5x)(y-5x). 

11. 

{Gx  +  5b){6x~5b).12. 

(3x  +  l)(3a;-l). 

13. 

(6p  +  7q)(^-7q) 

.  14. 

(2ifc+l)(2i-l). 

16. 

(7 +  10*)  (7 -10^) 

16. 

(l  +  5x)(l-5x). 

17. 

(a +26)  (a -2ft). 

18. 

(3x  +  y)(3x-y). 

19. 

SI. 

38. 

30. 

38. 

80. 

38. 

86. 

88. 

41. 

43. 

45. 

47. 
49. 
01. 
08. 
00. 
07. 
09. 
61. 


(M+6)(pq~6).  30. 
(a:»+3)(a:«-3).  33. 
(5x+8)(5x-8).  84. 
(ar»  +  5)(a^-5).  86. 
(9ar»  +  5o)(9x»-5o). 
(o  +  8jH')(o-8a:»).  81. 
{l+ab){l-ab).     84. 

(a;  +  5y)(a:-5y).    39. 
(llo  +  9z)(llo-9a:). 
(8x+5z»)(8r-52»). 
(9pV  +  ,56)(9/)223-56), 

{5afi  +  4a*){53fi-4a*). 

1000x150=150000. 

1000x500x500000. 

1006x600=50.3000. 

2000x1446=2892000. 

2500x1122=2805000. 

16264x2=32528. 


ANSWERS. 

(ab  +  2cd){ab-2cd). 
(3aNll)(3a»-ll). 

(9o'»  +  7a~»)(9o«-7a:«). 

(l+6a3)(l-6o''4.   87. 

39. 

{ab  +  3jc^){ab-3x^).  33. 

(2  +  ar)(2-a:).  sa. 

87 

(1  +  106)(1-106).    40, 
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43. 
44. 

46. 

48. 

00. 

03. 

04. 

06. 

08. 

60. 

63. 


(3a:>+a)(3«a-a). 

(^y^  +  2){ary-2). 
(3  +  2o)(3-2a). 
{3r'+if)){x'-4b). 
(5  +  8ar){6-8x). 

(7xa  +  4y2)(7x«-4y»). 
(4a*  +  3y3)(4a:8_3^j_ 

241x1=241. 

658x20=13160. 

200x2=400. 

2378x900=2140200. 

3000x2462=7386000. 

10002x10000= 10002000a 


1. 

8. 

0. 

7. 

9. 
11. 
13. 
10. 
17. 
19. 
31. 
33. 
34. 
36. 
38. 
39. 


xvn.  g. 

{a+6  +  c)(of6-c). 
ix+!/+2z){x  +  y-2z). 
(a  +  3b  +  4x){a  +  3b-4x). 
(a;  +  5c  +  l)(a;+5c-l(, 

(2r-3a  +  3c)(2a:-3a-.3c). 
(x  +  y  +  z)(x-y-z). 

(3-;;  2a    :^')(3x-2a  +  3b). 
(c  +  5a -36)(c- 5a +  36). 
i(*-b  +  x  +  y){a-b-x-y). 
(<*  +  b  +  m-n){a  +  b-m  +  n). 
{b-c  +  a-x){b-c-a+x). 
('t  +  2b  +  3x  +  4j/){a  +  2b-3x 
(l  +  7a-36)(l-7a  +  36). 
(a-3x  +  4y){a-:Lr^4y). 
{a  +  b-c  +  x~y  +  z)(a  +  b-c 
(3o+26  +  c+x-2y)(3a  +  26- 


PauE  121. 

2.  (a-b  +  c)(a-b-c). 

4.  (a:  +  2y  +  a)(x  +  2yla). 

6.  (x  +  5a+3y){x  +  5a-Sy). 

8.  (a-2x  +  6)(a-2j;-6). 

10.  {a  +  b-c){a-b  +  c). 

12.  {2a  +  y-2)(2a-i/  +  c). 

14.  (l  +  a-6)(l-a  +  6). 

Ito.  (o  +  6  +  c  +  rf)(a  +  6-c-rf). 

18.  (7a:  +  y+l)(7j;  +  y_i), 

30.  {a-n  +  b  +  m){a-n-b-m). 

22.  (4a  +  a;  +  6  +  y)(4a  +  ^_^_y) 


-4y) 


25.     ia-b  +  x-y)(a-b-x  +  i/), 
27.     (2(i-5j;+l^(2a-5j:-l).' 
-a;+y-2). 

-c-a:  +  2y).    30.    y{2x  +  y). 
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SL 
M. 

87. 
40. 


1. 

S. 

6. 

7. 

9. 
11. 
18. 
IB. 
17. 
19. 

n. 
sa. 

28. 
94. 
9B. 
97. 
99. 
80. 


1. 

8. 

6. 

7. 

9. 
11. 
13. 
IS. 
17. 
19. 
21. 
93. 
90. 


y{2x-if).  89.  {x  +  5y){x+y). 

(8x+y)(2«+3y).  80.  5y{fke-6y). 

Sa{a  +  2).  88.  (7o  +  l)(o-l). 

x(x-14y  +  2z).  41.  y(2x+y-16). 

ZVII.  h.    Page  122. 


47x(«+2!y). 
(12aj-l)(2x+7)^ 
3a{a  +  2b-2c). 


88. 
86. 

89. 

49.    a(ix-¥a-6). 


x+y+a){x+y-a).  2. 

x-3o+46)(x-3a-46).  ». 

x+o+y)(x+a-y).  6. 

x  +  a  +  b){x-a-b).  8. 

l  +  x+y)(l-x-y).  10. 

x+y+2xy)(x+y-2xy).         19. 
x+y+o  +  6)(x+y-a-6).      14. 
x-2o  +  6-y)(x-2a-6+y).     16. 
x-l+o+26)(x-l-a-26).     18. 
x-y  +  o-6)(x-y-a  +  6).      20. 
2x-3a  +  c  +  k){2x-3a-c-k). 
o-66  +  3&x-l)(o-5fe-36x  +  l). 
a»  +  4jr«  +  5x»  -  3)  (a2  +  4x«  -  .5x3  +  3). 
x«-a»+x-3)(x2-o«-x+3). 

o"  +  o6  +  6«)  (o«  -  oi  -!  fc').         26.    (x» + 2xy  +  4y2)  (a;"  -  2xy  +  4y«). 
(p»+3pg  +  97«)(/)''-3/?g  +  C«7'»).     28.     (c'»+cd  +  2cP)(c»-cd+2eP). 
x2+3xy-y2)(x='-3xy-y«). 
2m'» + 3mn + n«)  {2m«  -  3mn  +  n"),  or  (4m2  -  7i^){m^  -  »»). 

XVII.  k. 


{a-b  +  x){a-b-x). 
(2oHfe  +  3<-)(2o  +  5-3c). 
(o  +  y  +  x)(a  +  y-x). 
{y  +  c-x){y-c  +  x]. 
{e  +  x-y)(c-x  +  y). 
{a-2b  +  3ac)(a  -2b  -5ae). 
(a-b  +  c  +  d){a-b-c-d). 
{y+6  +  o  +  3a-)(y  +  6-a-3x). 
(.3a-l+x  +  4'/)(3a-l-x-4<f). 
(a       +c+d){a-b-c-d). 


x-y){x'+xy  +  y^). 
x-l)(x^+x+l). 
2x-y){4x^+2xy  +  y% 
3x  +  l)(9x2-3x+l). 
ah-c){aV)^  +  abc  +  c^). 
l-7x)(l+7x  +  49x2). 
5  +  a){25-5a  +  a^). 
ofc  +  8)(a«6'«-8a6  +  64). 
x  +  4y)(x*-4a^+16y''). 
ab  +  6c)  (a'ft"  -  Gabr  +  SGc"). 
o  +  36)(o«~.'W,'  +  962). 
5x-l)(25x2  +  5x+l). 
xy + z)  (a^^  -  xyz + z'). 


Page  123. 

2.  {x  +  y)[x^-xy  +  y'^). 

4.  (l+a)(l-a  +  a«). 

6.  (x  +  2y){x2-2xy  +  4y2). 

8.  (l-2y){l+2y  +  4y2). 

10.  (2x  +  3y)(4j.*-6.ry  +  9y'»). 

12.  (4  +  y)(16-4y  +  y2). 

14.  (6-o)(36  +  6a  +  a2). 

16.  (10y-l)(100y3+10y+l). 

18.  (3-10j:)(9  +  30x+100x2). 

20.  (7-2x)(49+14x  +  4x2). 

22.  (3x  -  4y)  {9x=  +  12xy  +  16y'). 

24.  (6p  -  7 )  (Sep"  +  42/)  +  49). 

26.  (a6c-l){a*6»c»+a6c+l). 
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«•     (7«+l(V)(4fte»-7aq,+  i00y.) 
««•     (9«-«)(81a«+38o6  +  l66«). 


1-    («-l)(x-2). 

*•     (y-7)(y+3). 

7.     (n  +  2)(«  +  10). 
W.     (y+ll)(y-io). 
W-     (a  +  9)(o  +  9). 
"•     («-7)(a;-7). 
"•     (n  +  8)(n  +  3). 
«•     (o6-2){o6-2). 
'B-     (»»  +  Il)(TO-8). 
^-     (^-9)(ary  +  8). 
'!•     (o-lC6)(o  +  26). 

«*•      (2»-13)(2»+6) 

37.    JaV(»»-3n) 
40.     (a+6)(x+y 

43.  (26  +  1)  (6 +6)^ 

44.  (cd+i;(cJ-2). 
49-  (a»+2){a+l). 
"•  (2y-3)(3y+l). 
6«.  {4+pq){4+pq), 
08.  (»i»+2)(2in-l). 

61.       (17-2)(l-2). 

44.     {3m»-5)(2m'+9). 


XVn.  L    Page  124^. . 

a.     (o  +  2)(o+6).  8. 

»•     (c  +  I)(<!  +  ll).  6. 

»•     (y+IO)(y-l).  9. 

11.     (2-15){z+6).  la. 

14.    {6-27)(6+3).  18. 

".     (y  +  72)(y  +  32),  18. 

20.     {p-8)(p  +  3).  r.. 

23-     (ab  +  S){ab  +  2).  ac 

3«.     (n-15)(«  +  3).  27. 

».     {z-6)(z+4).  30. 

3a.     {o6-8)(a6  +  7).  83. 

»•     (y'  +  5){ya-7).  36. 

38.     .5a:»(2  +  5a5^).  89. 

41.     {x  +  y)(x-z).  42. 

44.     (a;-3y)(a;-3y).  5. 

47.     (2a:  +  3)(3j:-l).  4b. 

M.     2At{c-3d  +  (P).  81. 

M.     (2r-3)(2a:-3).  84. 

"•     2(42-3)(2n-2).  87. 

M.     o«(a-6)(a-3).  60. 

«a.     {2m»+3)(m"-7).  63. 

M.     (3m-4)(3»i-4).  66. 


(6  +  4)(6-8). 

(ar-6)(ar+iy. 

{p-OgHp+ig). 

(i-6)(*-8). 

(c+27)(c+3). 

(2 +  9)  (2 -7). 

(/+12)(^-3). 
(6 -9)  (6 +5). 

(P+13)(^-S). 

{x+8y){x-7y), 

(y«+13)(ya-12). 

{x+13y)(a;-7y). 

(y-5)(y  +  3). 
(3c-2^(c  +  l). 

{3a;- I) (a; -3). 
(o-6)(4-c). 
«y(a;+9)(x-7). 
(3+4p)(l-3p). 

a(o  +  7)(a-6). 
(7  +  x)(2-ar). 
(5x-3y)(a;+2y). 
(5+9o)(6-9a). 
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n. 

T9. 

n. 
ss. 
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89. 

91. 

98. 
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96. 

97. 
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99. 
100. 
108. 
104. 
106. 
106. 
107. 
109. 
HI. 
118. 
115. 

U7. 

118. 


(oV+3)(oW-3).  68. 

(l-4m)(l+4m  +  16»n«).  70. 

{pq-l){p^^+pq+l).  Ta. 

(l+8x)(l-8a:).  74. 

4(5a6»  +  l)(5«/»''    I).  76. 

(o+x+l)(o  +  ar-l).  78. 

a:(3a;  +  2y)(3x-2y).  60. 

/(/-?)(/ +  6).  88. 
(ix'-3y)(l6x*  +  l2xhf  +  9y*).     84. 

(««+17)(x»-17).  86. 

(10z-3)(l002«  +  30z  +  9).  88. 

(a  +  b  +  c){a-b-c).  90. 
(ar»+y'»  +  3*y)(ar»+y'«-3a:y).      92. 


(Z+l)(9-2l+P). 
(*»  +  «)(*»-«). 
(2s  +  l)(42«-2z  +  l). 
2(6p  +  l)(26;>»-5p+l). 
(9  +  cd)(8l-9c(/  +  c«(Z«). 
(4+6-c)(4-6  +  c). 
(p-5q){p  +  iq). 
(ofcc  +  9d)(o6c-9rf). 
(x-17)(x+19). 
(/+17)(/-16). 
(o  +  23)(o-13). 
(l  +  x-3y)(l-a:  +  3y). 
(o»+a  +  2)(o''-o  +  2). 


(6-29)(6+27).  94.     (x  +  2){x'-2x+4){x-2){3^  +  2x  +  4}. 

(3y + 2a;)  (9y«  -  6xy  +  4ar')  {3y  -  2ar)  (9y» + 6xy  +  ix^). 

(a;«+l)(x"+l)(a;+l)(x-l). 

o6(3a  +  6) (9o»  -  3a6  +  6') (.3o  -  'j) (Go"  +  3o5  + 1"). 

o»(aa; + 2y)  (o«ar»  -  2aay + iy^)  (ax  -  2y)  (aV  +  2aa:y  +  4^'). 

(o'  +  6")  (o*  -  a'b^  +  b*){a  +  b)(a'-ab  +  b^){a-b)(a^+ab  +  6«). 

(ar'+2yV)(a:"  +  2y»z«).  101.     (a6  +  8)(o%«-8a«»  +  64). 

(2a;+7)(x+6).  108.     20y(5a:  +  y)(5x-y). 

{{o+6)«+l}(o  +  6  +  l)(a  +  6-l). 

(c  +  d-l){(c  +  d)''  +  c  +  rf  +  l}. 

(l-x+y){l  +  x-y  +  (a;-y)»}. 

(«-19){x  +  13).  108.     (a  +  9)(a-31). 

2{5(o-6)  +  l}{25(o-6)«-5(o-6)+l}.        110.     2c(c2  +  3cP). 

9y(4x»  +  2xy  +  y'»).  112.     (x-2y)(x+2y+ 1). 

(o-6){o  +  fe  +  l).  114.     (a  +  b){a  +  b  +  l). 

{a  +  b){a^-ah  +  b^+l).  116.     (a + 36)  (o -36+1). 

(x-y){2(x-y)  +  lH2(x-y)-l}. 

xy(x+y)(x-y)(x-y). 
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1. 

4. 
6. 
9. 

11. 

IS. 
15. 
16. 
17. 

ai. 

33. 
34. 
36. 
38. 
39. 

80. 


AMSWIBa. 

Miae«llaneon8  F  amplet  m.    Pao,  ]26. 

**-2».  a.     42a-406  +  30c,  s     a»->* 

72.  -      109  ,       . 

210-  «•     =^  +  ~x  +  2. 

(1)  x=  -2.  y  =  4;   (2)  x  =  6.  y=  -2.     «.     ?«  „i,„ 
84a5«+25ar>+101«-30.  ^* 

a:*+14ar'  +  27x»-154x+I21. 

(1)  (x  +  2a)(x-6).   (2)  (a:«+14y)(a;a-4y). 
H.C.P.=7;L.C.M.=3528a%V.  ig.     §1,4 

(1)  m-n=a  +  c;  (2)  3a«6»+c»=^(TO  +  „,.' 

33.     6a:"-a!y-y». 

Train  31  miles,  coach  7  miles. 

x=--2,  y  =  3,  2  =  0.  *       * 

(l)xy(x  +  2y,(.-2y);   (2)  («  +  „,(„_  „,(2^,^3^,^_ 
^  days,  2|. 


I*-     (1)7;  (2)  -If 


19.     3p. 


I 


I 


XVin.  a.    Page  129. 

1.  a  +  6.  2.  a:  +  y. 

^-  ^+y-  6.  06(0 -ft) 

»•  6(0  + ft).  10.  ar_3y^ 

"•  2(5x-l).  14.  3x  +  2y. 

"•  («-y)".  18.  x«  +  a2 

21.  x  +  2.  23.  ^.5 

25.  3x+l.  26.  x-1. 

»•  «(o-36).  30.  2x  +  l. 


8.     x(x-y), 
7.     a(a-x). 

U.  O  -  X. 

W.  «+l. 

!»•  x  +  2y. 

28.  x-3. 

27.  cx  +  d. 

81.  ar»(3ar+2). 


*•     ar-3y. 
8.     a  +  2x. 
12.     2x  +  y. 

y{x-\). 

x-So. 
24.     x-3. 
28.     xs  +  y. 


16. 
30. 


JJ 


"^^11 
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X.  a^-&04'2 

T.  a*-2ax+afi. 

10.  2x»-7. 

U.  8x*+2a'. 

M.  3a'-ax-2a^. 

It.  2a^2ie+7). 

tl.  «*+x»-l. 

SB.  »(8+4a;). 


XVm.  b.   Paob  18& 

I.  fl^-13x-f&             & 

•.  x+1.                           t. 

11.  8x^+1.                    U. 

14.  a^-oiV+cA            IS. 

IT.  a!y(2a^+a!y-3y*).  18b 

M.  6(3»-Sa).               SL 

as.  !+»*-«•.            fl*. 

36.  a^-2ie+l.              tT. 


c-fS. 
a^-ax+7. 

2aAi'(2a;-8a). 

l-i-o. 
2^-7. 


a.   PAaB  187. 


1.    ' 
*        2* 


8.    4(«- 


ZrC  b.   Pagb  1391 

The  expreanon  in  []  is  in  each  oaae  the  H.0.7.  of  the  nnmeratot 
and  the  denominator. 


"•   SB' 


a+26  •■ 

«±|[(a-l)(a-2)]. 

o  +  « 

^  C{2»+36)(«-6)] 


2a*+3xy  +  7y«  ••        ^* 
Lz£±?*'  ri+a;+a!»l 


7. 


g-1 
3x*+3«+10 
4as*— oas+c^ 


[x+oj. 


4a-b 


[a -by 


"         «»+a» 
U.    (2r-8a]F  [(2x+3a)>I. 


3x»+^+«-2 


ANswnta 


«  ^Jf-'j 


S8S 


L 
S. 


7 
15- 

x+2  ' 

X 


a. 

6. 


XIX  c.    Paob  148. 
8.     2. 


«.    6«+36+9.   14. 


18. 


ah 

j6a-6 

«(3a-2) 
2ar-l 

2ar-3' 
1 


as.    I. 


a-x 

a+x 


80.     1. 


IL 
10. 
19. 
88. 

87. 
8L 


gf2 
«-l' 
g+l 
x+6' 

a; 

— • 

1 

5* 

tn 
n 

a+x. 


83. 


L 
S. 
8. 


ZZ.  a.    Page  144 


16. 
18. 


«(a:+l).  a. 

ar(»+l)(a:-l). 

fl«(3a!-l). 
11-     («+2)«{x+3). 
18.     {«-3)(ar-l)(a.+2>. 
W.    (*+7)(«-8)(a;-6). 
".     (a:+2)(x+3)(3ar+2). 
1».    («+2)(ap+8){2a:-l). 

«:    ^'^'ImiJl^j'N,    »    -(-7)(3..5)(3.-2, 
^.    miW(m.-„.,(«-„)..  ,^    8c«(2c-3d).(8c.-27dV. 


».     a:(x  +  l)(x  +  2).     10.     (x+l)(x-,,(;,.L 
M.     (x-l)(a;-2)(«-4). 
14.     (a?+6)(a:-4)(ar-6). 
(a;+l){x+2)(2a:+l). 
(x+2)(x  +  3)(6ar+l). 


80.     (x  +  2)(x-2)(Zx-l). 
&«:°(a:  +  7)(3a:+6)(3ar-2). 


! 

4 
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b.    Page  146. 

1.  H.C.F.  «-2.    L.C.M.  (aj+l)«(a!  +  2)(«-2)(x-8). 

t.  {ax  +  b){ax-b)(bx+a).  S.    *y(x-o)(y-6){y-26y. 

4.  H.C.F.  x(x  +  8).     L.C.M.  x(x-l)(x+3)(2x-l). 

5.  (l+x)»<l-a:)'-  ••     (x-2)(x-4)(x-6). 

T.  H.C.F.  2x+l.    L.C.M.  (2x  +  l)(x  +  l)(x-l)(8x  +  2)(3x-2). 

t.  o6V(c+o)»(c-a)«.   • 

».  L.C.M.  y»(x-y)»(x»+xy  +  y«).    H.C.F.  x-y. 

10.  H.C.F.  2x-3.     L.C.M.  (2x-3){3x-2)(x+4)(3x+4). 

11.  (x+a)»{x*+ax+o«)(x«-ax  +  o^. 

H.  H.C.F.  3x-y.    L.C.M.  (3x-y)(x  +  y)«(x-y)«. 

15.  x-1.  14.     (o  +  6)(o-6)(o-26)(a«+a!>-rV). 

16.  H.C.F.  a«+xy.    L.C.M.  (o«+xy)(2x  +  8y)(2x--3y). 

16.  H.C.F.  (x-3)(x-4).    L.C.M.  (x-2)(x-3)(x-4)(x-6). 

XT.  x-8a.  18.     106xV(*  +  y)'(«-y)'- 


1    *i^+L) 

6      ' 
_      19X-201 
225     ■ 


11. 


14. 


7. 


10. 


18. 


a. 


XXL  a, 

13(x-2) 
12      ■ 
12x»+28x-27 
8x» 


Page  150. 

.      25a;-61 


56 


7.  a 


66»c  +  66c« + 3ac« + 3o«c  -  4o«fe  +  4o6» 


6X+31 
102z  ' 

x»+y* 
xV 


la. 


12a6c 
o*fe«-6*c»+aV 


10. 


17x 
36* 
3(a-f36) 

a«  +  3x« 


18. 


2ax 
llx»-18x»-27x-16 


16. 


16. 


2x+6 
(x+2)(x+.3)' 

2(x+6) 
(x-6)(x+2)" 

2 
(x+2)(x+4) 

6 
(x-2)(x-5)" 
x+2y 


3y+2z 
yz 

TTT  b.    Page  161. 

x  +  6 


3(te» 
o»+6»+f'-3a6c 


a. 


4x>-9y3 


11. 


14. 


(x+3)(x  +  4) 
(o-6)x 

(x+o)(x+6) 
4ax 

cue 

3ax 


abc 


8. 


6. 


12. 


16. 


1 


(x-4){x-5) 
{a  +  b)x-2ah 
(x-a\{x-b)' 

8x 
^^ 
5x+9 
x»-9" 

4ab 
4^^^ 


"  i^^ 


If. 


fa* 

»^ 

(«-2)«(x+2)' 

x+y 

».     2(13£+7) 

3(j:»-4)-     "• 
2 


SI 
M. 
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XT. 


n.       ^' 

*(«  +  2o)' 
H.    26. 


ax{x-aj{x+a/ 
ZZI.  c.    Paos  163. 

X 

4x-6 


6(x»-l)' 


(x-2)(aj-3)(«-4)" 

1 

<x-|)(!ic+l)(3x-2)' 

2ar 

(i+ar)(2+x)(6-9a:)" 

1  1 


1 

«+2' 


19. 


IS. 
1«. 

IC 
IS. 
SI. 

s«. 

26. 

28.     . 

81 -X* 

31      a{a'+2ax+3a-') 

*{a*-x*)       • 

34^     ga(a'+32ar') 

3(o«-256a:«)' 


7.     0. 
11. 
13. 
10. 
17. 


9      12a«-4a  +  7 
3  (4a* -9)' 


(x-4)(x-6)' 

2_ 

(«-I)(2r+l)(2x  +  3J' 

17a 

(l-2a)(4+o){3  +  fia)* 
x+2 


o  + 


8aJ  +  4x-3 


(x+I)(x  +  3)' 

3x+2  _ 

(x-2)(x-i)(-x  +  iy 


x«+ll 


(x-l)(x+2)(x+3) 
32a» 

(l-2a)''(l  +  2a)* 
4x» 


(x-l)(x+l)(2x+l) 
38 


38. 


1 


2x+r 
2x+13 


27. 


(x  +  3)(x  +  4){x-4)' 
96x8 


37. 
40. 


J(o*-256x«)' 

36a« 
o«-656r 

2 


29. 
83. 
85. 
88. 


(3-2x)a{3  +  2x)' 
— 72«_  ^         1 

16o«-8r  *'•     IT?* 

^,  83.     £(37  +  172^ 

16-x*  6(l-16x«)' 

7a»+45  .,        a* 


6io-»-81)' 

2 
x»(a?r4)- 

*1.     1.  43.     0. 


86. 


89. 


l-x»' 
1 

(3x-.v)(x-3y)* 
4x 


48. 


x»-l 


MA 


ALOBMA. 


1. 

•. 

f. 
U. 
IT. 


«. 


ei-aifc 

id(l-M)' 

2» 
2{Kr 

aa 

(«-a)(x-6T 
«• 

a» 

(o-6)(a»+6»)* 

0. 


t. 
t. 

10. 

14. 
IS. 

n. 

IB. 


I. 

f. 

11. 


g-fia 
v-t-a' 
1 


ZZL  d.   Paob  ISA 

1 

7* 
2 

in: 

{x-a){x-b) 


"•    4a*-2S6* 
It. 


«. 

•. 
It. 
IS. 


12(20; -t-1) 


b(a-«-b) 


fx 


0. 
0. 


ts. 

M. 
St. 
M. 


4a* 


2^+x  +  3^ 
2(1 -X*)" 

a«-6«* 


ST. 


a)(x-6r 
48a« 
(a*-o»)(ar»-9o*)' 
o-g 

o  +  af* 

■••    x(x»-l)" 


0. 

0. 


1 


ZXL  e.    Page  159. 
8. 


6c+co  +  o6-a"-6»-c«      ,     »*+»»->•  2*-yg-«-aey 


(x-y)(y-«)(»-x) 
6.     0. 


T.    0. 
10.    0. 


na  -  im6' 

8.    A. 

46 

•        g<^ 

W  +  c' 
^    x(x  +  3) 
x+4 


(o-6)(^-'•*'''-o) 
2(fcc  +  ro  +  a!>-a''-y-c'') 
(Sn0(5^^c)?c^:^a) 

,     2(7r+rp+pg-p'-g»-f^) 

(p-7)(«-»')(r-f)) 
U     y(y-z)-Hg(8-g)  +  r(x-y) 
(y-2)(z-x)(x-y) 


S.     0. 


U.     0. 


ZXn.  a.    Paop  163 


a. 
«. 

10. 
14. 


x  +  y 
y-x 
a 
c* 

wr 


nx-m 
x  +  1 

"x'd+S)' 


7. 
11. 
16.     - 


dx-y 
x«+y»" 

;m(aW  +  fe/') 

W(/>n»-!-itn)" 

x»(2x  +  3) 

x  +  2 


^     x  +  c 
b-x 

8.     — 

ae+h' 

12.     x-1. 


IC.     t. 


AMfWng. 
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IT. 


U.    8. 


tt.    a+x. 


"•    ITT- 


U. 


1 


2 
M.    i. 


If. 

ta. 

17. 
U. 


^ 


4 
o(yt4ii) 

aifl  +  IMT  +  HB 

o-e 


I+oc' 

b.    Pao«  167. 
ax  .  an* 


M. 

11. 

i-«. 

M. 

b 

M.    2x*. 


A  «*  _ 


i»    3a  .  3A     6« 


4    T  +  2-  ■•    25--2  +  2+S- 


a    0    e 


T.    «-a^+«»-ar«;  Rem.  x». 
t 


l+2r+2«»42x»;  Rem.  2*«. 
9    27    „        81 


10. 


6     2+5- 
l  +  x-ar»-x*;  Rem.  a«. 


IL    *-3+--p;Rem._     w.     I+2x+3«»+4*»;  Rem.  S««-4x». 


ir. 
at. 


x-3 

x-4' 

0+36' 


18.    3(a-2x)«. 

«      (2x-3)(2x+7) 
6 


19. 


5^-36-2 
"6-6     • 


T. 
9. 

19. 
16. 


ZZn.  e.    Page  168. 
9. 


X(X+l)«(l+«+x»)' 

2r+3 


8(«+6)" 


(o-a;)(a  +  x)*' 

2(a»+a  +  l) 

o(o+l)(o+2)" 

K.A. 


10. 

18. 
16. 


x(g+a) 
2      • 
4ar(2-g) 
(x-l)(x»+l)' 

8. 

far  +  o 

aa:+  " 

3x»  +  6a:»-x-S" 

1 
2(3 -2x)" 

2c 


l-x+x* 

T+x+x*' 

11. 


14. 
17. 


a«+ai -26>* 
a?* 


ax»(x«+fl^) 
x'  +  o* 

4 
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18. 

SI. 

S8. 

19. 

S«. 

88. 

«1. 
M. 
48. 

63. 


1. 

18. 

X 

33. 

(x-2o)» 

9X-1. 

X 

36. 

ab 
a+b' 

80. 

1. 

36. 

x{x+l) 

39. 

(2a;-l)(x+l) 

(x+2){x-iy 

o(o«+a:!») 
(a;-o)(o  +  x)'' 
_o 


Ml 


37, 


38.     1. 

1 


2x(2x-l)' 
81.     x.     33.     ba;. 


(-^)" 


12 


a?+4a:+l 

l  +  g+r* 
(l  +  x)(l  +  a:»)(l-x)«* 
1.  46.     1. 

o'+ ft'+c*  -  ftc  -  ca  -  o6 


(o<-4)(o<-l)' 


3«. 
40. 


1. 


x-2 
4«*-6x-6* 

94.     1. 

6* 
28.     Jo-; — »• 

88.     -2~. 

87.     1. 


(b-c){e-a){a-b) 


43. 
46. 
49. 


3w' 

(3mf2n)(9m'«-n»y 

48      _L 

(x-2)(x+l)»'         ~"     x+y* 

1.  47.     0. 


2x 


1. 


2y+o  +  6. 

7(x-4) 
4(x-l)" 


63. 
66. 


(2a«  +  x2)(a-x) 


dhc 


60. 
64, 


1.       61.     0. 

28(x  +  4) 


x+3. 


67. 


9{a:  +  3)" 
l+a-o».      68. 


liiscellaneons  Examples  IV.    Page  172. 


*•    "22- 


3.     6. 


6.     (1)  232;    (2)  -29.    7. 


abc(b-c) ;  -6. 
(1)-19;  (2)0. 


4.  7. 


5 
3" 


1 


9.       -: 


10.  (1)  -  12  ;  (2)  1.        11. 

14.  (1)  1 ;   (2)  21.  16. 

17.  (x-8y)(x-12y).      18. 

90.  n{m-3n){m-3n). 

S3.  (d»+5c«)(d  +  3c)(d-3c). 

94.  (m+13)(m  +  15).      36. 

97.  (x»+16)(x»  +  ll).      38. 

80.  (9-xy)(8  +  xy). 

S3.  {p-l2q){p  +  9q).     33. 

84.  x»(x-9)(«+7).         86. 

87.  (a -3c)  (a -19c).       38. 

89.  (2+3x»)(l-x)(l+x+x»). 


13. 
16. 
19. 


3 

10' 
98x-2y;   19j. 
(a-7)(a  +  13). 
c(c  +  13)(c-12). 


1.       13.     8|. 

(x+9)(x+12). 

(a6-17)(o6  +  3). 

31.     (p'  +  7q')(p^-Sq% 
33.     xy(x  +  6y)(x-7y). 

(U-a)(16  +  o).    36.     (19 -pq)  (3 +  pq). 

(o'«  +  14)(a«-7).  39.     (c  +  27)(c+27). 
81.     (a2  +  2x")(a»+7x»). 

2(o»+12)(o»-ll). 

(6c+i2)(6c-7).   36.     (z  +  17)(z+17). 

yz(y-7)(y+i3). 


40.     (2ab-5)(ab+3). 
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?)• 


«1. 
«4. 

♦?. 

o'i. 

52. 

04. 

M. 

68. 

60. 

6X 

64. 

60. 

67. 

69. 

71. 

73. 

74. 

76. 

78. 

80. 

82. 

84. 

80. 

87. 

89. 

91. 

93. 

97. 

98. 
101. 
106. 
110. 
114. 


(3p-4)(3p-4).    43.     (6  +  »nn)(7  +  mn).    4S.     (17  +  c){7-c). 


a:»(2-a;)(3-x).   40. 
{6p-g){p-2q).    48. 
6(2--l)(y-2). 
{'ia?a-  5){o%-2). 
{'m  -6n){2ni  +  3n). 
la-i  6-c)(a-b  +  c). 
(oo  +  7)(o»6«-7o6+49). 
(a+2a;-2y)(o-2a;+2y). 


(2i»+3)(3»n-l).    46.     (2o-56){2o  +  6). 
{5a;+48)(4x-5!5).  49.     (2a~' +  3)  (4«»  -  5). 
01.     (3a6  +  4)(4a&-3). 

08.  (7x  +  8y)(3a:-2y). 
00.     {c+a-b)(c-a  +  b). 
07.     (ox  +  3if){253y'-l5xy  +  9y*). 

09.  (86-a'')(64fe'«  +  86a»+o«). 
61.     (m  +  n  +  l)(m  +  n-l). 


2c^3c  +  d){c-d).  63.     (o%«- l+a;-y)(a%2- 1 -x  +  y). 

(l+2m)(l-2m)(l-2ni  +  4m'»)(l+2m  +  4m«). 

P^(\  +  I0q){l-I0q+I00q%  66.     (81+a»)(9  +  a)(9-o). 

(x«-l+y-z)(a^-l-y  +  z).  68.     (a  +  46-4c){a-4fc  +  4c). 

{c-rf)(l+2c-2d)(l-2<!  +  2d).      70.     {p-iq){p  +  4q+l). 

2[l+4a  +  46][l-4(o  +  6)  + 16(0  +  6)2]. 

(x  +  3y)(l+x*-3xy  +  9y2).      73.     (x  +  y)(x'»+y*). 


(7  +  o)(2-o). 

(17  +  o)(3-o). 

(6x-a)(ox-6). 

(c  +  l)(c«-c  +  l)(x  +  l)(x-l). 

(in-n)(m  +  n  +  x){m  +  n-x). 


(cx-d)(cu!  +  b).  70. 

(14x»  +  y»)(7xa-y»).  77. 

{l  +  m+p){l-m-p).  79. 

(36-c+4);(36-c-4).  81. 

(3x-6)(x+2o).  83. 

{a  +  b)(c+a-b)(e-a  +  b). 

(x  +  2)(xa-2x  +  4){xa+l)(x+l)(x-l).   86.  (x+l)(x  +  7)(2x-3). 

(2x+6y)(x-3y)(2x-5y).        88.     325a'b^{x^-a')^{x  +  2a). 

2x»-9x  +  9.  90.     2x3{x2-4)(x»-16). 

H.C.F.  =a  +  6  +  c,  L.C.M.  =  (o  +  6  +  c)(o-6)(6-c)(c-a). 

a  +  b-c.         93.     (a-6)«(o  +  6).  90.     {a*-b*){a+b-2c). 

H.C.F.=(x-7)(x-3), 

L.C.M.=(x-l){x-2)(x-3)(x-4)(x-5){x-7). 
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x' 

2x-y 
x»-y»* 

1. 

1 
«+l' 


99. 


103. 


107.     y-x 


111.     1. 


x-9 

(x»-9)(x-3)' 
4 

(r-x«)«' 

108. 


100. 


6x+l 


103.     I.       104.     0 


(2x+l)«(2x-l) 

X 


100. 


9" 


113. 


110.     x(l+«-x»).  116. 


ab.    109.     2{ac+bd){ad+be). 

(^±2H^l±i).    113.        »   . 

^.    117.    a  +  b.    118.     1, 
0+6 
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4. 

1. 
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6. 

2. 

T. 
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17" 

8. 

0. 

9. 

2. 

10.     -6|. 
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5. 
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6. 

13. 

8 

~n' 

14. 

7 
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■• 

15.     1. 

1«. 

-10. 

17. 

-4. 

18. 

3|. 

19. 

3. 

30.     4. 

n. 

6. 

22. 

la 

28. 

-7. 

84. 

2. 

3S.     2|. 

M. 

4. 

27. 

If 

28. 

14 

29. 

1 
4' 

80.     2\. 

SI. 

1 
6" 

82. 

3. 

88. 

20. 

zxm. 

b.    Page  182. 
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26 -Sa 
0-56" 

2. 

a+b. 

8. 

6«-a« 
26   • 

4. 

o*-a6  +  /*« 
a-6      • 

B. 

3. 

6. 

m-n. 

7. 

ab 
a+b+c 

8. 

o«-2o6  +  6c 
c-6      • 

t. 

a. 

10. 

76c 
96+ 4c' 

11. 

2o6 
0  +  6' 

12. 

17a. 

U. 

1 

e 

14. 

3a +26. 

IS. 

a+b 
2   ' 

16. 

a«-26» 
3a-46" 

IT. 

a 

vr 

18. 

F 

19. 

6c» 
F' 

30. 

a. 

SL 

a+b. 

22. 

2a        . 
21-       ' 

13.     « 

+  26 
2    * 

24. 

a 
3' 

35      6(2a-6) 
a 

1. 
s. 
s. 

T. 

3i 


XXm  c.    Page  185. 


al-bm         am  -  bl 


«=- 


a«-6»' 
6c 


a»-6« 
ac 


_o'«-o         1-oa' 

_  a  +  o;_  6'-6 

*~a'6+a6"  ^~a'6  +  o6' 

*=3"'  y=2*' 


Iq-mp"  *    Iq-mp 
o'  +  o6  +  6»      _       a6 
a+6     '  ^~  ~a  +  6" 

8.    a:=2a,  y=26. 


4.     ar= 
6.    x= 


10. 


»a         r6 
9  P 


ANSWERS. 


3M 


13. 
14. 

16. 

18. 
80. 


^_mm'(m+m')  ,,_mm'{m-m') 


ql-pm'  "    tnp-lq 


^_   2aa'b  2abb' 

ab'  +  a'b'  ^~ab'+a'b' 
x=m  +  l,  y=m+l. 

x=a  +  b,  y=o-6. 


18.    r^£i^ft)   y^c<a-». 
2a    '  *        2o    ' 

15.     x=3o,  y=:-2&. 
17.     «=o,  y=0, 

ai.    ar=o»-6»,  y=o»  +  6a. 


1. 

S. 

9. 
11. 
14. 
16. 
18. 

20. 

aa. 

26. 
28. 
31. 
33. 


4.     22. 

8.     48,2a 


XXrV.     Page  188. 
^-  a-    60.  3.    55. 

30.  6.     54.  7.     42. 

2!  jV  past  one.  lo.     IT^V  pa«t  three. 

32jV  past  six.         12.     5}  "'past  two.         13.     378,216 

lo  persons  ;  5  dollars,      w.     8  yards  at  «4..50  ;  16  yards'  at  $4. 

J''  '•^-  17.     3  miles  per  hour. 

19-     2}i  miles  per  hour. 

21  fV'  and  54y\'  past  seven      At  ^^\ '  past.  21. 

10  p.m.;  halfway.    23.     l'  hours.  24.     .?200. 

30  miles.  26.     §36000.  27.     |!200. 

4  and  3  gallons.      29.     |  and  |J  of  a  pint.   30.     -^- miles. 

Ill  and  126  miles.  32.     Coffee  to  chicly  as  7  to  2. 

<.-6anda-clbs.     34.    ^^,  ^ yards.         36.     GOmiles. 
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1. 

S. 

9. 
18. 
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±5. 
3,7. 
9.  -4. 
4,  -17. 
7,8. 
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2'-3- 


a  •    b 

XXV.  a.    Page  194. 
2-     ±4.  3.    3,  -25. 


«.  ±8. 

10.  9,  -8. 

1*.  13,  - 12. 

18.  23,  - 1. 

22.     \,  -4. 
o 


7.  3,  -6. 

U.  31,  -11. 

W.  11,-17. 

38.  ±9. 


4.  1.  -26. 

8.  2,  -7. 

12.  20,  -IL 

16.  8,  15. 

20  i    -?. 

**•  3'     «• 


3»4 
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1. 

"    -5 

3. 

11    " 
11.    3. 

3. 

3    7 
3,  g. 

4. 

15.-2. 

s. 

I- 

6. 

2    -il 
2,  -Q. 

7. 

J.  -6. 

& 

g,  -8. 

t. 

13       11 
3'      3 

10. 

7    2 
4'   3 

11. 

3       4  . 

12. 

6       0 

g.  -3. 

u. 

6       1 

"7'  "3" 

14. 

9       3 

10'  "5" 

16. 

13      2 
6'  "S" 

16. 

3      '^ 
3,  -g. 

17. 

a      a 
3'  "5" 

18. 

3a      a 

T  "3- 

19. 

7ifc      i 
T  "2" 

20. 

Sit      2ik 
-T'  "3 

n. 

4c       5c 

T  ~T 

'•• 

.4 

38. 

5       ** 
5.  -g. 

24. 

^•J- 

». 

3,  -1. 

26. 

^• 

27. 

4    ^^ 

28. 

7,2. 

». 

11,  2. 

SO. 

^.|- 

31. 

13   2 
13.3. 

82. 

ft    40 

». 

^'  "8  • 

34. 

3,-!- 

36. 

12,  -2. 

36. 

.    23 

5.  y 

tt. 

3a,  |. 

38. 

'-  "u- 

39. 

"'  a-26- 

XXV.  c.    Page  201. 


1. 

5 
3*  ' 

-3. 

2. 

3       e 
2.-5- 

3. 

'■I 

4. 

3±^/29 
2      • 

6. 
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1 
".5' 

6. 

7iV6 
2     * 

7. 

>.-i- 

8. 

17:1-^/89 

10 

9. 

h  - 

5 

10. 

l±v/13 
6 

11. 

I-- 

12. 

3.-^. 

U. 

7 
6' 

-1. 

14. 

7    3 
4'   2 

16. 

^,-3. 

16. 

-!•  -■ 

IT. 

9 

10' 

5 
6* 

18. 

8      3 
5'  "4- 

19. 

f,-u. 

30. 

5        3 
12'      8" 

n. 

3 
5' 

2 
5' 

23. 

5      7 
2'  "2" 

28. 

9o       4a 
4'  ~3' 

34. 

9a    4a 
4'    3 

«B. 

56 

7?) 

26. 

76       56 

27. 

2o,  26. 

38. 

2o,  -S. 
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S9     0, 


2a+b 


87. 


1. 

0. 

9. 
IX 
IS. 
18. 

20. 
21. 


3 

1.  -2. 

2,  -3. 


1.-1,-1. 
2,-1,-1. 
7,-3,-4. 
105,  -3  05. 
18-55,   17-45 
•55,  -  -22. 


80.    0,^Z2. 
a 


±2,  ±1.       82.     ±2,  ±a 
M-     ±4,  ±~.       86.     ±a,  ±b. 


ANSWERS. 

81. 
84.     3,  -2. 

88.     ±3.  ±4.       30.     3.-2.4,-3.40.     4a.  -2o.«. 

XXV.   d.     Page  201b. 
a-     1.  -1,  2.        8.     1,2.-2.         4.     1.-3,-6. 
«•     0,1,1,-2.     7.     3,2,  -5.         8.     6,2.  -7. 
JO.     -2a.  -2a,  4a.       11.     0.  6a.  6a,  -  12b. 
13.     .3-Pa.  --90.  14.     -66,  -1-C6. 

16.     5  99,  101.  17.     3-13,  2-32. 

10.     1-4,  -6. 


1. 

8. 

S. 

7. 

9. 
11. 
13. 
10. 
17. 
19. 
2L 
23. 
20. 

27. 
29. 


^W5-l),  -|(v'5+l).     7-416.  -19-416. 
g(o±v/a*-4c2).     13-292,  2708. 

XXVI.  a.    Page  203. 

X=17,    11;       y=ll,   17.  2.  3^^3.^   j^  . 

x=53.  21;      y  =  21,  53.  4.  x=14.  -9; 

a:=27,  -19;   y=19,  -27.        6.  x  =  43.  -25 

x=71.  13;      y=13.  71.  8.  r  =  .33,  -4}; 

a:=52,  -74;    y=74,  -52.      10.  :r  =  43.  -51;'     y= -il,  i1 

x=29.  -47;   y=47,  -29.      12.  x=22.  -87;     y--87  2^ 

x=±8,  ±5;    y=±6,  ±8.      14.  a:=  ±13,  ±  1  ;   y=  ^  i, '^  ,3. 

x=±4,  ±7;    y=±7,  ±4.      16.  a;=13,  3;  y  =  3,  1.3. 

18.  x=9,  -5; 

20.  x=ll,  -8; 

22.  x-5,  4; 


.V=14.  37. 
y  =  9,  -14. 
2/ =  25,  -43. 
^  =  41,  -33. 


a:=10,  5;  y  =  5,  10. 

«=12.  -6;  y=6,  -12. 

«=9,  4;  y=4,  9. 

x=7,  -4;  y=4,  -7. 

a:=12.  -2;  y=o    -12. 

«=4,  3;  y=3,  4. 

x=±l;  y=±l. 


a*.     a:=10,  4; 
3S.     x=l; 

38.  1. 

a* 


y=6.     9. 

y=8.  -  11. 

y^-i,  .5. 

y=4    JO. 

y=i. 
1 


1 

:! 
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XXVi.  b.    Page  206. 


X. 

X 

t. 

X 

9. 

X 

T. 

X 

t. 

X 

U. 

X 

18. 

X 

IS. 

X 

17. 

X 

19.     x= 


7.4;         y=4,  7. 
14,  9;        y=9,  14. 
11,  -7;    y=7.  -11. 
±6,  ±4;  y=±4,  ±6. 
±9,  ±6;  y=±5,  ±9. 
6    8  _8    6 

6'   3'         *'-3*  6' 

4,  2;  y=2,  4. 

5,  3;         y=3.  5. 
8,  -2;       y=2,  -8. 

5,  1;  y  =  l,  6; 


3.  a:=8,  5;  y=5,  8. 

4.  x=7,  -5;  y  =  5,  -7. 
6.  x=13,  0;  y=0,  -13. 
8.  x=±7,  ±3;  y=±3,  ±7. 

10.  x=±9,  ±3;  y=±3,  ±9. 

12.  x=±6,  ±6;  y=±5,  ±6. 

14.  x=7,  -3;  y=3,  -7. 


16.     x=4,  -2; 
18.     x=5,  1 : 


90. 


1        1 
*~6'      5' 


y  =  2,  -4. 
y=l.  6. 
1       1 

y=5'  -6- 


1. 

X 

8. 

X 

S. 

X 

7. 

X 

9. 

X 

11. 

X 

18. 

X 

16. 

X 

16. 

X 

18. 

X 

90. 

X 

91. 

X 

=4,  -g;     y=3,  -20. 
=  12,  8;      y=2.  -2. 

=4,  7;        y=l.  10. 

1       71  .    112 

=  1,  -jy;  y=4.  -^. 


XXVI.  C.     Page  208. 

9.     x-=±3;       y=±2. 


=2, 


6 


8' 


y=-7,  -\. 


4.     x=2,  ^;    y  =  5,  3. 

6.     x=4,  -3;  y=l.   -g. 

8.     -=±2,±-^;y=±l.±-|. 


10.     x=±4,  ±6;     y=±2,  ±4. 
=  ±3.  ±4;     y=±2.  ±6.    19.     x=±|  ±1;     y=±^.  i| 

!±2,  ±1;     y=±l,  ±2.    14.     x=±2,  ±5;     y=±3,  ±6. 
:±7,  ±V3;  y=±2,  t3^/3. 

23 
:±3,  ±36;   y=±6,  T^.        17.     x=5,  3;     y=3,  5. 

=  7,  -6;         y=6,  -7.  19.     x=6,  -2;  y=2,  -6. 

=7,  1,  4±^/28;  y=l,  7,  4t^. 

=4,3.6,2;        y=|  2,  1,  3. 
SS.     x=2,  ?   4.  J;        y=2,  6,  1,  12. 
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ANSWFR8. 
XXVn.     Paok  211. 

W.     5  dollars.  „     ^^     ,,      ,^  "•     «• 

I-      ..     ,  "•     ^-     '»•     ^8  «'«"*»•         Xe.     3  feet. 

"•    4  inches.  la      loi 

w.     121  square  feet.  la      ^  „„„. 

«>•    40.,2;30.,6yard..       aa.     56.      „.    50      «     ^ 
«t    61  miles.  ».     „  °"-     **•    25. 

27     40anH^     -.  .  "'     ^0.  30  mile«  an  hour, 

ar.     40  and  46  nules  an  hour.  «      m       , 

9a      ^    lo     »  10  gallons. 

^  »     3-7  cm.,  2-3  cm. 

W.    2  6  cm.,  1-6  cm.  „     „ 

M     /•!  o    .  9  cm.,  4  cm. 

~-    W3.4;    (ii,5.6,    (iii,5-2.0-8;    (iv)  57.  23. 

*^vm.  a.     Page  216 

«.  (2^+9ay-3y»)(ar"-92y-3y«). 

7.  (2««+6«n+3n«)(2m«-6mn  +  3n«). 

«•  (3*'+*y+2y»)(3ic«-*y+2y»). 

».  («"+3ay-5y«)(x»-aty_6y2,. 


U. 


IS, 


(6«-|)(36««+3a6+|!j. 
14.     /'^-iV'"'"'^'""    .\ 

V9    Vrsr  +  T+V- 
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IS. 

IT. 
19. 
81. 
SS. 

as. 

27. 
38. 
39. 
80. 
81. 
83. 
83. 
84. 

SB. 

8«. 

87. 

88. 

89. 

40. 

41. 
43. 

48. 

44. 


ALORBRA. 


(m  -  6n)(2n  H  3»»)(ai  -  3m). 

(afc«+y*)(*y+2)(xy-2). 

{mn-p){pr,i  n). 
34.  (2«+3y)(o«  +  ary). 
36.     {ox+(o+l)}{(o-l)«  +  o}. 


16. 

18. 
30. 
33. 


(f.,o)Cg!-^..oo). 

(y-3a:)(x+y)(x-y). 
(oa;  +  6)(6x+o). 

(o»  +  kr)(«+«)- 

(3o6-2x)(2ox-3i). 

(2a:-3y)(o«  +  xy). 

(a5-a)(3a:-o-26). 

{ax  +  2(b-c)y^{2ax-{3b-4c)y). 

{(a-l)x  +  o}{(o-2)x  +  (o-l)i. 

{(a  +  l)x-{b-l)v)(nx  +  by). 

(6  +  c-l)(6»+c»+l-«'C  +  c  +  6). 

(a  +  2c  +  l)(o'«  +  4c''+l-2ac-o-2c). 

(a  +  b  +  2c){a'  +  b^+^^-ab-2bc-2ca). 

(o  -  36  +  c)  (o"  +  96» + c"  +  3a6  +  36c  -  CO). 

(o  -  6  -  c)(o'»  +  6'' +  c"  +  o6  -  6c  +  ca). 

(2o  +  36  +  c)  (4a« + 96"  +  c«  -  6a6  -  36c  -  2co). 

(ar«  -  9r» + 81 )  (ar»  +  3z  +  9)  (r»  -  3a:  +  9). 

(a*  -  4a»6'»  -  6*)  (a- +  6«)  (o  +  6)  (a  -  6). 

(a  +  6  +  c-(/)(^  +  6-c  +  d)(c  +  d  +  o-6)(c+rf-o  +  6). 

(-4){«'4)(»l)('-^> 

(z8 + y8)  (af«  +  y*)  (z2 + yS)  (X  +  y)  (X  -  y). 

(x"  +  x»y» + y")(x«  -  x»y3 + y«)(x2  +  xy  +  y«)(x»- xy  +  y«)(x+y)(i: -y). 

( 1  + 1 W  1_  l"\  (o-2x)(a«+2ax  +  4x'). 

(x» + y»)  {x«  -  xV + y*)  («  -  2y)  («•  +  2xy  +  4V'). 


45.     (a:»+4)(x«-4x»+16)(x  +  l)(x»-x+l). 


46. 


(I-l)(M)l-'H--a».«. 


AMSWJERa 


3M 


«T. 


M. 


1. 
9. 
0. 
S. 

11. 

li. 
16. 
18. 

ai. 

38. 

20. 

28. 

81. 

88. 

80. 

87. 

88. 


40. 


49. 


(^^l)(3^.-|)(f-l)(^.?.l). 

(«'+6)(x»-6)(x+^j(x-^). 

(x+l)(a!«-x+l)(x«4.4)(a.+2)(x-5£» 
(*-l)(*«+ar+l)(4x«+9)(2x+3)(ac'-3). 

XXVm.  b.    Page  220. 

"•  10.    a:«-729o«. 

12.     64x«(9;r.-l).         u.     x«+aV+«. 

10.     a"-3o»x*+.3a*z«-ar". 
a:*-14ar«+49a;»-36. 
".    a!«-64.         ao.    o*-18o»6«  +  8I6«. 
3^.    7ar+y+z. 

24.     5x  +  7y-ez. 
W.     6(x-13). 


17, 


l+a*+x»«. 
l-2a*+x'«. 

a^-14a:«+49a:»-36. 
o»  +  6»  +  c»-3a6c.  ,, 

(a:*  -  4oV  +  16a«)  (*»  -  2aar  +  4a«). 
*+5-  28.     2x{x  +  l). 

9+4a:»+16ya-8ay+12y  +  6x. 
»t(m'+3n») 

4         •  «.     (3o»+6«)(o»+36«y. 

^(9i''-65«)(9g«-6/,«).  «,.     16a6». 


0-6. 


L 

4. 

«. 

». 
11. 
U. 


a.    Page  223. 

(«r^2)x+(a+l)y.  10.     z+b  2te-(3«-4«)y. 

{«+l)«+3(x+l)*+3(x+l)a+l. 

(m+l)ftV+(n+l)(»,  +  i)a6x+{n  +  l)a« 
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ALQKBRA. 


If.  (m-l)«-l-M.  X«.    mae-n- 

1%.  «t+6.  XT.    aoar-8. 

It.  (a!«-l)(«»-p«+?)(«*-g*+P). 

M.  <jw-(p-l)}{(p+l)«+p}{(P+2)«+P+l). 

n.  {{a-Z)x-¥a+l)[(a-2)x-a){ax-(a-^i)). 

b.    Paob  iS7. 


IB.    ap-hq. 
IS.    c+aofti 


1. 

«-7. 

fl. 

^-i- 

8.    a+2x. 

«. 

l+«-a^. 

B. 

l  +  2x- 

x«.             i.    i  +  «. 

T. 
10. 

x-ao. 

a?+(p-l)«- 

1.         11. 

a-3x. 

t.    x-y. 

^S-    -  ^-'-14 

U. 
10. 

^^2    16    64 

X       x« 
»-2S"85P" 

x» 
16o»" 

14. 

16. 

,     X    8i»    6** 
1-2"  8-16* 
o'     a*       a^ 
*+2x    8?'^i6?" 

IT. 

,    3x"    9x* 
**     2o»    ia* 

"l6aW 

18. 

2x3    4x* 

U. 

90. 

„      X       x" 

2+l2'288* 

n. 

-  +  3a*r-9aV. 
a 

99. 

l-2x+3*«. 

S8. 

3x«-«-l. 

94. 

4.-x-jg. 

XXIX 

c.    Page  230. 

19. 

0. 

30. 

0. 

98.    0. 

XXIX. 

d.    Page  232. 

1. 

0. 

9.     1. 

8.     1.         4.    o+6+e. 

B. 

1. 

d. 

1 

7.       ?.      8.     1. 

abc 

9. 

10. 

(x-a 

(x-6)(; 

c-c)      ~     (x+a)(x+6)(«+c) 

la. 

(a+6+c)*. 

a+b+e 
18.     -       3      . 

14.    g.       IB.    a+b+e. 

18.    be+ea+a&.   IT.    abc 


18.    (6+e)(c+«i)(a+6). 


L 
& 

t. 

U. 
U. 
IT. 
19. 

ai. 


ANSWERS. 

JJH.  9,  Paoi  ssa 
«•        a  la  I.   ft 

T.    asae,  6s- 

***  10.      i:>^.     ' 

«=o(6-a«)«.  d=(6-o«)«.  whence  c»Ji«i. 
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8e 

TT 


+2L 


4 

t. 


6. 


(*-l)(x-2)(«-8). 
(*+2)(«+3)fx+4K 
(x-2)(ar-6)(*+7y. 
(ar+l)(3a:+2)(2a?-l), 


11.     Vm2j3*. 

IS.    82. 

1«.     («+2)(x-8)(»-4). 
W.     {*-8)(x-6)(x+7). 
».     («+l)(a?+2)(x-ll). 
M-     («+2)(8!C-l)(2»_8y. 


"'    **+(»-2)«+a.        38.    (a+l)x«+ax+o-3. 

aa    18.  SA    3005. 


84. 


99. 
80. 


6  or 


9 


-37a». 


1. 


S 


11.    y*. 

18.    X* 

81. 
38. 


1 

a.  -?. 


7. 

19. 
IT. 
99. 


3 

l' 

o* 

3c*r« 

1_ 

3o3x«" 

a 

^* 
5 

;?5' 


XXX.  a.    Paos  244. 


9T.    ^x. 


89. 


5^" 


18. 

18. 

88. 
98. 
88. 


4a* 

x*ft- 

1 
1 

«T 

2 

4 


4.     3a* 
9.      6 


1.     e 


-T.  19. 


771-  34. 


4 
1 


II       <» 


-  J. 

15.  2i^*. 

30.  ^x». 

38.  24/&». 

80  21 


i 
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Al 

LOBBRi 

k* 

ML 

Jf/PF. 

ST. 

V**. 

St. 

1 

-h 

4A 

*'«". 

41. 

8. 

41. 

1 

4S. 

S8. 

"i 

4B, 

1 
2I8' 

«•. 

flStk 

«r. 

8. 

4S. 

S 

4S.     ^ 

8« 

2187 
128' 

ZXZ.  b.    Paob  847. 

I. 

cfiV. 

1 

7* 

i. 

1 

4.         J      . 

2xV 

B. 

4 

9. 

16ae*. 

T. 

& 

«♦. 

.     Sax 

10. 

x^». 

11. 

1 

U. 

1 
"I* 

IS. 

aV 

14.     a*. 

10. 

x»+». 

Ill 

1 

3* 

IT. 

1 

IS. 

o6». 

1».     a  +  b. 

SO. 

1 

(x«-y»)*' 

IL 

1 

5»' 

as. 

6i 

ss. 

X* 

(a -6)* 

.     as.    c*. 

M. 

«• 
?• 

ST. 

1 

S8. 

a6(ft«- 

a»)*.          S«, 

o»<"-w+a. 

80. 

X«(«-l). 

f*"- 

I, 

SI. 

oMF-«».        SS.     x». 

"•  $■ 

9L 

x^yV 

so 

2^. 

-i- 

ST. 

4.     8^.     J 

C.    Paos  26a 

1.  12x*-20x*+41-16x~*+24x"*. 

a.  9o*-9o*-26+23o"*+6o'*. 

S.  2c««-9c*-34+31c-"-8c-«'.        4.  8x*»+14x"-3x-»-9ar»". 

0.  7x*-2x*  +  l.  «.  3o*-3o"*+2o-^ 

T.  8a-*+7a-'+8.  S.  66* +46* +36"* +26"*. 

».  7a««+3«i^-4.  10.  c^'-l  +  c-**. 

11.  3x*-2+*"*.  IS.  6o*-3a*+4 


ANHWER8. 


40H 


XI.  2«'-4  +  a»-* 

IB.  o«+2o-16a-«-32a-». 

IT.  4o*-8a*-5  +  10a-*+3o-*. 

XI.  l-2a-2ai 

IS.  8xV*+2»V*-9. 


X4.    a*-3a'-2. 

M.     l-x*-2x*  +  2*'. 

Ml    2x^-Sx-^-x-\ 


I    *-4a!*-21. 
4,     a:^-"-x-'»y». 


ZXX.  d.     Paok  252. 

I.     ldxa-8-15a:-«.       |.     49a:«-81jr«. 

5.     o«»-4  +  4a-««. 


•.    a*+2B'^+cA 


T.  x--«-*  +  lx-*».       S.    20a^y»  +  13-16x-*^-» 

*"  9"      S"*^"     •  "•    9-f*'+16jr»-15y-»-26»-*». 

11.  o*»-o»-^+a-»+a-«".     la.     x«+a:~-+a!*-2+2a:**i-2Sc^"i- 

U.  2o  +  2(a«-6»)*        14.    a  +  6  +  (a-6)-i-2(o  +  6)*(3-6)-* 

18.  a:*-3o*  16.    ar+ar*+9.  IT.     o«+4. 

II.  a*-2*-+4.  II.    (-+C-*  ao.     l  +  2a->+4a-« 

n.  o^-a*.  aa   x-»-x-«+x-»_i. 

n.  «*+x+a:*+x*  +  l.  34.     a*'-2a*'+4a*'-8ar"  +  16. 

».  *»+2x*+x-l&  ai.     4x'  +  iex*  +  16-ftr-i 

IT.  4-«*+4!e+«».    ai.    a»'-49-42o-»-9o-»«.    ai.    o*(o*-26H 

M.  L 


U. 


c*-2 

«*+2 


la. 


A 


ffi 


1.    ?^a!«. 


•.    ^o*. 


.  a.    Page  250. 

•■T^ 

4.     >»/a». 

T.    Sl/x*. 

1.     C'x^. 

404 
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ALQKBRA. 


la 


y«V 


11. 


^^y* 


la.    jfltt*. 


IT.  lya^,  V*",  !y*«.      18.  ?y«»,^«>».       i«;  ii/^,u/^. 

80.   VS?^,?!/S^.  8L    ^2B,^i,^ia 

81     ^,  ^1,  ;5/».  88.     ^  ^  ^ 


L 

12^/2. 

1 

7s/3. 

>.    Pi 
1 

lOB  256. 

4</4. 

1 

6^ 

8L 

16«^ 

1 

24^ 

T. 

35^ 

1 

7^/3. 

8. 

6^5. 

la 

-9^. 

11. 

6a  ^a. 

11 

8a&>N/3a&. 

18. 

-ZxyH!^ 

14. 

aV*'/. 

10. 

«!/«)Ca:-. 

11 

(a +6)^0. 

IT. 

2{x-y)itl»y. 

11 

^/242. 

11 

>/980. 

aoL 

j/864. 

81. 

1^80. 

81 

Vif 

81 

<M. 

88. 

N/daV 

86. 

S 

81 

^8a.r, 

87. 

4^ 

88. 

«/3S». 

88. 

Vah. 

81 

A^- 

81. 

N/«»-y*. 

81 

\o-a 

81 

14^/5. 

81 

^/7. 

81 

-12<s/H. 

88. 

-16^/3. 

87. 

7^. 

88. 

11^/3. 

81 

a 

40. 

17^ 

«L 

20^/3- 13^/2. 

41 

S^AL 

41 

6^/7-16^ 

M. 

181^ 
9 

XZXL  C    Paok  26a 

L 

14^^ 

1 

12^3. 

1 

10>/3^ 

1 

SOs/S.                        1 

1 

288^/2. 

1 

^«»-4. 

T. 

3^/3. 

1 

5^                 1 

1 

-^/18. 

10. 

14^9. 

U. 

240.^4. 

11 

<^               1 

U 

aVy/aS. 

14. 

33 
Iff 

U 

i^^ 

11 

^       1 
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IT.    «-». 

X 

IS. 

9-8995. 

W.     111804. 

90. 

3-7796. 

n.     19-5850. 
«5.     -2887. 
•».     40321 

sa. 

36. 

28-8328. 
■0447. 

M.    687878. 
«T,     -2666. 

M. 
88. 

•8165. 
1-5749. 

ZZZL  d.    Paob  260. 

1.    ««-10^^  a.     2x-2V«.               «.    a^+5^^ 

10.    x+a-^^^  1^    5^^^_^^^^__ 

M.     l+8a-4N/o+4^  18.    2»-2V?^:^ 

XT.    4ar-2V4r-o'.  „.    2iB.+2-v^?r^ 

1».    2t>n-2N/m«-»a.  jo.     13a«+66«- 12Vi^rF 

n.   63-i8xN/i4ri^  as.   8x«-2VIterri 


1. 

8. 
9. 


118. 
a-4&. 


la.    3^/7-2v/3 
3 

15.     i^. 

y 

19.    5+^ 
«.    8^8-2^/8. 


9. 

6. 

10. 

IS. 

IS. 

90. 

98. 


e.    Paoe  262. 
-186.      8.    17a 
9c«-4a:.   7.    x. 

26(a:«-3y«)-49a» 

19-6^/2 
17     • 


8. 
U. 


-& 

ll-3^/7 
2      • 

1*    2+V6. 


9B. 


18+^-6\/9+P 


99.    2-<^=-26795. 
81-    n/»->/3= -50402. 
«■    ^^=111808. 

K.A. 


8-V42. 

98. 

98. 

SO. 


XS.     4+V15. 
'5 


91. 


''  +  0' 


?■-, 


"So+sT 
11+6^5=2218036. 


89.    x/5+ 2=4-23807. 
•^    ^5i|^=-09807. 


I 
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zxxLt  PAoiaee. 

1.    ,J6-^ 

a. 

VIO+n/3. 

8. 

J7-1. 

«.    ^/8+>/2. 

9. 

3^/7+2^/8. 

6. 

VlO-2^^ 

T.    4^/2-3. 

a. 

2V6+3V7. 

a. 

2^/11 -\/3. 

10.   l^+i. 

11. 

2-J^. 

la. 

'^^|h^f2• 

18.    4/3ts/2+l). 

14. 

4«(^-i). 

16. 

t/6(N^+l)- 

16.    >/2+l. 

17. 

-y/6+l. 

18. 

|(N/6+iy. 

»■    ^(-s/S+lV 

ao. 

»J8-iJ2. 

ai. 

^U/5+J3). 

tt.    <s/2-l. 

as. 

iv/3+1. 

at. 

^/5-l. 

1 

».    4+s/3. 

ae. 

^/6+^/3. 

87. 

^/7-^/2. 

1 

as.    2^/2+^3. 

-». 

2^-<s/7. 

80. 

^/ll  +  3^^                    1 

XXXLg.    Page  26a 

1.     14. 

a. 

33. 

S.    20. 

«.    44 

8. 

13. 

-1 

7. 

17 
6' 

&    9. 

a.   7. 

10. 

56 

11.     144. 

la. 

2. 

18.     121 
26 

14    ?5. 
16 

18. 

5. 

!«.     12. 

17. 

1. 

18.    9. 

19.    8. 

aa 

12. 

n.  1. 

"  sr 

aa. 

1. 

88.     2. 

84     (&-< 

i)«.    as. 

2a-b' 

M.    0,a-&. 

a7. 

10. 

as.    g. 

aa.   2. 

80. 

±1. 

XXXI.  h.    Paob  269. 

1.    49. 

a. 

4. 

8.     49. 

-f- 

8. 

1. 

6.    64. 

7. 

64 
T 

'^ 

-1 

10. 

9. 

U.    4. 

la. 

1. 

18.    4 

14.     60. 

IS. 

11. 

IC    8. 

17. 

6. 

18.    26. 

u.\. 

ao. 

8 

tL    6. 

aa. 

36] 

I. 

ANSWERS. 
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XXXI.  L    Page  270. 

1.    2a. 

6.      ±       °      . 

2-     16.           8.     ^^.      4.     0or36.      8. 
T.     ±f.       8.     ±2.        9.     ±^.      10. 

1 
2" 

±v/3 

11.     8. 

la.     n/56.       18.     7.           14.     5.              16. 

5 
4' 

1. 

4. 

7. 

». 

11. 

IB. 

18. 
31. 


87. 

80. 
82. 
88. 

89. 

40. 
43. 
4B. 

47. 


XXXn.    Page  276. 
Rational.       3.     Rational. 
Imaginary.     5.     Imaginary 


a^- 2a; -15=0. 
a:»-2oa;  +  aa-6«=0. 
l&r»+2ox-8a'»=0. 


8. 
6. 
8. 

10. 
IS. 


Equal,  but  opposite  ij.  sign. 
Equal,  but  opposite  in  sign. 
ar'+ 20a; +99  =  0. 
12x»- 28a; +15=0. 
%x^-lx=Q.  18.     -|. 


Sum  -,  diflFerence  ?|7,  sur-  of  squares  —.      17.     a;"  -  6x  +  4=0 

ar»+4a;+l=0.  19.     30a;a+(6a-56)x-a6=0.  20.     4a~'-16a:+9=0 
(aa-6»)x'-2(o«+6V  +  a«-i«=0.   22.     4a6a^-2(a»+62)a;  +  a6=o! 


as.    g'-^-P^.        34.    9'-^ 


26. 


-2r 


26. 


?* -4j9rg»+2pV» 


89.     P=/>(p2-3,),  Q  =  ^, 


31. 
37. 


2i-=9ac. 
a-2b  +  2c. 


^  •       pv     • 

6»a;»-(a»-3oft)a;  +  6=0. 
8a;«-20a3x-o«=0.       86.     1732. 

(i)6a;a-37x  +  6  =  0;  (ii)6a:a- 36a; +  49=0;  (iii)  G*"- 493. +  49=0- 

(iv)6a;a- 1.3a: +  6  =  0;   (v)  Ga;"-. 36a; +  25=0.  ' 

(i)  *= 8  or  0,  the  roots  are  6  or  2  ;  (ii)  *=  ± 2,  the  roots  are  +  3 ; 

(i)  ar"- 12a;+32=0;  (ii)  a:»-4a;=0.  41.     x«-I0a-+19=0 

(1)  3p»=16g;    (ii)V=259;    (Hi)  mp'=(m  +  \)\ 
(i)  q^-px+\=0;  (ii)  a^-(p  +  g)x+m  =  0; 

(iii)  q^=^-(p'-2q)x+\=0;    (iv)  7^^ -(/>'- a?)a;  +  g  =  0  • 
(v)  ga;»-p{p''-3g)x  +  g»=0; 
(vi)  a;*-(2m+p)a;  +  (m«+pOT  +  y)  =  0; 
(vii)  pa;»-(;pii+g)a;+pg=0; 
(viii)  ar»-2(p»-27)x+jBa(pa-49)=0. 


48.     (i)  30  ;    (ii)  7a» 


BO.     16  or  13 ;  2  or  f . 


Bl.     4. 
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XXXm.  a.    Paob  280. 


1.     2,-3, 


\±sr^ 


%.     2,  -i,  |(l±v^lO) 


-\±-J^    5±^/21 


4.      -2,  -1. 


«.     16,  -s- 


«.     3,  0. 


7.     2.i«. 


U.     20,  11. 


».     3,  -2,  1,  -6. 

U.    2,-1. 

3     7±^/33 


18.     -8,  -1,  0. 


' 

*"   2'         4      • 

IT. 

7,  -1, 

3±2v/2 

IS. 

,       7      -3±n/1357                                         1 
^'      2'            12         '                                        1 

19. 

3±V5 
2     ' 

6 

83 

30. 

«       1     3±n/505 
2.  -2'          4      • 

31       2      8 
"•     13'   T 

aa. 

-■i 

as. 

,     c-o 

34.      1    «(«-*) 

as. 

a,  6. 

as. 

^    a'  +  b^-ac-bc 
•        0  +  6-2C     • 

37.    p+g. 

as. 

8,  -2. 

39. 

5       13 
2'  ~  2" 

so.     a,  6. 

SI. 

10  or  - 

26. 

83. 

4  or  - 1. 

88.     12  or  10. 

s*. 

3,  -6, 

-l±-y^. 

86.     1,  -3,  - 

I       3 

2'  ~2' 

XZXin.  b.    Page  282. 

1.     x=&. 


y=2. 


S.     x=7,  -2;  y=2,  -7. 
S.     «=12,  3;    y=3,  12. 


a.     a;=4,  3;  y=3,  4. 

4.  x=8,  2;  y=2,  8. 

5.  x=3,         y=6. 


1 


1 


7.     *=i    y=i      8.     x=4,  l,i(-6±N/n);  y=l,4,i(-6T>/4i). 


N/Si 


36 


15 


t.    «=±10, 0;  y=±l,  i-g-.       10.    x=7,  -■^;  y=3,  --j- 
U.    «=6,  2,  1±^6;  y=-2,  -6,  -1±V6- 
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U.     x=|,  1,  0;  y=|.  0,  1. 


W.    x=  - 1,  6±^  ;  y  =  - 1,  1  ±  a/?.    [It  may  be  shewn  that 

^•^  («+l)»=27(y +!)«.] 


1*  ^  8         ,  2 

14.     x  =  4  or  -s,  y=l  or  -s;    or  x= 


2db2\/l5      _-2T2N/ifi 

7     »  y- — s — • 


16.     j:=16,  I;    y=l,  16.      16.     z=17,  y=±8.      17.     «=2,  y=|. 


1.     6:1. 
6.     5:4. 


-'s 


XXXIV.  a.     Page  286. 

».     4:1.  4.     17:7. 


1.  he. 
6.  4x. 
9.     4a;*. 


a.    ^. 

o  ' 


5.     3:4. 
7.     21,  28.        8.     11.  9.     27. 

XXXIV.  b.     Paok  289. 
8.     5y» 
6.     12xy«.  7.     x». 

10.     6o«a:.  11.     9o6*. 

18.     x=17,  y=ll.  19.     2  or  0.  90.     5  or  0. 

MisceUaneoiu  Examples  V.    Page  290. 


4.     h. 
8.     ab. 

17.     8  or  ?. 
3 


ahi 


;  1.       6.    4v/2. 


8.     (1)  x»  +  x~«*.     (£)  (a  +  fc)«. 


7o 


10.     (1)^.     {2)1.      11.     I.  13.     «f/,. 


15.     9  =  4.     The  other  root  is  1.     16.     1|- hours.      19.-1. 

».     (1)  2,  3,  ^^^;    (2)  il,   ±v^-3±2^/2: 

aa.     4§;  1-412.  28.     x«-2(o  +  6)x  +  2aA=0. 

84.     (1)    a,  -y— — A  one  root  is  evidently  a,  and  the  product  of 

the  roots  is  ^^^^1 ;   (2)  q,  p-q. 


\ 


iib 
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XXXV.  a.    Page  296. 


7. 

la. 

14. 
15. 

le. 

17. 
19. 
90. 
95. 
97. 


36. 


8.     32. 


9.    25.  11.     l-2  8q.  om. 

y=3x.     Any  point  whose  ordinate  is  equal  to  three  times  its 
abscissa. 

(i)  (8,  5) ;    (ii)  (10,  10). 

(i)  (4,6);    (ii)  (4,5);    (iii)  (-4,  -5);    (iv)  (-4,  -5). 

(i)  17;    (ii)  17;    (iii)  2-6'';    (iv)  25". 

(i)  and  (ii)  5  ;    (iii)  and  (iv)  17 ;    (v)  and  (vi)  37. 

The  lines  are  x=5,  y=8.     The  point  (5,  8). 

10.  98.     68  units.  94.     10,  13,  5,  5,  3. 

A  oirole  of  radius  13  whose  centre  is  at  the  origin. 

10,  12,  16,  6,  0.     At  the  points  (0,  10),  (  -  5,  0). 


XXZV.  b.    Page  302. 


91.     32  units  of  area. 
98.     72  units  of  area. 


99. 

94. 


1  sq.  in. 
0*64  sq.  cm. 


1.  x=l,  y  =  5. 

4.  x  =  3,  y=  -2. 

7.  x=-2,  y=:4. 

10.  a:=-4,  y=5. 


15. 


XXZV.  c.     Page  307. 

9.  x=2,  y=10.             8. 

5.  x  =  4,  y  =  2.               6. 

8.  a;=0,  y=-3.           9. 

11.  At  the  point  (0,  21). 

XXXV.  d.    Page  309. 


a;=3,  y=12. 
x=6,  y=8. 
x=-3,  y=0. 
19.     3a:  +  4y=7. 


9.  a:=l,  y=18. 

4.  5  in  each  case.     18 '5  units. 

6.  (3,4),  (4,1).  (-3,2). 

8.  2-60,  5-63,  416,  577. 

11.  39-3;  91-6;  y=0-393x. 


3.     9;    2-4. 

5.     2-5,  1-7. 
7.     7 '5  sq.  in. 
10.     (i)  53-7  grains; 
19.     90;   72.         18. 


(ii)  0-2. 
$1.17,  125. 


14.     112;   168;  78. 


y=XX'^-70. 


y  =  500  +  J  $1750,  4500. 


6.  lly=3x+35. 

7,  y=0-4x+l-6. 


XXXV.  e.    Page  318. 

16;  25.  6.    y=0-21a;  +  l-37. 

9-2;  .3.  8.    45-96;  39-40. 


L 
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W.     54-5°  F.;   86-9' F.;    /'=32  +  |C. 
Xa.     8-6;   /'=014FF  +  O-2;  2525  lbs. 


».  3-85  in.;   17-«in. 

U.  8-1  in. ;  24-375  oz. 

15.  2-49  sq.  ft. 
14.  6  p.m.,  48  mi.  from  Toronto.    At  4  and  8  p.m. 

(i)  J?  4  mi.  behind  A;   C  6  mi.  behind  B.      (ii)  4.21  p.m, 

16.  4.30  p.m.,  18  mi.  from  O.     (i)  At  3  ond  6  p.m.     (ii)  20  mi 
i6.  (i)  1  p.ni.,  28  mi.  from  P;     (ii)  2U  mi. ;    (iii)  11.30  am. 


C 
6. 
9. 

10. 
18. 


XZXV.  f.     Page  327. 

y=^-  ».     (0,0),  (-4,2). 

(i)(0.  0);     (ii)(4,  4);     (iii)  ( -2,  -3).         8.     (2,1). 

(i)  1-46,  -5-46;  (ii)  .S-24,  -124;  (iii)  3-32,  0-68; 

(iv)  4,-8;     (V)  4,  -2;     (vi)  15,  2-5. 
2-38,  4  62;    -1-26.  u.     -5;   7. 

-0-25;  3-79,  -079;  4-62,  -1-62. 


XXXY.  g.     Page  334. 
1.     (i)  x=2,  or  -7;   y  =  7,  or  -2.     (ii)  x=8,  or  6;   y=6,  or  8. 

(iii)  .i-  =  3,  or  -5-8;  y  =  5,  or  -0-6.     (iv)  x  =  5-2,  or  -  1-3 • 

y=  -2-9,  or  5-7. 
a.     The  straight  line  3r  +  4y  =  25  tottches  the  circle  x'  +  y^=25  at 

the  point  (3,  4). 

8.  (i)  1-46,  -5-46;     (ii)  324,   -1-24;     (iii)  332,  0-68. 
4.     6-48,  -0-46.     12.  6.     3.30,  -030. 

9.  -5andl.  w.     15.  H.     -0-25. 

la.      (i)  x=12,  or3;  y  =  .3,  or  12;  (ii)z=6,  or  -3;  y=-3,  or   -6. 
(iii)  x  =  2,  3,  -3,   -2; 

y=3,  2,  -2,  -3. 

XXXV.  h.    Page  340. 

1.  6  p.m. ;    (i)  3.30  p.m. ;    (ii)  7  p.m.       a.     (i)  2  p.m. ;  2.52  p.m. 

8.  47  mi.  from  A'b  starting  place  at  12.42  p.m. 

11.12  a.m.  and  2.12  p.m. 

4.  40  yds.     A  16  yds.  ahead,  C  16  yds.  behind. 

*'  ^  ^^^  «.     5  hours  from  the  start. 

7.  7.36  p.m. ;  3  p.m.  and  5  p.m. ;   19  mi.  from  Y. 

«•  12.12  p.m.    (i)  11  a.m. ;  (ii)  57  mi.     9.     5  mi.      10.    400  yds. 

11.  0-52,  2-9,  11-6;    2-75,  2-3,  3-1.  14.     2-080,  2140. 
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L    0. 

«.  & 

T.    a-2. 
M.     1.  8. 


AUiEBRA. 

MiaeellMidoiu  ExunplM  VI. 

a.     -6o-26-4d. 

».    4-12«+18a*-«*»+««. 


i»^:F 


Pack  34i. 


"J 


It. 


12*^ 


W.  «»  +  24xV+192zy«+612y». 

!••  H.C.F.  {«+2)(a:-l).     L.C.M.  (*-!)(, +2)«(«r+2L 

-  «  3 '  '  "^ 

««^  (1)    (10kr-l)(ar+8). 


+  S««. 


14.     *«-y«.     IB,     11. 

19. 

M.    -36a:+18y+17fc 


IB. 
tt. 


(2)    (3»-y)(3a:+y)(9««+S«yfy«)(9x«-3«y+y«). 


13. 

g-3y 

«+?y  o 

»    21,%' and  64^' poat  7. 


26.     2. 


St.    |aB*-V- 


18. 


^rp^ 


88.  x=| 

40.  10  quarters,  20  half-dollars. 

tf.  2a6»+36*.  48.     36. 

it.       ''^^ 


88      2t»*+12»«+2L 
86.     «^14,  y=17. 

89.    x(a:»+y»)(3ar-y). 


o6(a-A)*" 
1  1 


46.    2c- 


tr.  i^-L 

SL     1. 

8ft.    884 

«L    Sab. 
M.    4B-S. 

2(g-7)(2g-7) 


tr.     x=g.  y=i;  or  x=0,  y=a       48.     ^_    2(g-7)(2g-7) 

4,.  (2x+3,(4x+5)(3x-5,(«+2)(x-2).     ^"^^!^^'^' 

«L  -6606X+6589.   8X    4a*-W+24be-l6<^. 

84.  6(x+l)(«-8)(x-4).  aa.    2(a«+6«)(x«+y.). 

88.  «=3,  y=2,  «=1.  BT.     a  58.     x=-6. 

y'0^^^(^+xy+y«r      ^   ^^7*.  n.   |x»-8x»+|+a 


AMSWKRa 
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«.    94. 


•*    ^' 


H.     -^-?,. 


M.    (1)  (*«+l)(x+5).    (2)  (x-l?y)(«+17y), 

W.    (2a-36  +  2c)« 
n.    «"+y«+z«  78.     _2a6. 

T4    (1)  8»(«+9)(«-7).   (2)  (a+6+l)(a+6). 


«.    «=24,y=9,«=5.  «8.       ^  . 


Tft. 


g»+a!»-2 
2«*+2*+l 


71. 


(T^i^- 


TT.    ar=a 
80.    640. 

^     63:'-4a;-8  3 

ae»+4«+24'        "•    2i»«+3o+-.         n.    x=2ab,  y=3a4. 

W.  3(2a:-y)(5a;+4y).  9a    26  ten-cent  pieces,  30  quarters.    M.    a 

M.  «»-««+|x-|.    Rem.  -If.  n.    e0(p«-5.). 

•4.  (1)  (a-2&»){o«+2a6»+46»»).    (2)  (x«+«-l)(a!«-a.+  i). 

-.  x=a-2..  H.    (1,    ^    (2)    ll^J^) 


tr.    »sl,  ys-l,  2^0.  M. 

M     20-36+C  .....     »,     . 

"^-ac  •  **■    Twelve  minute*  past  four. 


(y+l)(y-5) 
(y-l)(y-6)- 


11.  (1)5J.    (2) -1.102.    (1)    ^^±^.    (2)    ,^,.^. 

10..  -'-Sa+I-^.  a-1.  10c    l-fo+15^-4&r.. 

106.  1300.  106.    (2a-Sb){a+b). 

lOT.  (1)    2or^    (2>    |or|. 


110. 


3 


111.       y+7g-12 


100.  7««-|+a 


2^  *"•    («*-9)(x*-r6)'  («-3)"(x-4)- 

IM.    H.CF.  a;-6&.    L.O.M.  6(*+3a)(«-3o)(«-66). 
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▲LOKfiRA. 


Ut.     (1) 


ab 


^  c    2d.    (2)   9  9r -8.      UC    177.       lUL    18mll« 

UC    (a«+?y)«+(8*+?K)(2«+?y)+(ar+?y)«»19a«+87av+l8^. 
"••    (1)    (*+y)(«+y)(«+y).    (2)    mndn-ii). 


llli    (1)    ' 
V 


la.   (1)1.  (2) 


laa.    a-6, 


1M>    (1)    x^a±b.    (2)    «zs8,  ya2. 

(1)    £l£±lLt£).    (2)      S^'+l 


111.    48& 


IM.    ««+(a+2)«+8. 


xsr, 


«(«-y+«)*    ^*'    4x(a*+lf 
(1)    («-8y)(«+8|f+l).    (2)    «(«+^)(«-|). 

MO.    «+a.  ML     (1)    ««+^.    (2)    «AyH 


•1. 


MC    x-4+t 

X 


M».  H.aP.  *•+••.     L.C.M.  (a*+o«)(««-4a«). 

M«.  (1)  -2y.   (2)  &    1ST.     (x-2B){z«+2ox+4a«)(2a+86)(2o-36), 

Mi.  (1)  a     (2)  x»  108,  y =210,  8=420.      189.    The  difference  Ji»8. 

m  «»-4y«-9r«-12yU  141.    Shr..86n.in. 

!*«.  (1)    |.     (2)    I     14..     ^     vf-»- 

IM.  (1)    *=^.    (2)    «=2Jor-lJ.  y=-i^orl|. 

148.  a*-2oM+x*      149. 


'y 

<*>^-    1*      (1)4(^2+^/3).    (2)^l+V14. 


o«+l. 


180.    fS. 


MS.    0. 


M8.     (1)    x«7<»r- 


188. 


77 


(7«+4)(4x-3)' 


-g".     (2)    x=±6  or  ±2^,  y=±3  or  ±5^ 


n/3 


.A«l 


3 


184.    (1)0.  (2)xT>y«     167.     (|>+l)x-(p-l).  188.     ^,     ;^ 
M».     (1)     1-2*.     (2)    3--2-. 


181.     12L 


Ma.   (1) 


\2a+bJ 


180.    Shra. 


(2) 


3 


56(xV-I)- 
57',  47^" 


h). 
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>•  l«l     1,  5+^. 

im.    (?y+ar)(%-2«)(ar+2)(««-2*+4)(«-2)(*i+ar+4)L 
IM.    (1)1.    (2)|.    w.    (1)   1.    (2)  ^i-^ 

lit.    ttCF.  W-1.    LC.M. -(8««-l)«(4*«+l)(a««+»+i). 

(2)    - 2J.  - 8f .  170.  1.)  and  tH  a  .lu/.n. 

ITS.     (1) 

1T0. 


IM. 

ITS. 
1T4. 


(1) 

0. 

11. 


(a-fc)« 


(1)    n.    (2)    2-^ 


"••     (1)    -=S-;(2)    x»4  4;y.4  4 


177. 


ax+lA^ 


a+c-26' 


17S. 


.H 


(l)e".   (2)27.   17t.    4  miles  an  hour. 
Htf.     (1)    a:*+y«+ay-l.     (2) 
IM.    (1)    2*.     (2)    10. 


1 

2ir-r 
XM.    3-2««. 

"«.     (1)8.1.     (2)«=6,  2,4;y=2,6,4.     184.    0. 

W.     (1)    20f  or  I6|.     (2)    x=3  or  1.  y=  -  1  or  I 

Z  3 

^-§i-  !»•    (b+e){e+a){a  +  b). 

(1)    ^^-^  /o)        2o 

(ar+l)(«»-l)-    <2)    -^==. 

IH.    Begax,  at  16^ '  pa,t  3.  and  ended  27^'  part  6 ;   milked 
2  honrs,  10\^  minutes. 

196.     ^2^'^.      197.     (1,47.     (2)6.       m.     20.     900.     ftc»  +  y«. 


1*9.     (2a+l)*-a.       im 
IM.     /I.  3ar-4 


